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Abstract

This paper is towards the development of a methodology for object-oriented software development. The in-
tention is to support effective use of a formal model for specifying and reasoning during the requirements
analysis and design of a software development process. The overall purpose is to enhance the application of
the Unified Modelling Language (UML) with a formal semantics in the Rational Unified Software Develop-
ment Process (RUP). The semantic framework defines the meaning of some UML submodels. It identifies
both thestatic anddynamicrelationships among these submodels. Thus, the focus of this paper is the de-
velopment of a semantic model to consistently combine ause-case modeland aconceptual class diagramto
form a system specification.
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Introduction 1

1 Introduction

Object orientation is now a popular approach in the software industries. UML [Gro99] is the de-facto standard
modelling language for the development of software with a broad range of applications, covering the early
development stages of requirements analysis and specification and with strong support for design and imple-
mentation [JBR99, DW98]. Driven by this trend, computer scientists are now intensifying the research to help
better understanding and use of OO methods and UML, e.g. [Ken97, FELR98, BPP99, HR00, RCA01, Jür02].

A main feature of UML is that different modelling diagrams are used to represent a system from various
views at different levels of abstraction. This however gives rise to the questions of whether different models
used in a system development are consistent and how they are related. In [EKHG01], problems concerning
consistency among the models for different views are classified ashorizontal consistency, and those about
models at different levels of abstraction asvertical consistency. Furthermore, consistency of each kind is
divided intosyntactical consistencyandsemantic consistency.

Conditions of syntactical consistency are expressed in UML in terms of the wellformedness rules of OCL
(Object Constraint Language) [WK99]. Obviously semantic consistency requires syntactical consistency.
Article [EKHG01] studies a particular kind ofbehavioral consistencyamong different statecharts of a system
by translating them into Hoare’s CSP. The work in [Egy01] deals with automated checking of horizontal
syntactical consistency between a design class diagram and a sequence diagrams of a system at the design
level.

In this paper, we provide a unified framework for formal specification for the models used in different ac-
tivities in RUP [JBR99, Kru]. The framework enables us to identify the distinguishable features of different
models and to relate and manipulate them as well. These models are UML requirement models including
use-case modelsandclass diagrams, and the design models that areinteraction diagramsanddesign class
diagrams. Our long term aim is to support formal use of UML in requirement specification and analysis, and
transformation of requirement models to design models. When it is used within the incremental and iterative
RUP, the method allows stepwise refinement and supports object-oriented and component-based software de-
velopment. We believe this will help to change today’s situation that OO software development in practice is
usually done in a non-scientific manner based on pragmatics and heuristics. On the other hand, with the incor-
poration of our model into the incremental and iterative RUP, we hope to improve the use of formal methods
in the development of large scale systems.

Our formalization follows the Unifying Theories of Programming of Hoare and He [HH98] and is based on
the relational model for object-oriented programming in [HLL01]. It uses a simple set theory and predicate
logic, rather than a particular formal specification language, such as Z or VDM.

In this paper, we focus on only conceptual aspects of object orientation. Most syntactical and semantic con-
sistency conditions defined in this paper have straightforward algorithms for checking and hence support from
necessary automated tools. We have started our effort to build such as tool [LLH03].

In the rest of this paper, Section 2 briefly discusses the activities and models in RUP that we intend to formal-
ize. Section 3 introduces a computational model that is similar to the notation of action systems in [MP81].
Section 4 defines a syntax and a semantics for a conceptual model. Section 5 defines a syntax for use-case
model using the relational model developed in [HLL01]. Section 6 gives a semantics for a use case and
a canonical formof system specification. It shows how a use case behaves in the context of a conceptual
model, and captures the consistency between the two models. Finally conclusions and discussion are given in
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Models in Rational Development Process 2

Section 7. Simple examples are used to illustrate the ideas and formalization.

2 Models in Rational Development Process

Requirements capture, analysis, design and modelling are the main technical activities in the early stage
of a RUP cycle. Requirements analysis mainly involves the creation and analysis ofuse-case modelsand
conceptual models[JBR99, Lar01, DW98].

A use-case modelconsists of a set ofuse-case diagrams, and a family ofuse-case descriptionsin text, each
describing one use case. Each use-case description specifies a required functional service that the system
is expected to provide for certain kinds of users calledactors. It describes ause casein terms of a pattern
of interactions between the actors and the system. The use-case diagrams do not provide much semantic
information. They only illustrate which actors use which use cases and which use cases areincludedas parts
of a use case. Therefore, a use-case model specifies the systems’s required functional services, the users of
these services, and the dependency relationships among these services. A library system, for example, has use
cases to,Borrow a copy, Make a ReservationandValidate User Identificationfor the actor calledUser. Both
Borrow a CopyandMake a ReservationincludesValidate User Identification.

