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Abstract

In this paper we define timed regular expressions to describe the timed behaviour of parallel real-
time systems and consider the problem of checking algorithmically the set of timed behaviours
defined by timed regular expressions for a real-time requirement specified by a linear duration
invariant. In general, the problem can be solved by using the mixed integer linear programming
techniques. We show that in many cases, the problem can be reduced to a finite number of
linear programming problems.
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Introduction 1

1 Introduction

Model checking for real-time system, i.e. to check a real-time system for a real-time requirement
algorithmically, has been studied extensively for decades. In general, the problem is very hard,
especially for the concurrent and distributed real-time systems. Some model-checking methods
for concurrent systems have been proposed (see, i.e. [2]) to avoid state explosion, but they works
well for some special cases only.

In order to make the problem easier, many authors have to restrict themselves to a restricted
class of systems and a restricted class of real-time requirements. For the class of requirements
written as linear duration invariants, i.e. linear constraints on the durations of the system
states in the observation time interval, the problem has been considered in [1, 8, 3, 4]. In [1],
the authors showed that for finitary timed automata, i. e. timed automata satisfying some
restriction conditions, the problem can be solved using the mixed integer linear programming
techniques. In [8, 3, 4], the authors show that with some restrictions on the models of real-time
systems, the problem can be solved even using only the linear programming techniques. All of
these results are interesting, but they are not dealing with the parallelism directly, and hence,
could not be applied directly to solve the problem for the parallel and distributed systems.

In this paper, we introduced timed regular expressions to model concurrent and distributed
real-time systems. Those systems which are well-structured will have their behaviour described
by timed regular expressions. Then, we show that the techniques introduced in [1, 8, 3, 4] can
be generalised to solve the problem for this class of real-time systems. Qur results in this paper
can be summarised as follows. First, we show that for the timed regular expressions in which
there is no occurrence of the repetition operator *, the problem can be solved using only the
linear programming techniques. Then, we show that in many cases, the problem for the timed
regular expressions with occurrence of * can be converted into the problem for the ones without
occurrence of *. For the remaining case, we show that the problem can be solved by using the
mixed integer linear programming techniques.

The paper is organised as follows. In the next section, we define timed regular expressions
and formalise the model-checking problem. The techniques for solving the problem using linear
programming techniques are presented in Section 3 and Section 4. Section 5 is devoted to our
discussion on the problem for the general case. The last section is the conclusion of the paper.

2 Timed Regular Expressions

In this section, we give a representation of a ‘regular’ class of models of Duration Calculus, which
will be taken in this paper as a representation of the behaviour real-time systems. Duration
Calculus (DC) was introduced by Zhou Chaochen et al ([7]) as a logics to reason about the sates
of real-time systems. In DC, states are viewed as boolean functions of the continuous time. The
interpretation is that if a state is present (absent) at a time ¢ then its value at ¢ is true, which
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Timed Regular Expressions 2

is denoted by 1 (false, which is denoted by 0, respectively). This enables to define duration of
a state s over an interval [b,e] as [; s(t)dt, which is exactly the accumulated present time of s
in the interval [b, e].

Let S ranged over by s,u,v,..., be a set of states. A DC model represents an observation
of the behaviour of states in S in an interval of time. It consists of an interval [0,7] and an
interpretation Z in the interval [0,7] of the states in S, which assigns each state s in S to a
boolean function sz over [0,7] meaning that sz(¢) = 1 if and only if state s is present at time ¢
(under interpretation 7).

A program written in a real-time programming language actually defines a class of DC models
over its variables. We consider in this paper a kind of abstract and simple real-time programs
represented by so-called Timed Regular Expressions (TRE for short) defined below. For a TRE
R, let state(R) denote the set of states occurring in R.

Definition 2.1 TRE are defined recursively by

i. € is a TRE and state(e) =0

it. For any s € S, for any real numbers a,b, 0 < a < b (b may be ), (s,[a,b]) is a TRE and

state((s, [a,b])) = {s}

iti. If Ry, Ry are TREs, then R}, RTRa, R1@ Ry are TREs, and state(R}) = state(R1);
state(R R2) = state(Ry @ R2) = state(R1) U state(Ra)

. If Ry, Ry are TREs, and state(R;) N state(R2) = 0, then Ry @ Ry is a TRE,
and state(R; @ R2) = state(Ry) U state(Rz).

A TRE of the form (s, [a, b]) is said to be primitive, and for simplicity the primitive of the form
(s,]0,00)) will be written as s. The intuitive meaning of TRE (s, [a,b]) is that the state s is
present for sometime in between a and b. As usual, the operator ™ is for sequential composition,
the operator ) for parallel composition, and * for repetition.

To avoid the heavy use of brackets, we assume the binding order of the operators as follows: the
operator 7 binds most tightly, and the operator @ binds more tightly than the operator .

As an example, let us take the railroad crossing system [6] and see how TRE can be used to
represent the real-time behaviour of the system. We have trains, a railroad crossing monitor,
and a gate controller which are subject to the following constraints (see Figure 1).

i. The monitor has four states to express the positions of train: state A for train approaching
beyond 1/2 mile, state B for train approaching within 1/2 mile, state C for train crossing,
and state P for train just passed.
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The transition from A to B should be synchronized with the transition
from U to M D or the transition from M D to MU; the transition
from C to P should be synchronized with the transition from Dn to MU

Figure 1: Railroad Crossing Monitor

ii. The controller has four states to express the positions of the gate: state U for the gate
being up, state M D for the gate moving down, state Dn for the gate being down and MU
for the gate moving up.

