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Abstract | In this paper we present a syntactical approach
for the design of real-time embedded systems. The require-
ment of the system is speci ed as Duration Calculus formula
over continuous state variables. We model discretization a
the state level and approximate continuous state variables
by discrete ones. The discrete design is formulated as Du-
ration Calculus formula over discrete state variables. The
correctness of the design can be established using composi-
tional proof rules. A real-time program is then derived from
the discrete design using an extension of the assumption-
commitment paradigm to real-time. We illustrate our ap-
proach using a simple water tank control system.

Keywords | Continuous speci cation, discrete design, real-
time control program, compositional veri cation.

I. Introduction

EAL-TIME control systems usually consist of some

physical plant, in permanent interaction with its en-
vironment, for which a suitable controller has to be con-
structed such that the controlled plant exhibits the desired
time dependent behaviour. They are safety-critical systers
as a slight failure in the behaviour of the plant might cause
damages to people and the environment. The challenge is
to provide suitable technique for deriving the control pro-
gram to be executed by the embedded computer.

A model of real-time control systems is depicted in g-
ure 1. The plant denotes the continuous components of the
system, in permanent interaction with the environment.
The states of the environment and those of the plant can
change at any time according to the laws of physics. There-
fore the continuous time model (real numbers) is suitable
for specifying their behaviour. The controller is a discrete
component denoting a program executed by a computer.
However, the state of a digital program changes only at dis-
crete time points at ticks of a computer clock. The discrete
time model (natural numbers) should then be considered
for the implementation of the system.

The sensors sample the states of the plant for them
to be observable by the controller. The actuators receive
commands from the controller and change the state of the
plant accordingly. The sensors constitute thecontinuous-
to-discrete interfaces whereas the actuators implement the
discrete-to-continuousinterfaces. A question raises as how
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Fig. 1. A model of control system

Plant Controller

the two models of time can be combined into the same
formalism such that the design and its correctness can ac-
curately be reasoned about in a uniform manner.

This paper presents a syntactical approach for deriving
real-time programs from a formal speci cation of the re-
qguirements of real-time systems. The approach provides
a formal framework that can handle both continuous time
and discrete time models in a uniform manner. We consider
Duration Calculus (DC for short) [16,17] as speci cation
and top level design language, for its e ectiveness in reasnp
ing about real-time properties of systems.DC is a variant
of Interval Temporal Logic [4] based on a continuous time
model (i.e. times are real numbers). We denote bypC an
extension of DC with iteration [8]. Our design technique
is formulated as follows. At the rst step of the design pro-
cess a states model of the system is de ned. It is a set of
relevant plant state variables. Then the requirement of the
system is formalised as &C formula Reqconstraining the
plant state variables. A design decision must be taken as
how the requirements of the system will be met and re ned
into a detailed designDes such that Des) Req. Then the
discretization step follows.

We approximate continuous state variables by discrete
ones and formalise the relationship between them based
on the general behaviour of the sensors and the actuators.
Then the control requirement is derived from the detailed
design and re ned into a DC formula Cont over discrete
state variables such that A~ Cont ) Des, for some as-
sumptions A about the behaviour of the environment (e.g.
stability of states) and the relationship between continuous
state variables and discrete state variables. The discrete
formula Cont is the formal speci cation of the controller.
The last step of the design process consists to re ne the dis-
crete speci cation Cont into a real-time control program
using our extended assumption-commitment proof rules.
Here, the implementation language is Occam used in Pro-
Cos project [6] for implementing real-time and concurrent
systems. However, our approach can also be used with
other real-time programming languages such as Signal or
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is presented in Section IV. Section V describes a simple Readers are referred to [17] for the proof system of Dura-
example. We conclude the paper by a discussion in Sectiontion Calculus. The following section presents our technige
VI. for deriving a discrete design from a continuous time spec-