A conceptual model for an application is a class diagram consisting ofclasses(also calledconcepts), and
associationsbetween classes. A class represents a set ofconceptual objectsand an association determines
how the objects in the associated classes are related (orlinked).

For example, the library system hasUser, Loan, Publication andCopy. They are associated so that auser
takes(currently) a number of loans and a loanborrowsa copyof a publication. Different library systems have
different conceptual models and provide different services. A “small” library does not allow a user to make a
reservation, while a “big” library may provide this service. A conceptual class diagram is given in Figure 1.
In addition to associations between concepts, a concept may have somepropertiesrepresented byattributes.

User

Reservation Publication Copy

Loan

IsOn

Has1 *

takes

Makes

1

*

1 * 1

Borrows

1

*

*

IsHeldFor

IsAvailable

IsLendable

*

*

1 0..1
1 1

Figure 1: A conceptual class diagram

For example,Userhas anameas an attribute, andLoan has adateas an attribute.

We say a class diagram is conceptual at this level because it is not concerned with what an object does, how it
behaves, or how an attribute is represented. The decision on these issues will be made during design when the
responsibilitiesof a use case are decomposed and assigned to appropriate objects. Use case decomposition
is carried out according to theknowledgethat the objects maintain.What an object can do depends on what
it knows, though an object does not have to do all that it can do. What an object knows is determined by
its attributes and associations with other objects. Only when the responsibilities of the objects are decided in
the design, can the directions of the associations (i.e.navigationandvisibility from one object to another)
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Computational Model 3

be determined. This indicates that an association at the conceptual level are simply sets of pairs of objects
and has no direction or equivalently two directions. Therefore, a conceptual model is astatic modelof the
structureof the application domain.

The relationship between a use-case model and a conceptual model is that the conceptual model specifies the
environment, i.e.the state space, under which the use cases are to be carried out. Astateis anobject diagram
that consists of a set of objects and a set oflinks between these objects. Each object and each link in a state
must be respectively an instance of a class and an association declared in the conceptual model. An execution
step in a use case transforms a state into another. A conceptual model is consistent with a use-case model if it
is adequateto realize the functional services required by the use-case model.

In system design, a requirement specification is realized by a design specification consisting of adesign class
diagramand a family ofinteraction diagrams. The design class diagram models thesoftware structurethat
realizes the conceptual model of the requirement specification. The interaction diagrams (i.e. collaboration
diagrams or a sequence diagrams) model the interactions between objects and realize the use cases of the
requirement specification. The creation and manipulation of these design models mainly involve use case
decomposition and assignment of responsibilities to objects. The interaction diagrams must meet the require-
ments. This can be proved by showing that the use cases are indeed correctly realized by the interactions
between objects. Experience [Lar01] shows that once a design class diagram is obtained, code can be easily
produced from it. It is possible to develop a tool to help in transforming a design into a code of implementa-
tion.

3 Computational Model

We use a notation similar to a transition or action system [MP81] to combine the two models together to model
a system. Asystemis defined by a tuple(α, Φ,Θ, P ) where

• α denotes the set of program variables known to the program.

• P is a set ofoperations, each of which is a predicate that relates the initial values of program variables.
The predicate is of the formp(x) ` R(x, x′) (called a design in [HH98]):

p(x) ` R(x, x′) def
= ok ∧ p(x) ⇒ ok′ ∧R(x, x′)

wherex andx′ represent the initial and final values ofx respectively;ok asserting that the operation is
started well andok′ means that the operation terminated;p(x) is called the precondition, andR(x, x′)
the post-condition or the transition relation.

• Θ is a predicate overα, called theinitial conditionand defines the initial state(s) of the system.

• Φ is a predicate overα, called theinvariant. It must be true in any initial state and preserved by each
operation inP .

An action only changes a subset of variables declared inα. Thenormal formof a design is thus aframed
designof the formV : (p ` R), that denotesp ` R ∧ (w′ = w), whereV andw are subsets ofα, and
w = α−V . When there is no confusion, we will omit the frame in a design by assuming that a variablex can
be changed by a design only if its primed versionx′ occurs in the design.
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Conceptual Model 4

The above model has to take into account the following OO aspects.