When the system starts, the monitor is in state A and the controller is in state U. In state A,
when the monitor detects that a train approaching within 1/2 mile, it enters state B, and at
the same time if the controller is in state U or state MU, it must enters state M D. Namely,
when the gate is up or is moving up, and detects that the monitor enters state B, it must start
moving down. When the train enters the crossing, the monitor enters state C, and when the
train has passed, it enters state P. When the monitor changes its state from C to P then at the
same time the monitor changes its state from Dn to MU. This means, when the gate is down,
and detects that the monitor enters state P, it begins to move up. In addition, due to the speed
of trains and the safety distance between trains, it takes at least a time units for a train to go to
the crossing, after entering state B, and when a train has passed, a new train could come after
at least b time units. That means that the monitor stays in B at least a time units each time
and in P at least b time units each time. Furthermore, assume that it takes the gate at most
¢ time units to move down, and hence, the controller stays at M D at most ¢ time units each
time, where ¢ < a. Automata modelling the railroad crossing system are depicted in Figure 1.
Intuitively, the parallel behaviour of the system is now can be described by the following TRE
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Timed Regular Expressions 4
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Figure 2: A behavior of Railroad Crossing Monitor
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Note that the expression RC'M is prefix-closed. It expresses all possible observations about the
system from beginning up to a time point: given a time point ¢, we can decide in which state
each component of the system can be. Figure 2 represents a behaviour of the system in an
interval [0, ¢]: state A is true from time 0 to time z1, and from time y2 to time x3; state B is
true from time x1 to time y1, and from time 23 to time ¢; state P is true from time 22 to time
y2; state U is true in the intervals [0, z1] and [22, 3], state M D is true in the intervals [22, z1]
and [z3,t], etc.

So, each TRE defines a class of DC models, which is defined formally as follows.

Definition 2.2 Let R be a TRE. The class M(R) of models represented by R is defined by

i. A model o =(Z,[0,T]) is in M(e) iff T = 0.

it. A model o = (Z,[0,T]) is in M((s,[a,b])) iff a <T < b and for all t € [0,T] sz(t) =1,
and for all ' # s s'(t) =0

ii. A model o = (Z,[0,T]) is in M(RTR2) iff there are 0 < T' < T, 01 = (I4,[0,T"]) €
M(Ry), o2 = (Z2,[0,T — T']) € M(R2) such that for all s € state(Ry) U state(R3),
s7,(t) = sz(t) for all t € [0,T") and sz, (t —T") = sz(t) for all t € [T",T], and for all
s’ & state(Ry) U state(Ry), s4(t) =0 for allt € [0,T]. Then, we defined o702 as o.

. A model 0 = (Z,[0,T]) is in M(R1 Q R2) iff there are o1 = (11,[0,T]) € M(Ry), o2 =
(72,10, T)) € M(R2) such that for all t € [0,T), sz,(t) = sz(t) for all s € state(R1), and

Report No. 118, July 1997 UNU/IIST, P.O. Box 3058, Macau



Timed Regular Expressions 5

s1,(t) = sz(t) for all s € state(Rs), and s (t) = 0 for all s' ¢ state(R1) U state(Rs), and
then we define o1 @ o2 as o.

v. A model 0 = (Z,[0,T]) € M(R1 @ R) iff c € M(R1) or o € M(Rz)

vi. A model o = (Z,[0,T]) € M(R*) iff there is an integer k > 0 such that o € M(RF), where
RO = ¢, and fork > 0, R* = R™R*. Or, equivalently, there are models o1, ..., € M(R)
such that o = 0705 ... "0og. (It should be noted here that ~ is associative)

Example

o Let Ry = (s,[1,5])(«,[1,7]). Then (Zy,[0,7]) is in M(R;), where by Z;, s is interpreted
as 1 in the interval [0,4), as 0 in the interval [4, 7], and u is interpreted as 0 in the interval
[0,4), as 1 in the interval [4,7] under Z;.

e Let R = R; ®(v,[3,10]). Then (Z,[0,7]) is in M(R), where under Z, s and u are inter-
preted, as in the model (73, [0, 7]) above, and v is interpreted as the boolean function 1 in
the interval [0, 7].

We are interested in this paper in checking a real-time system for a real-time requirement. We
restrict ourselves in the requirements that can be written as a linear duration invariant. Given
a set of states S, a linear duration invariant over S is a Duration Calculus formula of the form

b<l<e=Y,s¢[s<M,

where b, e,c;, M, (b < e) are fixed real numbers (e may be c0), [ s denotes the duration of state
s over the time interval of the observation, which is the accumulated time that the system stays
in s in that interval. The above linear duration invariant simply says that if the length of the
time interval of the observation is in between b and e, then the duration of the system states
should satisfy the linear constraints Y . gcs [ s < M. For instance, the requirement for the
railroad crossing monitor could be written as

0<({<o0=[C—-[Dn<0

which means that for any time ¢, for any non negative real number ¢, if we observe the system
from time ¢ to time ¢+ ¢, then the time that trains are crossing should be no more than the time
that the gate is closed. This implies that if a train is crossing then the gate should be down.

Formally, a DC model ¢ = (Z,[0,T]) satisfies a linear duration invariant b < ¢ < e =
Yses¢Cs [ s <M if and only if when b < T < e it holds that X,csc; fOT sz(t)dt < M.
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Checking Finite TREs for Linear Duration Invariants 6

The model-checking problem in this paper is formulated as follows:

Given a TRE R over S, given a linear duration invariant D over S. Find a procedure to decide
whether o |= D for all 0 € M(R) (abbreviation: R |= D).

Note that in this paper, we use a TRE R to express the behaviour of a real-time system in a sense
that any linear duration invariant D is satisfied by the system for all time observation intervals
if and only if it is satisfied by all models defined by R. Thus, the TRE RCM in the Railroad
Crossing Monitor example just represents the observations in the intervals from the time that
train is approaching and the gate is up. A TRE to express all the observation intervals of the
Railroad Crossing Monitor is a little bit more complicated and is not given here for simplicity.

3 Checking Finite TREs for Linear Duration Invariants

Let R be a TRE, o0 = (Z,[0,T]) be a model in M(R), and D be a Linear Duration Invariant.
For simplicity, let ds(o) denote the accumulated time (duration) of state s € S over the interval
[0, 7] under the interpretation Z, ie. ds(o) = foT sz(t)dt, let d(o) denote the length of the
interval [0,77], i.e. T, and let inv(o) denote Y g csds(0) (ie. D cgcs [ s evaluated over o).
Hence, 0 = D iff b < d(0) < e = inv(o) < M. For example, for the model o in Figure 2,
da(o) =21+ 23 —y2, dprp(o) = 2 — z1, and d(o) = t.

Lemma 3.1 Let o, o1 = (I1,[0,T1]), o2 = (Z2,[0,T2]) € M(R2) be DC models. Then,
i. if 0 = o{ 02 then ds(o) = ds(o1) + ds(o2) for all s € S, d(o) = d(o1) + d(o2) and

inv(o) = inv(oy) + inv(oz), and

(
ii. if o = 01 Qo2 then ds(0) = ds(o1) + ds(o2) for all s € S, d(o) = d(o1) = d(o2), and
(

inv(o) = inv(oy) + inv(oz).