. _ . i cation.
II. Duration Calculus with Iteration

The I1l. From Continuous Specification to Discrete

In this section we give a brief summary ofDC . ;
Design

readers are referred to [8,16,17] for more details on the cal
culus. We are given the following sets of symbols: the set This section presents a syntactical approach for design-
GV ar of global variables x;y; z;:::, independent oftime; ing real-time hybrid systems that can handle both contin-
the set Pvar of state variables P;Q;:::; the set Tvar of uous time and discrete time models in a uniform formal
temporal variables vy; v,; v3;: :: interpreted as functions of framework. The main idea of our approach is to model the
time intervals; the set FSymb of global function symbols discretization at the state level and to approximate contin-

f:g;::: (such asconstants and +; ; ;:::), and the set uous state variables by discrete ones based on the general
RSymb of relation symbolsG; H;: :: (such astrue and false, behaviour of the sensors and actuators. Then the control
and =; ;:::) which have standard meaning; and the set requirement is formulated as a Duration Calculus over dis-

P Letter of temporal propositional letters X;Y;::: which crete state variables. We provide rules useful for re ning
will be interpreted as truth-valued functions of time inter - and verifying the correctness of a design syntactically.
vals.

State expressionsS, terms and formulas' are built A. Discrete State variable

using the following grammars We take discrete time points to be natural numbers. A

S b 0jPjRrSjS_S discrete state variables is interpreted as a function from N
b oxjvj sijf(;i) ' o (set of natural numbers) to f0;1g,i.e. 1 (s): N !'f 0;1g,
b X GG )yt =t jex for any interpretation | . Therefore a discrete state variable

can only be evaluated at discrete time points. In order
to deal with continuous time model we suppose that the

1: value of a discrete state variable does not change in between
130t two consecutive discrete time points. So we can accurately
extend to the continuous time model any discrete states
by a continuous state us de ned by:

In addition to standard abbreviations, we denote
R R
d@Se b ( S=)"(> 0): b :
3! b true- (' - true): 2' b
The semantics of terms and formulas are de ned as fol-
lows. Let a value assignment ( :GVar! R) for global I(us): R* !'f 0O;1g
variables, and an interpretation | for the symbols be given.
Let Intv b f[b;gjb;e2 R ~ b eg denote the set of
time intervals. State expressions are interpreted as binar
functions of time, i.e. 1(S) : R* ! f 0;1g, such that
I (S)(t) = 1 means that state S is present at time t, and
I (S)(t) = 0 means that S is not present at time t. We
assume that a state has nite variability in any nite time
interval.
The semantics of a term is a mapping

such that | (us)(t) b 1 (s)(btc) for any interpretation |,
where btc stands for the greatest discrete time point less
than or equal to t. In the following, by discrete state vari-
able we mean its extension to continuous time. So in our
model a discrete state is just a particular case of continu-
ous state that can change only at discrete time points at
ticks of a given clock. In general, continuous state varialkgs
might change independently at any time.

v 1R B. Formalising the Discrete Interface

. ) . As depicted in Figure 1, the interface between continuous
The semantics of terms of the kindsx or v, g§ exactly the  components and discrete ones in hybrid systems is essen-

one given byg and 1. Foraterm = S, ([bid) tally implemented by sensors and actuators. We formalise
is dened as I (S)()dt. Foraterm = f(1;::2 n) the behaviour of sensors and actuators as relationship be-

1 ([b;d) isdened asf (( 1) ([b;€);::::(n)i ([0:)). The  ween continuous state variables and discrete ones. In this
semantics of a formula’ is a mapping respect, we consider the following de nitions.

De nition 11l.1  (Stability) Given a state variable s and

IT J:Intv 'f true;falseg o ’ . )
a positive real number , we saysis -stablei the following

de ned as follows. formula is satis ed by any interval
I [X]1([b;€]) = true i X, ([b;€])= true; -stable(s) b
I [G( 1;:_::;..”_?]!([b;e]): true i _ 2 (d: se dbe di: se ) d: se (dse "> )- d: se):
& [})i—([bé]ﬁgb} 'ej)’( nh (D) = "L d@m) = wue ang The formula -stable(s) means that s lasts for at least

IT 21(m;e]) = true for some m 2 [b;€]; time units whenever it becomes true.