1. A use case is composed from a number of operations, while a conceptual model determines the follow-
ing variables on which a use case operates:

• for every concept, aclass variablethat takes values of sets of objects of the concept;

• for every object of a concept, a variable for each attribute of the concept;

• for every association, anassociation variablethat take values of sets of links (i.e. pairs) between
objects of the associated concepts.

2. Due to the inheritance mechanism, the effect of a use case on a variable depends on its current type
during execution, rather than its originally declared type.

3. As in imperative languages, a state of a variable is its current value. An object is represented as a finite
tuple that records itsidentity, current type, and the values of its attributes. As an object has no attributes
of object types in a conceptual model, there is no recursive nesting needed here. Association variables
are used to represent links between objects, which may be realized as object attributes in the later design
and implementation.

In summary, a model of an OO requirement is a systemS = (α, Φ, Θ, P ) where

• P consists of a set of use cases.

• α identifies the variables on which the use cases inP operate and it is determined by the conceptual
class diagram and the input and output variables of the program.

• The invariantΦ formally models the invariant constraint. The pair(α,Φ) thus gives the formalization
of the conceptual model.

• Θ is a condition to be established when starting up the system.

In the following sections, we formulate these four components of a system specification.

4 Conceptual Model

A conceptual model is a pairCM = (D, Φ), whereD is aclass diagramandΦ is the state constraint on the
classes and associations enforced byD.

4.1 Conceptual class diagram

A conceptual class diagramD of an application identifies the environment in which the use cases operate.
This environment consists of four parts:

1. The first part provides thestatic information on classes and their inheritance relationships:
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Conceptual Model 5

• CN: the finite set of classes identified in the diagram. We use bold capital letters to represent
arbitrary classes and types.

• super: the partial function which maps a class to itsdirect superclass, i.e.super(C) = D if D is
the direct superclass ofC.

2. The second part describes the structure of each class and forC ∈ CN, it includes

attr (C): the set of{< a1 : T1 >, . . . , < am : Tm >} attributes ofC, where Ti stands for the type of
attributeai of classC, and will be referred bytype(C.ai).

As in [AM02], the type of an attribute is assumed to be a built-insimple data type, such as the natural
numbersNat. We useDT to denote the set of these assumed data types. Each classC defines a type,
also denoted byC. We allow the construction of a type from the direct product of two types, and the
power setP(T) of a typeT.

3. The third part identifies the relationships among the classes:

AVar : the finite set of associations captured in the diagram and declared asassociation variables

{A1 : P(C11 × C12), . . . , Am : P(Cm1 × Cm2)}

The type of eachAi, referred bytype(Ai), is the powersetP(Ci1 × Ci2). We useAN to denote the
list A1, . . . , Am of the association names inAVar. The separation of the treatments of attributes and
associations supports a more flexible design of the interactions or connection between objects [FM96,
HR00, AM02]. For simplicity, we only deal with binary associations. General relations among classes
can be modelled in the same way.

4. For each class nameC ∈ CN, there is one state variable, denoted byC, whose value records the objects
of classC currently existing in the system:

CVar
def
= {C : P(C)|C ∈ CN}

The type ofC, denoted bytype(C), isP(C).

The multiplicities of the roles of an association will be specified in the invariant of the conceptual model.

Example The formalization of class diagram in Figure 1 is given as follows, where every class is a subclass
of classObject and we omitattr(C) whenC has no attributes:

CN = {User,Loan,Copy,Publ,Resv}
super(C) = Object, for all C ∈ CN

attr(User) = {< Id : String, name : String >}
attr(Loan) = {< date : Date >}

AVar = {Takes : P(User× Loan), Borrows : P(Loan×Copy),
IsAvailable : P(Copy ×User),
IsLendable : P(Publ×User),Has : P(Publ×Copy),
IsHeldFor : P(Copy ×Resv),Makes : P(User×Resv)}

CVar = {User : P(User), Copy : P(Copy), Loan : P(Loan),
Publ : P(Publ), Resv : P(Resv)}

A refinement of the model allows us to add more details, such as attributes and associations [HLL02].
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Conceptual Model 6

4.2 Inheritance and well-formedness conditions

Every attribute of a class in a conceptual model is inherited by its subclasses. Formally speaking, we require

super(C) = D ⇒ attr(C) ⊇ attr(D)

Thus, when drawing or describing a class diagram, we do not repeat the attributes of a class in its subclasses.