Proof. Let 0 = (I, [O,T]), g1 = (Il, [O,Tl]), and g9 = (Iz, [O,TQ])

i. If o = 07709 then, by Definition 2.2, T' = T1+T5. Hence d(o) = d(o1)+d(02). Furthermore,
for all s € S, for all t € [0,T,

ozt _{ sz, (t) if t € [0,T1]
Y7 st —Ty) ifte (T, T
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Checking Finite TREs for Linear Duration Invariants 7

ds(0) = [T sz(t)dt

St sz(t)dt + [ sz(t)dt

= Jtsg(t)dt + [F sp,(t — T1)dt
ds(o1) + [§? s1,(t)dt

= ds(01) + ds(az)

Consequently, inv(o) = inv(o1) + inv(o2).

ii. Let o1 € M(R1), 02 € M(R2). If 0 = 01 Q 02 then, by Definition 2.2, T = T} = Tb.
Hence d(o) = d(o1) = d(o2).

Also by Definition 2.2, for all ¢ € [0,7T] for all s € S, sz(t) = sz,(t) if s € state(R;),
sz(t) = s, (t) if s € state(Ry), and sz(t) = 0 otherwise. Since state(R;) N state(Rz) = 0,
ds(0) = ds(o1) + ds(o2). Consequently, inv(o) = inv(oy) + inv(os) as well.

We will not distinguish the TREs that define the same set of DC models.
Definition 3.1 For arbitrary TREs Ry, Ry, we say Ry = Rz iff M(R1) = M(R3).
The following theorem follows immediately from Definition 2.2.

Theorem 3.1 For arbitrary TREs R, Ry, Ro

1. (Rl @ Rz)f\R ~
ii. (RIQR)Q@R~(RIQR)B(R2@R) ; RQO(R1 @ R2) ~ (RQ R1) D(RQ Ry)
ii. (R1 @ R2)* = ((R})(R3))*

(RTR)D(R3R) ; R (R1 @ R2) = (R™R1) B(R™Ry)

Theorem 3.1 implies that any TRE R can be written as R1 P Ro P ... D Ry, where each R; is
a TRE in which there is no occurrence of .

In this paper, we are interested in checking a TRE for the linear duration invariant D. So, we
will not distinguish the TREs that define the same set of models for D and define:

Definition 3.2 We say that R1 and R are D-equivalent, denoted by R1 =p Ro, iff R1 = D if
and only if Ry = D.
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Checking Finite TREs for Linear Duration Invariants 8

Of course, if R; = R then R; =p R».

Theorem 3.2 For arbitrary TREs Ry, Rs

i. RTRy =p Ry R:

ii. (R1 @ Ra)* =p (RY)(R3)
iii. (RY)"Ra)* =p (R})"R}
- (R{®R3)* = (R{ Q R3)

i

<

Proof. The theorem follows immediately from Lemma 3.1.

Definition 3.3

o A TRE R in which there is no occurrence of the combinator  is said to be finite. Otherwise,
R is said to be infinite.

o A simple TRE is a finite TRE in which there is no occurrence of the combinator .

For example, ((s,[1,5])(«,[1,7])) ®((v1,[3,10]) P(ve,[2,9])) is a finite TRE, and
((s,[1,5])(u,[1,7])) ®(v,[3,10]) is a simple TRE.

We are going to show that for a finite TRE R, R = D is decidable. By Theorem 3.1 and
Definition 3.3, we will only consider the simple TREs because any finite TRE R can be written
as R1 @ ...® Ry, where each R; is a simple TREs, and R | D iff for all ¢ (: < k), R; = D.

Let R be a simple TRE. We associate a set of linear constraints C(R), the set of durations
{ds(R) | s € S} and execution time d(R) to R as follows. Let Var(C(R)) denote the set of
variables occurring in C(R).

Definition 3.4

e Let R = (s,[a,b]). Then C(R) = {a < t < b}, ds(R) = t, d(R) = t where t is a real
variable, and dg(R) = 0 for all s' # s.

e Let R = RTRy. By renaming the variables if necessary, we can assume that Var(C(Ry))N
Var(C(R2)) = 0. Then, C(R) = C(R1) UC(Ry), ds(R) = ds(Ry) + ds(R2) and d(R) =
d(R1) + d(R»).
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Checking Finite TREs for Linear Duration Invariants 9

e Let R = R1 @ Ry. Assume that Var(C(R1)) N Var(C(R2)) = 0. Then, C(R) = C(R1) U
C(R2) U{d(R1) = d(R2)}, ds(R) = ds(R1) + ds(R2) for all s € S, and d(R) = d(Ry).

Let inv(R) denote ) g csds(R).

For instance, let R be ((s, [1,5]) " (u, [1,7])) (v, [3,10]). Then, we can associate to each primitive
in R a variable, say to (s, [1,5]) variable z, to (u,[1,7]) variable y and to (v, [3,10]) variable z.
Then, C(R) ={1<2<51<y<73<2<10,z+y=2z}, d(R) =z, ds(R) = z, dy(R) = v,
and d,(R) = z.

For a solution w of the system of linear constraints C(R), denote by ds(R)(w), d(R)(w) and
inv(R)(w) respectively, the value of d;(R), d(R) and inv(R) evaluated over w. For vectors wy; =
(t1,t2,...,tp) and wy = (u1,uz,...,uq), we denote by (w1, ws) the vector (t1,ta,...,tp, u1, ua, ..., uq),
and if p = ¢ we denote by w; + wy the vector (1 + uq,ta + ug,...,tp + up).

Let D(R) denote max{inv(R)} subject to C(R) U {b < d(R) < e}.
Theorem 3.3 For a simple TRE R, R = D iff D(R) < M.

Proof.

First, we prove that for any model o € M(R), there exists a solution w of C(R) and vice-versa,
such that for all s € S, ds(0) = ds(R)(w), and d(o) = d(R)(w) (hence, inv(c) = inv(R)(w)).
This means that there is one-to-one corresponding between M(R) and the set of the solutions
of C(R). The proof goes by induction on the structure of R.

e Let R = (s,[a,b]). Given o = (Z,[0,T]) € M(R). By Definition 2.2, a < T < b and for all
t € [0,T], sz(t) = 1. This implies that ds(¢) = T and d(o) = T. On the other hand, by
Definition 3.4, C(R) contains only one constraint a < ¢ < b. Since a <T < b, so w = (T)
is a solution of C(R) and ds(R)(w) = T, d(R)(w) = T. Hence, ds(c) = ds(R)(w), and
d(o) = d(R)(w).