De nition 111.2  (Control relation) Given two state vari-
ablesr and s, and a non-negative real nhumber , we say
r -controls s i the following formula is satis ed by any
interval

r sih2(d@er > ) )- dba):

The formular s states that whenr lasts for a period
longer than time units, s must hold and last until at
least r becomes false. Thecontrol relation can be used
for formalising the behaviour of actuators. Letr be a state
variable modelling a program command (output port), and
s a state of the plant. Then the relationr s means that
whenever the controller issues the command, the plant
must get into state s within at most  time units, where
stands for the latency of the actuators.

De nition 111.3  (Observation relation) Given two state
variables r and s, and a non-negative real number , we
sayr -observess i the following formula is satis ed by
any interval

'r | sb(s nN~(ts :r)

The formula r s states that any change ins that is
stable for at least time units is observable inr. The ob-
servation relation can be used for formalising the behaviour
of sensors. Letr be a state variable (input port) used by
the controller to observe the environment states through
sensors. Then the relationr s means that any change
(stable enough) ins is observed by the controller within
time units. So the sampling step is time units.

C. Some Discretization Rules

The design process starts from the speci cation of the
requirements of the system as a formula over continuous
time state variables. Then a number of design decisions
are taken successively to re ne the system further towards
an implementation. At certain stage of the design process,
discrete time state variables are gradually introduced to
approximate continuous time ones. This leads to ahybrid
speci cation in which continuous time state variables and
discrete time state variables are intermixed. Establishirg
the correctness of such a speci cation is not a trivial task.
In [12], we proposed a rich set of veri cation rules useful
for establishing formally the correctness of a discrete dégn
w.r.t. a continuous speci cation. Here are some samples

|r s  -stable(s)
2 (dbe ) ° )) 2(die) ° + )

Furthermore, the delay induced by a cascaded sampling
of a state variable can be reasoned about using rules such
as | [

r s s t
r ( + )t

The following section presents a compositional approach
for verifying that a real-time program satis es a discrete
design.

IV. Real-Time Programs Construction

Our design technique for real-time control systems aims
at developing a control program that allows the system to
meet its real-time requirement. The Occam programming
language is considered in ProCos project [6] as a suitable
programming language for implementing real-time systems.
In this section we give the syntax of Occam and investigate
assumption-commitment style rules for real-time programs
veri cation.

A. Syntax and Informal Semantics

The following BNFs describe an abstract syntax of Oc-
cam 3. We denote boolean expressions bly, arithmetic
expressions bye, natural numbers by n, program variables
by x, channels by c, and processes b .

P :=skip jstop jx:=ejcXxjclej njPy;Paj
PikPyjif [b Pl jalt [Gi Pilt; j while b P

G:=b&gjg

g:= c?X j clej skip

The skip statement preserves its usual semantics. It
does not change the state nor it takes time. Thestop
statement does not change the state but it does not termi-
nate. However it lets time advancing. The input statement
c?X receives a value on channet and assigns this value to
the variable x. The ouput statement cle evaluates the ex-
pressione and sends its value along channet. The delay
statement n holds the execution forn time units, then
terminates. A conditional if [b P;]JL; combines a number
of processes each of which is guarded by a boolean expres-
sion. The conditional evaluates each boolean expression
in sequence; if a boolean expression is found to be true

of those rules; interested readers are referred to the abovethe associated process is performed, and the conditional

reference for further details.
Let F(X) be a DC formula that may contain occur-
rences of (a sub-formula)X . The rule
s r
Fdse” > )) F(C )-dre
states that a design of the formF (dkee ~~ > ) re nes
a speci cation of the form F((° )- @f & provided that
the (discrete time) state variable s is used to control the
(possibly continuous time) state variabler.

If a continuous time state variable is stable enough then
its sampling lasts for about as long as it does, with possibly
a delay not longer than the sampling step. This property
is expressed by the following rule.

terminates. If none of the boolean expressions is true the
conditional behaves like the processtop .