A class diagram iswell-formedwhen following conditions are met:

1. The functionsuper doesnot cause circularity:

NoCirc
def
= super+ ∩ Id = ∅

where we abuse the notation by treatingsuper as a binary relation, withId denoting the identity
relation and the definition using relation composition “;”.

super+ def
=

⋃
n≥1 supern, super1 def

= super

supern+1 def
= supern; super

We useN < M to denote thatN is a subclass ofM.

2. An association only relate classes in the diagram, i.e. :

WFAsso
def
= ∀(A : P(C1 ×C2)) ∈ AVar• (C1 ∈ CN ∧C2 ∈ CN)

3. The association names are all distinct:

DistAssoName
def
= dist(AN)

4. Classes should not be related by attributes, i.e. the type of an attribute should not be a class:

AssoDistAttr
def
= ∀C ∈ CN, a ∈ attr(C) • type(C.a) ∈ DT

5. The attribute names of a class are distinct:

DistAttrName
def
= ∀C ∈ CN • dist(π1(attr(C)))

whereπ1 returns thelist of the attribute names inattr(C), anddist is true if the elements in the list are
distinct.

Let W (D)
def
= NoCirc ∧WFAsso ∧DistAssoName ∧ AssoDistAttr ∧DistAttrName and it defines

the well-formedness condition for a class diagramsD.
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Conceptual Model 7

4.3 Object diagrams as system states

An object diagram of a class diagram is a state over theCVar ∪ AVar, i.e. awell typedmapping from
CVar ∪AVar to P(Object) ∪ P(Object×Object).

For an associationA : P(C1 ×C2) and an objectoi ∈ Ci, i = 1, 2, let A(oi) be the set of objects in the class
that is associated withCi. Formally,

A(oi)
def
= {oi⊕1 |oi⊕1 ∈ Ci⊕1 ∧ (o1, o2) ∈ A}

A(Ci)
def
=

⋃
o∈Ci

A(o)

where1⊕ 1 = 2 and2⊕ 1 = 1. The multiplicities of the roles of an association can now be defined as a state
property. LetM1 andM2 be subsets ofInt. We assignM1 andM2 as respectively themultiplicitiesof C1

andC2 to the associationA to enforce the following state property:

Multiplicity(A)
def
=

∧

i=1,2

∀oi ∈ Ci • (|A(oi)| ∈ Mi⊕)

asserting that the number of objects inC1 (or C2 resp.) linked to an object inC2 (or C1) is bounded by the
range ofM1 (or M2). We useA : (M1,C1,C2, M2) to represent an association betweenC1 andC2 with
multiplicitiesM1 andM2.

It is also required that an associationA only links objects that currently exist in the state: for every association
A : P(C1 ×C2) in D,

LinkObjects(A)
def
= A(C1) ⊆ C1 ∧A(C2) ⊆ C2

A state of a class diagram isvalid if each associationA of the class diagram satisfies both conditionMultiplicity(A)
and conditionLinkObjects(A). In subsequent discussion, we use the term state to refer to a valid state when
there is no confusion.

ConditionsMultiplicity(A) andLinkObjects(A) define the precise meaning of an associationA and the
multiplicities of its roles depicted in a UML class diagram. However, only classes, associations, and their
multiplicities are not enough to express all the constraints required by an application. In particular, multi-
plicity restrictions do not allow relationships between associations to be expressed. For example, the library
application requires that a copyc that “is held” for a reservationr be a copy of the publicationp reserved by
the reservationr. UML uses a OCL statement to describes such as constraints. Because OCL is not expressive
enough to specify the semantics of use cases, this paper uses a relational logic to specify state assertions. The
above constraint in the library application can be described as the state assertion:

∀c ∈ Copy, r ∈ Resv, p ∈ Publ • IsHeldFor(c, r) ∧ IsOn(r, p) ⇒ Has(p, c)
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Conceptual Model 8

whereR(a, b) iff < a, b >∈ R. Furthermore, this constraint can be equivalently written in terms of the algebra
of relations

IsHeldFor ◦ IsOn ⊆ Has−1

where “◦” is thecompositionoperation of relations, andHas−1 is the inverse ofHas.

4.4 Conceptual model

A conceptual modelcan now be formally defined as a pairCM = (D,Φ) whereD is a class diagram
formalized above, andΦ is a state constraint on the states ofD. We can use the following Java-like format to
specify a conceptual model as follows.