Reversely, given w = (t9) be a solution of C(R), i.e. t = tg and a < tp < b. Let
o = (Z,[0,%9]) be a model such that for all ¢ € [0 to], sz(t) = 1, and for all s’ # s,
s’(t) = 0. Then obviously, o € M(R), and ds(0) = ds(R)(w), d(c) = d(R)(w).

e Let R = RTRy. Given o0 € M(R). By Definition 2.2, 0 = o7 09 with o; € M(R;) (i =1,2)
and by Lemma 3.1, ds(0) = ds(01) + ds(02),Vs € S and d(o) = d(o1) + d(o2).
From the inductive hypothesis, we can find solutions w; of C(R;) such that for any s € S,
ds(o;) = ds(R;)(w;) (i = 1,2). Since, by Definition 3.4, C(R) = C(Ry) U C(Ry) and
Var(C(Ry)) N Var(C(Rz)) = 0, we have that w = (w;,wz) is a solution of C(R) and

Report No. 118, July 1997 UNU/IIST, P.O. Box 3058, Macau



Checking Finite TREs for Linear Duration Invariants 10

ds(R)(w) = ds(R1)(w1) + ds(Ra)(w2) = ds(o1) + ds(o2) = ds(o) for all s € S, and
d(R)(w) = d(Ry)(w1) + d(Rz)(w2) = d(o1) + d(02) = d(0).

Reversely, let w be a solution of C(R). Since C(R) = C(R;) UC(R2) and Var(C(Ry)) N
Var(C(Rz)) = 0, we can partition w into w; and wq, i.e. w = (w1, ws), where w; is a
solution of C(R;)(z = 1,2), such that for any s € S, ds(R)(w) = ds(R1)(w1) + ds(R2)(ws)
and d(R)(w) = d(Ry)(w1) + d(R2)(w2). By the inductive hypothesis, there are models
o; € M(R;), such that for any s € S, ds(0;) = ds(R;)(w;), and d(o;) = d(R;)(w;) (i = 1,2).
Let 0 = o002 , then 0 € M(R), ds(0) = ds(01) + ds(02) = ds(R1)(w1) + ds(R2)(w2) =
ds(R)(w) for all s € S, and d(o) = d(o1) + d(o2) = d(R1)(w1) + d(R2)(w2) = d(R)(w).

e Let R = Ry ® Ry, where state(R;) N state(Ry) = 0. Given ¢ € M(R). By Definition

2.2 and by Lemma 3.1, 0 = 01 Q o2 with a; € M(R;) (i = 1,2) and ds(0) = ds(01) +
ds(02),Vs € S ; d(0) = d(o1) = d(02).
By the inductive hypothesis, there are solutions w; of C(R;) such that for any s € state(R;),
ds(o;) = ds(R;)(w;) and d(o;) = d(R;)(w;)(i = 1,2). Since d(o1) = d(0o2), it follows that
d(R1)(w1) = d(Rg)(w2). Let w = (w1,ws2). Because Var(C(R1)) N Var(C(R2)) = 0,
the vector w satisfies C(R;) and C(R2) and the constraint d(R;) = d(R2). Hence, w is
a solution of C(R). Furthermore, d(R)(w) = d(R:1)(w) = d(R:1)(w1) = d(o1) = d(o),
and since state(R;) N state(R2) = 0, we have that for all s € state(R;), ds(R)(w) =
ds(R;)(w;) = ds(04)(i = 1,2). Hence, ds(R)(w) = ds(o) for all s € S.

Reversely, let w be a solution of C(R). Since C(R) = C(R;) UC(R3) U {d(R;) = d(R2)}
and Var(C(Ry)) N Var(C(Rz)) = 0, we can partition w to wy and we, i.e. w = (w1, ws),
where w; is a solution of C(R;)(: = 1,2) for which d(R;)(w1) = d(Rz)(ws). Hence, for
any s € S, ds(R)(w) = ds(R1)(w1) + ds(Rz)(w2) and d(R)(w) = d(R1)(w1) = d(Ra)(w2).
By the inductive hypothesis, there are models o; € M(R;), such that for any s € 3,
ds(o;) = ds(R;)(w;) and d(o;) = d(R;)(w;)(i = 1,2). Consequently, d(o1) = d(o3). Let
o =01@oa. Then 0 € M(R) and ds(0) = ds(01) + ds(02) = ds(R1)(w1) + ds(R2)(w2) =
ds(R)(w) for all s € S, d(o) = d(o1) = d(R1)(w1) = d(R)(w).

Now, the theorem follows immediately: since any model o € M(R) corresponds to a solution w
of C(R) and vice-versa, such that ds(o) = ds(R)(w), Vs € S and d(o) = d(R)(w), which implies
b<d(o) <eiff b <d(R)(w) < e and inv(c) < M iff inv(R)(w) < M, we have that R = D iff
D(R) < M. O

From Theorem 3.3, for a simple TRE R, checking R |= D can be done by solving the linear
programming problem to find D(R) and comparing it to M.

Example Let

R ((s,[1,5))"(w, [1,7])) ®(v, [3,10])
D = 4<(<8=2fs—[v<bgq
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Let x,y,z be variables associated to the primitives (s, [1,5]), (,[1,7]), (v, [3,10]) respectively.
R = D can be checked by solving the linear programming problem

max{2z — z} subjectto 1<z <5
1<y<7
3<z<10
z=x+y
4<2z<8

and checking whether it is less than 5. It is easy to see that the solution of the linear programming
problem is x = 5, y = 1, z = 6 and the maximal value of the objective function is 4, which is
less than 5.

Let R be an infinite TRE. By replacing each occurrence of the operator * (repetition) with an
integer variable k;, we obtain a finite TRE and can associate a finite number of linear program-
ming problems to it. However, because the set of values of k;’s is infinite, the number of linear
programming problems is also infinite. It is therefore impossible to solve all of these problems.

In the following sections, we will introduce a technique to reduce an infinite TRE to a finite TRE
which is D-equivalent to it, and therefore an infinite TRE could be checked for D.

4 Reducing TREs to finite TREs

From now on we assume that any primitive occurring in TRE R is not of the form (s, [0,0])
because removing the primitives of the form (s, [0,0]) from R does not change the set M(R).