An alternation alt [G; P;].; combines a number of pro-
cesses guarded by inputs. The alternation perfoms the pro-
cess associated with a guard which is ready. If no channel
is ready then the alternation waits until an input becomes
ready. If many inputs are ready, only one of the inputs
and its associated process are performed. A boolean ex-
pression may be included (the guard has the fornb&g) in
an alternation to selectively exclude inputs (if b is evalu-
ated to false in the guard) from being considered ready. A
parallel P; k P, combines a number of processes which are
performed concurrently. The processes start together and



the parallel terminates when all the processes have termi-
nated. Variables and channels in a parallel are subject to
disjointness rules which prevent them from being acciden-

P Satsin (p, A, false, C, false),
and P Satn, (p;A;true; C;false)
means that the processP under assumptionA should not

tally shared between processes. The remaining statementsterminate when started from a state satisfying the predi-

have their usual meanings.

B. Compositional Veri cation of Programs

In this section we investigate how to develop an Oc-
cam program that satises a real-time property. The
approach must be compositional and syntax-based to be
easy to use in practice. The assumption-commitment
paradigm (also known as rely-guarantee) is intensively
studied [2,9,10,13,14] for reasoning about the behaviourfo
concurrent processes. The speci cation of a program has
the general form (p; A; C; ), where p and g are predicates
representing the precondition and the postcondition respe-
tively, A species the assumption about the behaviour of
the environment of the program and C expresses the com-
mitment of the program.

Such a speci cation is interpreted as follows. If the pro-
gram starts its execution in a state satisfying the precon-
dition p and any transition of the environment satis es the
assumption A and the program terminates then any tran-
sition of the program satis es the commitment C and the
nal state satis es the postcondition g.

We extend the assumption-commitment paradigm to
real-time by embedding a duration calculus formula'
within the speci cation. The formula ' speci es the temo-
pral behaviour of the program. Thus we can develop com-
positional rules for reasoning about both functional and
real-time behaviour of processes in a uniform manner. In
general real-time control programs run forever. Our ex-
tension has two forms: the rst form is (p;A;";C;q ) for
terminating behaviour and the second form is ;A;";C )
for non-terminating behaviour with the following meaning.

Termination: A correctness formula

P Satsin (p;ACiq)

means that if p holds in the initial state, and any transi-
tion of the environment satis es A, and P terminates then
any transition of P satis es C, the execution period of P
satises' and q holds in the nal state.

Non-termination: P Satinr (p;A;";C ), means that
if p holds in the initial state, and any transition of the
environment satis es A, and P does not terminate then any
transition of P satis es C and any pre x of the execution
period of P satises ' .

Note that it can be recognised syntactically if a tuple
is expressing properties of nite behaviour or is express-
ing properties of in nite behaviour for a process. Like
in Duration Calculus, false and true are overloaded to be
both predicate and DC formula with the obvious mean-
ing. According to our interpretation, a correctness formula
P Sati¢ (p;A;false;C) means that the processP under
assumption A should terminate when started from a state
satisfying the predicate p. Similarly, any correctness for-
mula from the forms

P Satsin (p;Afalse; C;true),

catep. Due to space limit the readers are referred to [11] for
a complete presentation of the veri cation rules. Here are
some samples of the rules. The notatiol® REF (' ) stands
for a formula that holds for all pre xes of an interval that
satis es the formula ' .

Rule 1 states the semantics of the sequential composi-
tion of processes. It highlights the similarity between the
sequential composition of processes and thehop operator
of duration formulas. The assumption is taken to be a x-
point of the operator 2 (always) and the commitment the
x-point of the operator \*" (chopstar). Rule 1-a says that
a sequencePq; P, terminates if both P; and P, terminate.
Rule 1-b states that a sequencéd;; P, fails to terminate if
P, or P, fails to terminate.

Rule 1 (Sequence)
P1 Satfin (P;A;" 1;C;m)

cC C
(@) P2 Satin (MA" 2:Cia) A 2A
P1;P2 Satsin (P A" 1-' 2;C;Q)
P1 Satsin (p;A;5C;m ) Py Satie (M;A; 2;C)
) PrSatinr (A 1:C) A 2A C C
P1;P2 Satiny (p;A; 1 _PREF (' - 2),C)

The alternation allows a process to wait for input on sev-
eral channels at the same time. All the boolean expressions
are evaluated. The input guards and processes correspond-
ing to the boolean expressions which are evaluated to false
are discarded. The alternation executes in parallel the in-
put guards associated with the boolean expressions which
are evaluated to true. The rst guard triggered and the
associated process are executed and the alternation termi-
nates (Rule 2-a and Rule 2-b). At any execution only one
branch is chosen, the one that the guard is triggered rst.
However we do not know beforehand which guard will be
triggered rst. That is why in our rule the assumption for
alternation is the conjunction of the assumptions about the
execution of the di erent branches. For the same reason
the commitment and the real-time behaviour of the alter-
nation are disjunctions. Besides, if none of the boolean
expressions is evaluated to true, the alternation behaves
like stop (Rule 2-c and Rule 2-d).