Conceptual ModelCM
ClassC11 ExtendsC12 {T11 x1; . . . ;T1m xm}

. . . . . .
ClassCn1 ExtendsCn2 {Tn1 y1; . . . ;Tnk yk}
Association(M1

1 ,C1
1,C

2
1,M

2
1 ) A1; . . . ; (M1

j ,C1
j ,C

2
j ,M

2
j ) Aj

Invariant Φ
End CM

whereC1 ExtendsC2 denotes thatsuper(C1) = C2. M1
i andM2

i are sets of natural numbers and represent
themultiplicitiesof the rolesC1

i andC2
i of associationAi, i = 1, . . . , j.

The following syntax can be followed when we write the specification of a conceptual class diagramccdec:

ccdec ::= empty|cdec|adec|ccdec; ccdec

whereempty denotes the empty diagram,cdec a class declaration, andadec an association declaration. From
such a specification of a diagramD, we can easily calculate the categories of the formal model. An alternative
format would be to declare associations as classes with two attributes of the types as the associated classes.

Although we cannot present the formal UML syntax of a class diagram in this paper because of the space
limit, the translationbetweena class diagram to its formalization is straightforward and can be automated.
Relating the graphic presentation and the formal specification of a model in this way allows the user to obtain
the later without necessarily knowing the detailed formality of the specification language.

For a state constraintΨ, we writeCM ` Ψ iff Φ ⇒ Ψ, meaning thatΨ can be proven fromΦ in the relational
calculus. This allows us to reason about properties of a conceptual model and relationships between two
conceptual models. For example, we can define transformations between conceptual diagrams that have to
preserve a state constraint.
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4.5 Special classes and associations

We also usestate constraintsor invariantsto specify some special classes and associations.

Abstract classes In a conceptual class diagramD, a classC is called anabstract class, if C = C1 ∪ C2 ∪
. . . ∪ Ck is an invariant of the system, whereC1, . . . ,Ck are all the direct subclasses ofC andk ≥ 2. This
means an object in the abstract class can only be created as an instance of one of its direct subclasses.

Association classes UML allows association classesto represent associations that have data properties too.
An example is shown in Diagram (a) of Figure 2.JobContract is about the associationEmploys. This fact
can be modelled by decomposing the association into two associations as shown in Diagram (b) of Figure 2.
Notice the multiplicities ofCompany in the associationHas andPeople in the associationIsFor are both
1 to ensure that an instance ofJobContract only relates one company and one person. However, we relate
the associationEmploys with the two newly introduced associations by the constraint

Has ◦ IsFor = Employs

Company People
Employs

JobContract

salary

Diagram (a)

Company
JobContract

salary
People

1

Has IsFor

Diagram (b)

M1 M2

1 M2 M1

Figure 2: Example of an association class

In general, we model an association classAClass for an associationA : (M1,C1,C2,M2) by introducing
two fresh associations

A1 : ({1},C1,AClass,M2) andA2 : (M1,AClass,C2, {1})

such thatA1 ◦ A2 = A. The decomposition also changes the many-to-many association into one-to-many
associations that are much easier to realize in the later design. This treatment of association classes can be
also used in applications where an association class relates a number of classes.

Aggregations An aggregationcan be safely treated as a general association. Its special properties, such as
the visibility of thewholeclass to itspart classes, are more relevant in the design and implementation and thus
should be deferred till the time when we deal with the design. However, the property that apart of acomposite
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Use-Case Model 10

wholeexists if and only when the whole itself exists, i.e. parts are created or destroyed when the whole is
created or destroyed, can be specified as a state invariant. AssumeComposite andPart1, . . . ,Partn are
classes, andIsParti : ({mi},Parti,Composite, {1}) are associations in a conceptual class diagram. We
say thatComposite is composite aggregationof Parti, i = 1, . . . , n, if the following state invariants are
true

HasParts
def
=

∀c ∈ Composite ⇒ ∃o11 . . . o1m1 ∈ Part1, . . . on1, . . . onmn ∈ Partn•
IsPart1(o11, c) ∧ . . . ∧ IsPart1(o1m1 , c)

∧ . . .
∧ IsPartn(on1, c) ∧ . . . ∧ IsPartn(onmn , c)

HasWhole
def
=

n∨

i=1

∃o ∈ Parti ⇒ ∃c ∈ Composite • IsParti(o, c)

NoShare
def
=

n∧

i=1

(∀c1, c2 ∈ Composite, o ∈ Parti • IsParti(o, c1) ∧ Parti(o, c2) ⇒ c1 = c2)

And these invariants indicates a decision later in design and implementation that the whole should the visibility
to the parts and parts are realized asattributesof the whole class.