Let R, R' be TRE’s. If there is an occurrence of R' in R, then R' is called sub-ezpression of R.
For example, let R = ((s,[1,5])(u,[1,7])) (v, [3,10])*. Then (s,[1,5]), (u,[1,7]), (v,[3,10]),
(s,[1,5)(u,[1,7]), (v,[3,10])* and R are sub-expressions of R. A sub-expression R’ of R can
occur at many different positions in R. In the sequel, when we talk about a subexpression of
R, we mean an occurrence of its in R. Thus, for the simplicity, we will identify a subexpression
with one of its occurrences.

An TRE R for which M(R) = 0 is called an empty TRE and denoted by A. For example,
(s,[3,5]) ®(v,[6,9]) is an empty TRE. We will show how to recognise an empty expression in
the next section.

For any TRE R in which there is no occurrence of an empty sub-expression, we associate with
the numbers m(R), M(R) as in the following definition. Roughly speaking, m(R) is a lower
bound and M (R) is an upper bound of the set {d(c) | o € M(R)}.
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Definition 4.1

e If R=¢, then m(R) =0 and M(R) = 0.
e If R=(s,[a,b]), then m(R) =a and M(R) =b (b may be o).
e If R =R}, then m(R) =0 and M(R) = co.

If R = RTRy, then m(R) = m(R;) + m(R2) and M(R) = M(R;) + M(Ry).

If R = Ry @ Ra, then m(R) = min(m(R1),m(Rz2)) and M(R) = max(M(R;), M(Rz2)).

If R = R1 @ R», then m(R) = max(m(Ry),m(Rz)) and M(R) = min(M(R;), M(Rz2)).

From Definition 4.1, it is easy to see that if R is a simple TRE and M (R) < oo then m(R), M (R)
are minimum and maximum of the set {d(¢) | ¢ € M(R)}. Furthermore, for any TRE R, for
any 0 € M(R), m(R) <d(o) < M(R).

For example, let R = ((s,[1,5]) " (u, [1,7])) ®(v,[3,10]). Then, m(R) =3 and M(R) = 10. This
means that for any o € M(R), 3 <d(g) <10

An important remark should be made here is that for any simple TRE R, for any real number
r such that m(R) < r < M(R), there is a model o € M(R) for which d(oc) = r. Therefore,
checking the emptiness of a simple TRE R is trivial. Hence, for a simple TRE R, m(R) = 0
means that for any primitive (s, [a,b]) occurring in R the lower bound a should be 0.

Note that for any non empty TREs R;, Rz, R; Q Rz may be empty although R"Ry, R; @ Re, R}
cannot be empty.

If R is not an empty TRE, we can find out Ry such that Ry has no empty sub-expression and
that M(R) = M(R;). Thus, from now on, unless otherwise stated, we assume that all TREs
under our consideration are not empty TREs and do not have any empty sub-expression.

Let Ry, Ry be TRE’s. As discussed earlier, if R = R; @ Rs then any o € M(R) is constructed
from models o1 € M(R;) and o2 € M(Rz2) such that d(o1) = d(o2). Hence, the execution time
of R; is limited by the execution time of Ry and vice-versa. In general, the execution time of
R', where R’ is an arbitrary sub-expression of R, is not only bounded by m(R') and M(R')
but also by m(Ry) and M(Rz). This means that the execution time of a sub-expression R’ in a
TRE R is constrained by the operator & and by its occurrence position in R. To capture these
constraints we define the quantities m(R', R) and M(R', R) as lower and upper bounds of the
time execution of R’ when it occurs at fixed position in R. m(R', R) and M(R', R) are defined
recursively as follows.

Definition 4.2
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e Let R=R'". m(R,R) =0 and M(R',R) = 0o (no additional constraint).

e Let R= R; xRy (R2x Ry, R}), where x € {", @} and R’ occurs in Ry. Then m(R',R) =
m(R',Ry) and M(R',R) = M(R',Ry) (no additional constraint).

e Let R=Ri @ R2 (Ra@R;), and let R' occur in R;.
Then m(R',R) = maz(m(R', R1),m(R2)) and M(R',R) = min(M(R',R1), M(Ry)) (ad-
ditional constraint enforced by the operator @ ).

For example, let R = ((s, [1,5])(«,[1,7])) ®(v,[3,10])*.
Let R' = (s,[1,5])(u,[1,7]) then m(R',R) = 0 and M(R', R) = oc.
Let R' = (v,[3,10])* then m(R',R) = 2 and M(R',R) = 12.

Denote M(R',R) = {oc € M(R') | m(R',R) < d(c) < M(R',R)}. From the above discussion, it
can be seen that only the models in M(R’, R) can participate in constructing the models of R.
Therefore, from now on, if R' is considered as a sub-expression (occurring at a fixed position)
of R then we can identify M(R') to its subset M(R', R).

Lemma 4.1 Let Ry, R2, R’ be arbitrary TREs. If for any model o1 € M(Ry), there exists
a model o9 € M(R32) such that d(o1) = d(o2) and inv(o1) < inv(oz) then for any model
oy € M(RTR')  M(Ri®R') , M(RiQR'), M(R})) there exzists a model oy € M(R5R')
(M(R: @ R'), M(R2 Q R'), M(R3)) such that d(c}) = d(o) and inv(o}) < inv(oy).

Proof.

i. Let 0] € M(RTR'). By Definition 2.2, it follows that there exist oy € M(R;),0’ € M(R')
such that o] = o7¢'. By Lemma 3.1 d(o}) = d(o1)+d(c’), and inv(c}) = inv(oy)+inv(d’).
Since o1 € M(R;), by the assumption of the lemma, there is o9 € M(R2) such that
d(o1) = d(o2) and inv(o1) < inv(og). Let of = 050’ € M(RTR'). Tt can be verified
easily that o5 satisfies the the lemma.

ii. Let 0] € M(R; @ R'). It implies that there exist oy € M(R;),0’ € M(R') such that
either 0] = o1 or 0] = ¢'. Let 02 € M(R2) be a model corresponding to o; by the
assumption of the lemma. For the first case of of let o) = o9 and for the second case of
o1 let of = ¢'. Tt is obvious that o) meets the requirements of the lemma.

iii. Let 0] € M(R; @ R'). It follows that there exist o3 € M(Ry),0' € M(R') such that
o, = o1 ®d, ie. d(o)) = d(o1) = d(d'), and inv(c]) = inv(oy) + inv(c’). Since
o1 € M(Ry), by the assumption of lemma, there is o2 € M(R3) such that d(o1) = d(o2)
and inv(o1) < inv(oz). Let 0y = 02 @ o’ € M(R5R'). Obviously, o5 is a model we are
looking for.
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iv. Let 0] € M(R}). It follows that o] = o705 ... 0, where o; € M(Ry) for (1 <i < k).
By the assumption of the lemma, there is o] € M(Rz) such that d(o;) = d(¢”;) and
inv(o;) < inv(c”;), (1 < i < k). Hence, let 0y = o 04 ... 0oy, then o4 € M(R3),
d(o}) = d(c%) and inv(o) < inv(o’). O

By Theorem 3.2, the above lemma also holds when commutating R’ with R; and Rs.