Rule 2 (Alternation )

8i2J p) b
8i62] p): b
@ 8i2J gPi Satfin (P" bi;Ai;" i:Cisq) J 6,
. p.1n ] LA . .. . )
alt [b&g PilL; Satgin (pinJAu,m I'iz‘JC“iZ'JqI)
8i2J p) b
8i62] p): b
(b) 8i2J gi;Pi Satir (p" bijAi;"i;Ci) J6;
alt [b&gi PillL; Satin (pi 2 Ais i G
(C) p " P:l: h
alt [b&g PilL; Satsn (p;true;false;true;false )
p)~" inzl:h

(d)

alt [b&gi Pi]l.; Satin (p;true; dpe ;true)




Rule 3 states the semantics of the parallel composition (i) SH CH +
of processes. LetA; be the assumption about the envi- (ii) SL CL out
ronment of the processP;; i = 1;2. The interactions be- We suppose that the valve is either opened or closed. We
tween concurrent processes are speci ed by the formulas model the state of the valve by a continuous state variable
ANC;) Apand A~ Cy) A, meaning that the commit- Open which is true when the valve is opened and false
ment of processP, (P;) is an assumption forP; (P, respec- when it is closed. Lets-b ! <CL andrdH ! >CH be
tively) as each of the processes is part of the environment of two continuous state variables. The state variabler~holds
the other. In Occam, processes involved in a parallel do not if the water level is above the critical high level. The state
share variables, but can exchange data through channels. variable s holds if the water level is below the critical low
The real-time behaviour of a parallel can be expressed aslevel.
the conjunction of the behaviours of its processes as they It follows that (i) implies dl: ~": se-true, (i) implies
are performed concurrently. The fact that some processes O;  : rand (iii ) implies O,  : s, whereO; $ Open”
might complete their execution before others is expressedr and O, b : Open”™ s. So the assumptions about the

in

by adding true as su x to those formulas corresponding to
shorter processes. However the parallel terminates whenlal
the processes have terminated (Rule 3-a). The parallel fasl
to terminate if at least one of the processes does (Rule 3-b).

Rule 3 (Parallel )

P1 Satsin (p;A1;' 1;C1;01) ANCy) Ag
@ P2 Satsin (p;A2;' 2;C2;02) A~C1) Az
P1 kP2 Satfin (p;A;C 17 Coiti ™ 02)
ANCy) Az ANC1) Az
P1 Satiny (p;A1; 1:C1) P2 Satint (p;A2; 2;C2)
(b) P1 Satfin (p;A1;' 1;C1;01) P2 Satfin (psA2;" 2;C2:02)
P1 kP2 Satiny (p;A( 17 2)_ ;C 1" Cp)
where H( 1" PREF (' 2-true)) _( 2" PREF (' 1- true)), and

" b(('1-true)r ) (1~ ( 2-true)).  We illustrate our

approach in the following section for the design of a simple
water tank controller.

V. A Simple Example: Water Tank Controller

We consider a water level controller that opens and closes
a valve regulating the out ow of water from a container.
This example is inspired from [7]. The container has an
input vent through which water ows at unknown rate but
not greater than i, . The valve with a larger capacity, out,
allows to remove water from the container. The require-
ment of the system is that the water level must be kept in
between a safety low levelSL and a safety high levelSH
units. Let ! denoting the water level at any time. We con-
sider the following continuous state variabless b ! SL
which holds when the water level is above the safety low
level, andr $ ! SH which holds when the water level
is below the safety high level. Then the requirement of the
water level monitoring system is formalised by

Regb 2(">0)d s re&

We assume thatw is a continuous function of time. A
device (sensors) for measuring the water level is installed
A critical low level, CL, and a critical high level, CH,
are selected. |Initially the water level is! o, and it must
be in between the critical low level and the critical high
level. Then the response time for the control system is
calculated from the parameters i,; ou; CL; CH of the
system such that
() CL wy CH

behaviour of the environment can be specied as

Bb(d:r": seetrue)* (0O MO :9):

Then we consider the control requirement that the valve
should not be kept closed (opened) for more than time
units whenever the water level is above the critical high
level (below the critical low level respectively). Thus the

design decision is formalised by

Desb(+ Open”(s :Open”B:

The correctness of the design is established by the fol-
lowing theorem.