Please note that there are many discussions about the meaning of an aggregation, particular on thepUML
mailing list (see www.puml.org). Here we have provided a way of formally defining the semantics rather than
fixing it by the above three invariants. One can of course have different constraints if they fit in the application
better. If one wants to avoid any confusion, we suggest the use of a general association and specify the
constraints as required.

5 Use-Case Model

A use case model consists of a use-case diagram and a textual description of each use case in the use case
diagram. As said earlier, a use-case diagram provides only static information about the use cases. The dynamic
semantic aspects are described in the textual descriptions of the use cases as sequences of interactions between
actors and the system. Therefore, for a formal design it is more important to formalize the textual description.

An actor of a use case can be any entity external to the system. It interacts with the system by calling asystem
operationto request a service of the system. The system may also require services from actors to carry out a
requested service. A UMLsystem sequence diagramis used to describe the order of the interaction between
the actors of in a use case and the system treated as a black box, but it does not describe the change of the
system state caused by such an interaction. It is important to note that a system sequence diagram does not and
should not provide information about interaction among objects inside the system [DW98, Lar01]. The main
task in the system design is in fact torealizethe use cases by interactions among objects inside the system.
This is done by decomposing the responsibilities of the use cases and assigning them to objects as methods.
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5.1 System operations

When an actor calls a system operation to carry out a step of a use case, the execution of the called operation
changes the system state, by creating new objects, deleting existing objects; forming or breaking links between
objects; modifying attributes of objects. We therefore treat the system under consideration as acomponent
and a system operation aprovided methodof the component [CD01]. We model this component as ause-case
handler class[Lar01] that encapsulates the classes in the conceptual model:

Class Use-Case-Name-Handler{
Attr : x : T;

Method : op1(val x1 : T11, resy1 : T21){c1};
. . . ;

Method : opn(val xn : T1n, resyn : T2n){cn}
}

where the attributesx may include state control variables so that the use case can be defined by a state machine;
and for each methodopi(val xi : T1i, resyi : T2i) {ci}, val xi is a list of value parameters andres yi a list of
result parameters. The commandci in an operation allows us to specify the effect of the operation at different
levels of abstractions and is in one of the following forms:

c ::= d| x := e | c; c
| var x : T | endx variable declaration and undeclaration
| c ¢ b ¤ c conditional
| b ∗ c iteration
| c u c non-deterministic choice
|Actor.m a call to a required method of an actorActor
| o.a(y) | o.a(e) reading and resetting attribute

whered is a framed design,b is a Boolean expression ande is an expression. In general, an expression can be
in one of the following forms:

e ::= x|null|new C|self |e.a|f(e)

We use a commandvar x : T to introduce local variables in a block, and a commandendx to end the variable
block. A set of program variables, denoted bylocvar, is needed to record the set of local variables in scope
in a state. The value oflocvar is of the form{v1 : T1, . . . , vm : Tm}.

5.2 Actors

An actor of a use case calls system operations in the use case controller. However, some actors provide
services to the system too. We thus can treat an actor as a component which may provide services as well
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as to request services. As we are only required to design the system under consideration, we only specify an
actor’s services required by the system in terms of methods in the actor class.

Class Actor {
Attr : x : T;
Method m1(val x1 : T11, res y:T12){c1};

...;
Method mk(val xk : Tk1, res yk : Tk2){ck};

}

where attributesx : T may include control state variables;mi is a method that can be called by the system,
but the commandci in such a method is only a framed design to avoid infinite recursive method calls.

5.3 System specification

To specify a use caseH, we specify its handlerH-Handler and actorsActor1, . . . ,Actorm. Putting these
together we have a specificationSpec(H). Suppose that for the design of a systemS we have identified the
use casesH1, . . . ,H` and constructed a conceptual modelCM . We combine the specification of the concep-
tual modelCM , the use-case handlers and the actorsCM ; Spec(H1); . . . ; Spec(H`) to form thestructural
specificationof the system, i.e. the conceptual model, the use-handlers, and its environment that consists of
the actors classes. This specification can be illustrated graphically in the diagram in Figure 3.

User

Publication Copy

Loan
1 *Takes 1

1

Borrow

1 *Has
Reservation

IsOn* 1

1 0..1

IsHeldFor

1

*

Makes
IsAvailable

IsLendable

LibrarySystem

.................;

................