Lemma 4.2 Let R, Ry, Rs be arbitrary TREs. If

i. For any model o1 € M(Ry), there exists a model o2 € M(R2) such that d(o1) = d(o2)
and inv(o1) < inv(oq), and

ii. For any model oo € M(Rz), there exists a model o1 € M(Ry) such that d(oz) = d(o1)
and inv(oy) < inv(oy),

then by replacing an occurrence of Ry in R with Ry, we obtain a new expression R' which is
D-equivalent to R, i.e. R' =p R.

Proof.

From Lemma 4.1 and the assumption ¢. of the lemma, by induction on the structure of R, we
can construct a model ¢/ € M(R') from any model ¢ € M(R) such that d(c) = d(¢') and
inv(o) < inv(o’). Hence, R' = D implies R = D. Similarly, by the assumption . of the
lemma, we can prove also that R = D implies R’ = D. So, R' =p R. O

Let |z| be the floor of a real variable z, which is the maximal integer which are not greater than
x.

Theorem 4.1 Let A be a simple TRE with m(A) = 0. Let A’ be the TRE obtained from A by
replacing each primitive (s, [0,b]) of A with (s,[0,00)) (remember that b > 0 as assumed earlier).
Then, by replacing an occurrence of A* in a TRE R with A', we obtain a new expression R’
which is D-equivalent to R.

Proof.

For the simplicity of our presentation, assume that primitives of A and A’ are listed as sequences
{(si,[0,8]),4 = 1,2,...,m} and {(s;,[0,00)),2 = 1,2,...,m}. Let C(A) and C(A’) respectively
be the systems of linear constraints associated to A and A’ (Definition 3.4). Recall that each
linear constraint in C(A) is of the form 0 < ¢; < b; which corresponds to the constraint 0 < ¢; in
C(A"), and the form Y }_;t; = >%_; t;, which corresponds to the same constraint in C(A’).
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Let 0 € M(A*). It follows that ¢ = o705 ... 0ok, where o; € M(A)(1 < i < k). Let
w1, W, . . . , Wk be the solutions of the system of linear constraints C(A) corresponding to o1, 0, . . .
respectively as in the proof of Theorem 3.3. From the above notice, it is obviously that
w = w; + w2+ ...+ wg is a solution of C(A’). Let ¢’ be a model in M(A’) correspond-
ing to solution w’. Hence, for any ¢ € M(A*) we can find a model ¢’ € C(A’) satisfying
d(d') = d(w') = d(wy) + d(ws) + ... + d(wg) = d(o1) + d(o2) + ... + d(og) = d(o) and
ds(o') = ds(w') = ds(w1) +ds(we)+-. .. +ds(wy) = ds(01) +ds(02)+. .. +ds(o%) = ds(0), Vs € S,
and hence, inv(d’) = inv(o).

Reversely, let o' € M(A') and let w' = (uy,ug,...,un) be the solution of C(A’) corresponding
to o’. Let k = max {|u;/b;| +1|¢=1,2,...,m} and w = (u1/k,uz/k,...,un/k). It is easy
to prove the w is a solution of C(A). Let o¢ be the model in M(A) corresponding to w and
o=050q ... 0p (k times). Then o € M(A*) and d(o) = kxd(op) = kxd(w) = d(w') = d(d’),
ds(0) =k x ds(0g) = k x ds(w) = ds(w') = ds(a’) for all s € S. Hence, inv(d’) = inv(o).

The theorem now follows immediately from Lemma 4.2. O

Theorem 4.2 Let A be a simple TRE with m(A) > 0. Let A* be an occurrence of the TRE A* in
a TRE R for which M(A*,R) < oo or e < 0o (recall that e is the upper bound of the observation
time period in the premise b < £ < e of the linear duration invariant D). Let A’ = @fZOAi,
where k = |min {M(A*, R), e}/m(A)| + 1. Then by replacing the occurrence A* in R with A,
we obtain a new expression R' which is D-equivalent to R.

Proof.

It is obviously that M(A’') C M(A*). Hence, by Lemma 4.1, for any model ¢/ € M(R'), there
exists model ¢ € M(R) such that d(c) = d(¢’) and inv(o) < inv(a’).

Conversely, since A* occurs in R, as mentioned earlier, only the models in the set M(A4*, R) can
participate in constructing the models of R. Let 0 € M(A*, R). By the definition M(A*, R),
o =o0705 ... 0j, where 0; € M(A) (1 <i < j). Hence d(o) = d(o1) + d(02) + ... + d(oj) >
j x m(A). Because d(o) < M(A*,R) and d(o) < e, j x m(A) < d(o) < min {M(A*,R), e}.
Therefore, j < min {M(A*, R), e}/m(A) < k, which implies that o € M(A’). Hence, applying
the lemma 4.1, we have that for any model o € M(R), there exists a model ¢’/ € M(R') such
that d(o’) = d(o) and inv(c’) < inv(c). Finally, by Lemma 4.2, R' =p R. O

Let R' be a sub-expression of R. R’ is said to be under @ if there is a sub-expression of form
R; ® R of R such that R’ is an occurrence in R; or in Rs. If A* is not under ), then by
definition 4.2, M(A*, R) = co.

Given a simple TRE A. Let mazinv(A) denote the maximal value of {inv(o) | 0 € M(A)}.
mazinv(A) can be calculated by solving the linear programming problem: finding the maximum
of the objective function ) ¢ csds(A) subject to the set of constraints C(A).
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Lemma 4.3 Let B be a real number, A* be a sub-expression of R which is not under @, where
A is a simple TRE with m(A) > 0, mazinv(A) < 0. Assume that e = co. Furthermore, let R’ be
obtained from R by replacing the occurrence A* in R by A' = @fZOA’ with k = |B/m(A)| + 1.