Theorem 1: ° Des) Req
Due the space limit, we refer the readers to [11] for the
details of the proof of the theorem. For the sake of sim-
plicity we assume that the controller can observer~and s
through sensors. Let the state variables s-and s¢ be their
slamplings. The relationships between them are«~ rand
S: s, where is the sampling step. In order to model
the behaviour of the actuators, we introduce a program
variable valve ranging over f 0; 1g which is 1 when the con-
troller requests the actuators to open the valve and 0 when
the controller requests the actuators to close the valve. Le

"pdlir: sce- (dvalve” e _dl: valve” sce).

Contb ' -PREF(").

0 | 1
(). B~"(s. s)"(valve Open)
N A -

Ap @
(:valve :Open” ( + )"B
The following Theorem holds (see [11] for the proof).

Theorem 2: A"~ Cont) Des:

The formula A represents the assumption about the be-
haviour of the environment (i.e. B) and the relationship
between continuous state variables and discrete state vati
ables. Cont is a discrete speci cation of the control pro-
gram. The control program is depicted in Table I. The
correctness of the control program w.r.t. the speci cation
Cont is stated by the following theorem.

Theorem 3:

Controller Satjs (: e Fe; A;Cont;true):
The theorem says that if initially the water level is between
the critical low level and the critical high level, and the



Controller b seq
Fe:=0
s.:=0
while true
alt
sensor; e seq
if
e
valvell
D e
skip
Sensor,?se  seq
if
St
valvel0
S
skip
TABLE |

The water level control program

environment (e.g. sensors and actuators) satis es the as-
sumption A then the behaviour of the program controller
satis es the speci cation Cont.

VI.

In this paper we have presented a technique for the de-
sign of real-time hybrid systems using Duration Calculus.
Our technique aims to derive an Occam program that con-
trols a physical plant to meet a real-time requirement. We
provide rules for re ning a continuous requirement into a
discrete design which is a Duration Calculus formula over
discrete state variables. The correctness of the discreteed
sign w.r.t. the continuous requirement can be proved un-
der assumptions about the behaviour of the environment
(e.g. the stability of the plant state variables) and the re-
lationship between continuous state variables and discret
ones. The discrete design represents in fact a speci cation
of the control program. We have extended the assumption-
commitment paradigm to capture the real-time behaviour
of programs, and provided compositional rules for verify-
ing the correctness of Occam programs w.r.t. both their
functional and real-time behaviour. The termination and
non-termination of programs can also be reasoned about in
a natural way.

In the literature, some works have addressed the prob-
lem. Fanzle has developed in [5] a technique for syn-
thesizing controllers from Duration Calculus speci cations.
His approach is semantical, and leads to an automaton
as controller. Similar works can be found in [1,3]. Our
aim is to provide the designers with syntax-based com-
positional interface for the design and veri cation of real-
time programs, hiding semantic details. Another advan-
tage of a syntactical approach is that the design process

Discussion

can be assisted by proof tools. In [7], Hooman extended
the Hoare triples by adding timing primitives in the asser-
tion language. This has constituted an interesting exten-
sion of Hoare triples for reasoning about temporal prop-
erties of programs. However the model is not suitable
enough for reasoning about concurrent programs. Xu and
Mohalik in [15] presented a technique for reasoning about
the behaviour of real-time concurrent programs, based on
assumption-commitment paradigm. Their approach can be
used to reason about the functional behaviour of real-time
programs. Our approach extends theirs by introducing in
an assumption-commitment speci cation a formula repre-
senting the temporal speci cation of the program.
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