Class Actor_m;

Class Actor_1;

 H_1−Handeler;

H_k−Handler

Figure 3: A system specification

Eachscenarioor instanceof a use case is an execution sequence of calls (by actors) to methods in the use-case
handler with given input values to theval parameters. To describe all possible scenarios of all use cases, we
introduce a setIN of variables for the input values and a setOUT of variables for the output values. LetL be
a set ofcontrol variablesthat are used to control the order of the execution of the usecase actions(that will
be formally defined soon). In general, scenarios of a use case can be executed concurrently and this needs
multiple instances of the use-case handler class.

Let the system state variables be those declared in the conceptual modelCVar, that now includes the use-case
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Use-Case Model 13

handler and the actor classes,AVar that now includes an association between a use-case handler and an actor
if the use-case handler requires services from the actor.

Now defineα
def
= AVar ∪CVar ∪ IN ∪OUT ∪ L. Let Φ be the state constraint of the conceptual model

conjoining with the condition that each actor class has a single instance. We use a predicateΘ to specify
the initial states for starting up the system.Θ has to imply some instances of each use-case handler class
H-Handler , and the instance of each actor classActor, denoted byActor, have already been created.

A use case actionis a guarded commandg −→ c, whereg is a boolean expression overIN ∪OUT ∪ L and
c is a command onIN∪OUT∪L to process the input and output values, or a callh.op to a methodop of an
instance of a use-case handlerH-Handler . A use caseis a setUh of use case actions that contains calls to the
same use-case handler instanceh. Let P be a set of use cases, asystem requirement specificationS is then of
thecanonical form

Spec(S)
def
= CM ; Spec(H1); . . . ; Spec(H`) • P

We thus have obtained the transition system model(α,Φ, Θ, P ) for the systemS.

In the case for sequential programs, only one instanceh of a use-case handlerH-Handler is needed andh.op
is simply written asop. Then each use caseUH is a piece of sequential program, and whole programP is an
iterative deterministic choice among the use cases:

¬stop ∗ (read(service); if {service = H −→ UH} fi; read(stop))

whereread(x)
def
= true ` x′ ∈ type(x).

A call to a system operationm(val x, res y) can also be written as a CSP-like process

m?x −→ m(x, y);m!y

Then use caseH as a whole can be written as a CSP processUH and the programP in the canonical system
specification can be specified as an iterative process(UH1 [] · · · []UH`

)∗.

Therefore our methodology is:

• For a sequential software development, after the system operations are identified and specified in the
use-case handler classes, writing the formal specification of the use cases becomes writing a specifica-
tion of themain methodP of the object-oriented software.

• For a concurrent system, writing the formal specification of the use cases is to write the specification of
therun methodsof the concurrent actors that requires services from the system.

• However, as suggested in RUP and UML, the development takes a sequential view first and treats con-
currency in the implementation stage by usingactivity diagrams. Then the design and implementation
of the system is mainly to design and implement the system operations by decomposing them into
interactions between objects of the system.
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This is a typical top-down development, but the use cases and system operations can be taken in turns in an
iterative process.

Example For the library application, use caseBorrowCopy is about how an actorBorrower can borrow
a copy of a publication. Obviously, its pre-conditions are: an user and the copy are currently known to the
system, the publication of the copy is lendable to the user, and the copy is currently available. The effect of
the use case is to create a loan to record the fact that the user has taken this loan on the copy, and the copy not
available anymore. The system has to record the date of the loan. For this, the system needs to interact with
the system clock to get the date. Therefore this use case has another actor, and we call itClockthat ispartially
specified here as follows

Class Clock {
Attr : Date date, Time time;
Method : getDate(res out : Date){true ` out′ = date}

}

The use-case handler can be given below

Class BorrowCopy-Handler {
Method BorrowCopy(val String Cid, String Uid){
Pre ∃c ∈ Copy, u ∈ User • c.Id = Cid ∧ u.Id = Uid∧

IsLendableTo(Has(c), u) ∧ IsAvailable(c, u);
var Loan `; ` := New Loan();
var Date date;Clock.getDate(date); `.(date); end date;
Loan := Loan ∪ {`};
Borrow := Borrow ∪ {< `, c >}; Takes := takes ∪ {< u, ` >};
IsAvailable := IsAvailable/

⋃
u∈User{< c, u >}

end `
}

}

Strictly speaking, use caseBorrowCopy is not well-formed regarding to the given conceptual model in
Section 4.1, as classCopy has no attributeId declared. However, if we refine (following a refinement rule
in [HLL02]) the conceptual model by adding this attribute to classCopy. The specification becomes well-
formed.