Then, for any model o € M(R) such that d(c) > B, there exists a model o' € M(R') such that
d(¢') > B, and inv(o) < inv(d’).

Proof. The lemma will be proved by induction on the structure of R.

ii.

ii.

1v.

. Let R = A*. Thus R' = A’ = @®F (A°. Let 0 € M(R) and d(0) > B. Hence, 0 =

0105 ... 0j, where 0; € M(A) (1 < i < j). If j <k then we are done, as o is also a
model of R'. If j > k let o' = 07°05>... 0. Hence, o' € M(R') and d(¢) = X8, d(o;) >
k x m(A) > B. Furthermore, inv(c) < inv(c’') as mazinv(4) <0 and k < j.

Let R = R{"Ry and A* is an occurrence in R;. Let 0 € M(R) such that d(o) > B. It
follows that o = 0702, 01 € M(R;) and o2 € M(R2). Hence, by 3.1 d(o1) > B — d(o2).
Since o7 € M(Ry), by the inductive hypothesis, there exist ¢’y € M(R;') such that
d(¢'y) > B —d(o2). R'y is the expression received from R; by replacing A* in R; with
A" = @M Al where ky = (B — d(03))/m(A)] + 1. Tt is easy to see that k; < k.
Consequently, if we choose o' = ¢'] o3 then o' € M(R') and d(o') = d(o'1) + d(o2) > B
and inv(o’) = inv(o'1) + inv(oz) > inv(o) + inv(og) = inv(o).

Let R = Ry @ Ry and A* occurs in R;. Let R;' is the expression received from R; by
replacing A* with A’. Let 0 € M(R) and d(¢c) > B. If ¢ € M(R;), by the induction
hypothesis, there is o'g, € M(R;') such that d(c’r,) > B and inv(c'g,) > inv(og,)-
Thus, in this case, let o/ = o'g,. If 0 € M(R3) then let ¢/ = . Obviously, ¢’ is a model
satisfying the requirements of the lemma.

Let R = (R;)* and A* is an occurrence in Ry. Then R' = R}, where R] is obtained from
R; by replacing A* with @F _ A™, k = |B;/m(A4)| + 1. Let ¢ € M(R) and d(s) > B.
Then, 0 = o{05... "0}, 0 € M(R1), (1 <i < j). Then, by the inductive hypothesis,
for 1 < i < j there exists ¢/; € M(R]) such that d(¢’;) > B and inv(d’;) > inv(o;).
Hence, o' = 0’70’y ... 7 0'; satisfies the requirements of the lemma, i.e. o/ € M(R’) and
d(¢') > B, inv(c') > inv(o).

Theorem 4.3 Let e = 0o, and A* be a sub-expression of R such that A* is not under @, where
A is a simple TRE with m(A) > 0. Then

..

If mazinv(A) <0, then by replacing A* in R with A' = @ ,A?, where k = |b/m(A)] +1,

we obtain a new expression R' such that R' =p R.
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If maxinv(A) > 0, then R [~ D.

Proof.

i

ii.

It is obviously that M(A') C M(A*). Hence, by Lemma 4.1, for any model ¢/ € M(R'),
there exists model o € M(R) such that d(o) = d(¢') and inv(o) < inv(c’). By Lemmas
4.1 and 4.2, it follows R =D = R' = D.

The other direction is proved as follows. By lemma 4.3, for any 0 € M(R) such that
d(c) > b there is o' € M(R') such that d(¢’) > b and inv(o’) > inv(o). Hence, as a result,
R'=D=RED.

Assume that mazinv(A) > 0 and A* is not under @. By induction on the structure of
R, it can be seen easily that for any subexpression R; of R if there exists a sequence of
models o; € M(R1), ¢ > 1 such that liminv(o;) = oo, then there exists a sequence of
models ¢'; € M(R), i > 1 such that liminv(o’;) = oco.

Let wo be the optimal solution of the linear programming problem: max} g csds(A)
subject to C(A). Let o9 € M(A) be the model corresponding to wg then inv(og) =
mazxinv(A) > 0. Hence, for the sequence o; = o505 ... og (¢ times), i > 1, we have
for all i, o; € M(A*) and inv(o;) = i X inv(og) — oo when i — co. Since A* is a sub-
expression of R, we can construct a sequence of models ¢';, 7 > 1 such that ¢'; € M(R)
and inv(o’;) — oo (when ¢ — o0). Hence, we can find a model o € R satisfying that
b < d(c) < o and inv(c) > M. In the other words, R [~ D.

O

By Theorems 4.1, 4.2 and 4.3, we can remove a star in a TRE R without introducing a new star,
without increasing the number of stars under ) for the following cases:

i

ii.

a star of the form A*, where A is a simple TRE with m(A) =0,

a star of the form A*, where A is a simple TRE with m(A) > 0 for the case that either
M(A*,R) or e is finite

iii. a star of the form A*, where A is a simple TRE with m(A) > 0 for the case that e is infinite

and A* is not under .

Therefore, if the linear duration D is of the form b </ <e = Y7, ¢; [ s; < M for which e < co
or if the TRE R has no sub-expression of the form A*, where A is a simple TRE with m(A4) > 0
and M(A*, R) = oo, then checking R = D can be reduced to solving a finite number of linear
programming problems.
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Example Let us verify that the railroad crossing monitor satisfies the requirement. That is to
check RCM = D, where D is0<{<o00o= [C— [Dn<0, and

RCM = (AQU)™

((B,[a,0))"C @(MD, [0, c])~Dn) (P, [b,0)) "AQMUU @ MU)))*"™

B7C)®((MD,[0,c) B(MD,[0,c])"Dn) D
“CQMD,[0,c])"Dn)~ (P& P~A) (MU @ MUU)))

Because the subexpression under * is not a simple one, in order to use Theorem 4.3, we transform
RCM into the following expression RCM 1 using Theorem 3.2:

RCM1 ~ (AQU)™

(((B; [a,00))"C @(M D, [0, c])~Dn)~((P, [b,00)) "AQ MUU))*"™
E((% [a,00))"C @M D, [0, c])"Dn) (P, [b, 0)) A Q MU))*"™
(B@® B~C)®((MD,[0,c]) (MD, [0,c])"Dn) @
(B~C®(MD,[0,c])"Dn)((P@ PA) QMU S MUT)))

Let

Ry = (((B, [a,00))"C @(MD, [0, c])"Dn) (P, [b, 0)) "AQ MUU))
Ry = (B, [a,0))"C @MD, [0, c])"Dn) (P, [b, 0)) "A Q@ MU))

By Definition 4.1, m(R;) > 0 and m(Rz) > 0. Furthermore,

mazinv(Ry) = max{inv(c)|loc € M(Ry)}
= max{ty — t4} subject to
a S tl, 0 S t2
0<t3<c, 01y
ti +ta =t3+1tg, b<ts
0<tg, 0<tr
0<tg, ts +tg =t7 + 13
= c—a

Similarly, we have mazinv(R2) = ¢ — a as well. Since ¢ < a, we have mazinv(R;1) < 0 and
mazinv(Ry) < 0. By applying Theorem 4.3 twice with noticing that ¥ = 1, we have that
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Checking emptiness and reducing star occurring under 19

RCM = D is now equivalent to RCM2 |= D, where

RCM2 = (AQU)™
(e B(((B, [a,00))"C @(MD, [0, c])"Dn) (P, [b,0)) "AQ MUU)))™
Ef %((B, [a,00))"C @(MD, [0, c])"Dn) (P, [b,00)) "AQ MU)))™
(B® B™C)Q((MD,0,c]) ®(MD,[0,c])"Dn) D
(B~CQ(MD,[0,c])"Dn)~((P @ PA) QMU & MUU)))
RCM?2 is a finite TRE, and checking RCM2 |= D is so simple for this case. O

For the left case, it seems that the problem is so difficult. In the next section, we will discuss
about some techniques to solve the problem for some special subcases and show how to check
the emptiness of a TRE.

5 Checking emptiness and reducing star occurring under ®

As mentioned earlier, checking the emptiness of a TRE in which the star does not occur under
® (in the operands of a @) is so simple. However, the problem becomes difficult when the star
occurs in the operands of a ). Let for example

R = ((s1,[a1,b1])* (s2, [a2, b2])") ®((s3, a3, b3])* (54, [a4, ba])*)

Replacing each star % with an integral variable, we get

R = @mymsmsma>0((s1;[a1,b1])™  (s2, a2, b2])™?) Q((s3, [a3, b3])™* (84, [a4, ba])™)
Thus, R is not empty iff the inequalities

mial + moas mgbp + myaby

<
<

(1) ms3as + mMaaq mi1b1 + maby

has an integral solution. In order to make the problem easier, we assume in this section that all
the real constants occurring in a TRE are rational. Thus, checking the emptiness of TREs leads
to checking the emptiness of { Az < b|z integral}, where A is a matrix, b is a vector, and A,b
are rational, which is an integer linear programming problem and can be solved in polynomial
time.
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To reduce the star occurring under Q) is difficult for the case that e = co. We show that the
problem can be solved by the mixed integer linear programming techniques. For simplicity, we
present our idea via the previous example, i.e. to decide whether

(2) RED

where R is given as above, D is of the form b < £ =-¢; [s1 +c2 [ s1 + c3 [ s3+ ca [ s4). Then,
the problem is equivalent to

Vmi, mz, m3, myq :
((s1, [m1a1, m1b1]) " (s2, [m2az, maba])) Q((s3,[m3as, m3bs]) (sa, [maas, mabs])) F D

By Theorem 3.3, the problem is now equivalent to K < M, where K is the result of the
following mixed integer linear programming problem max(cit; + coto + c3ts + catq) subject to
{mja; < t; < mib;, m; <0, m; integral,i = 1,2,3,4}.

This technique can be easily generalised to the case when R has no nested stars occurring under

X.

In some cases, we can use the following technique to reduce a star.

Let ( = (m1, ma, m3,m4) be a solution of (1). From the classical techniques of integer pro-
gramming ([5]), we can find an integral Hilbert basis (i, ..., (k, such that ( is a solution of (1)

iff { = Zle AiCi- Let §; = (mq4, ma;, m3;, my;). The mixed integer and linear problem now
becomes:

max(city + cata + catz + cats)
subject to

YE Amjia; <t < YF ) Amyibs (5 =1,2,3,4)
t1+ta =13+ 14

A>0(=1,...,k)

Ai (t=1,...,k) integral

The difference between this form and the previous one is that for any A; > 0, there are real
numbers t1, to, t3, t4 satisfying the inequalities.

Thus, c1t1 + cats + c3t3 + cate should satisfy:

Yoy Ai Yo cjlij < ety + cata + ests + eata < Ty N Yoy cjugj
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where for j = 1,2,3,4 if ¢; > 0 then l;; = myja;, uij = my;b;, and otherwise l;; = myjb;,
u;; = myjaj. Now, if there is 7 such that E?Zl cjlij > 0, we can conclude that R [~ D, since
c1ty + cote + etz + caty > M when A; approaches co. Otherwise, if Z?Zl cjug; < 0 for all i and
Z‘?:l cju;j < 0 for some 7, then we can always find nonnegative integers N i=1,...,k such
that for A > A, i =1,...,k, Y8 1 A 35 cjuij < M. Then, R |= D iff

max(cltl + Cgtz + 63t3 + C4t4)
subject to

Y Aimjiag <t < Y Aimyibs (5 =1,2,3,4)
t1+1a =13+ 14

MN>X>0, (i=1,...,k)

Ai (i =1,...,k) integral

is not greater than M, which can be decide by solving a finite number of linear programming
problems.

6 Conclusion

We have introduced the concept of timed regular expressions (TRE) by a simple extension of the
classical regular expressions to describe the behaviour of real-time concurrent systems, and shown
that for the class of real time systems whose behaviour can be described by TREs, checking for a
linear duration invariant can be done by using mixed integer linear programming techniques in
general. We have also presented a technique to transform the problems into simpler ones which
works for many cases. Since model-checking for real-time systems is difficult and possesses high
complexity, our technique could help to reduce the complexity in the case it can be applied. We
have seen that checking whether our techniques can be applied is very simple, it is not a time
consuming work. Thus, in practice, a procedure can be developed to analyse the problem and
choose the suitable algorithms to use to solve the model-checking problem more efficiently.
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