Introducing input variablesUid andCid and assuming BorrowCopy-Handler is the instance of the given
use-case handler class already created, use caseBorrowCopy is programmed by the following statement:

read(Uid, Cid);BorrowCopy(Cid, Uid)

This corresponds to a system sequence diagram in which actorBorrower calls methodBorrowCopy of the
system and the system callsgetDate() method of the clock.

Suppose we declare in the use-case handler class three operationsFindU() that finds the user for a given
user identifier,FindC() that finds the copy for an input copy identifier, andRecordL() that checks whether
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a loan can be made and records it if so. TheBorrowCopy use case can be refined to orzoomed in[DW98]
the following use cases

read(Uid, Cid);Find(Uid, u);FindC(Cid, cp);
RecordL(u, cp) / (u 6= null ∧ cp 6= null) .⊥

The system calls thegetDate() method of the clock inRecordL(). Thus the above program corresponds to
the system sequence diagram in which actorBorrower calls methodFindUser(), thenFindC() and then
RecordL() of the system, after receiving the call ofRecordL(), the system callsgetDate() of actorClock.
This sequence diagram is a refinement of the earlier one. This refinement is carried out without changing the
underlying conceptual model.

Another dimension of refinement is to refine the conceptual model together with the use cases. For example,
the associationIsavailable can be realized by a boolean attributeIsA of classCopy such that for every copy
c and every useru, Isavailable(c, u) iff IsA = true. Then checking the availability off a copy becomes
simply checking this variable. This kind of refinement corresponds the traditional data refinement. Both
refinements we have just discussed are not involved with allocation of parts of the computation of a system
operation to internal objects of the system [HLL02]. We have adelegation rulein [HLL02] to deal with
delegating part of a method of an object to an object in another class. Formal transformation of a use-case
model into a UML object sequence diagrams is out of the scope of this paper.

6 Semantics

This section defines a semantics of a system specification. We start with showing how to validate an expression
and determine its value.

6.1 Expressions

To validate an expressione, we introduce a predicateW (e) which is true just in those circumstances in which
e can be successfully evaluated.

A state binds variables inα to their values. A variables of typeDT simply takes a value of that type. However,
a variable of a classC takes an object ofC as it value. An object is defined in terms of itsidentity, values of
its attributes, and its current type:

{identity 7→ id} ∪ {class 7→ C} ∪ {a 7→ value|a ∈ attr(C)}

For the identities of objects, we require thato1(identity) = o2(identity) iff o1 = o2. W (e), type(e), and
the value ofe are defined as follows:

• x is well-formed if it is known in the environment of the use case:W (x)
def
= x ∈ α.
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• W (null)
def
= true, andtype(null)

def
= NULL. NULL is a reserved class name and a subclass of all

classes. The identity ofnull is undefined andnull is the only object without an identity.

• The variableself is only used as local variable when definingo.a(y) ando.a(e):

W (self)
def
= self ∈ locvar

• new C is well-formed ifN is declared:

W (new C)
def
= C ∈ CN type(new C)

def
= C

new C(class)
def
= C

new C(identity) 6∈ {id|∃o ∈ C• o(identity) = id}

newC(identity) is freshand this will be also specified bynewC 6∈ C.

• e.a is well formed ife is an object, anda is a declared attribute of the class ofe:

W (e.a)
def
= W (e) ∧ type(e) ∈ CN ∧ a ∈ attr(type(e))

type(e.a)
def
= type(type(e).a)

e.a
def
= e(a)

• Well-formedness of built-in expressionsf(e) is defined by the building rules. For example, for two
association variablesAi : (Mi1,Ci1,Ci2,Mi2), i = 1, 2,

W (A1 ◦A2)
def
= W (A1) ∧W (A2) ∧C21 ≤ C12

This means if we want to derive a composition association from two given associationsA1 andA2 the
target classC12 of A1 should be the source classA21 or a superclass of it.

6.2 Commands

Each commandc is defined as a predicate of the formW (c) ⇒ D(c). W (c) is true when the command is
well-formed in the initial state and captures the consistency of the conceptual model with the command.D(c)
is of the form a framed designV : p(x) ` R(x, x′) and captures the dynamic behavior of the commandc. This
integrates syntactic consistency and semantic consistency check mechanism with the traditional specification-

oriented semantics. Letskip
def
= ∅ : (true ` true) be the command that does nothing and terminates

successfully, and the commandchaos
def
= ∅ : (false ` true) that has unpredictable behaviour:

Let P andQ be designs. The notationP ¢ b ¤ Q describes a design which behaves likeP if b is true in the
initial state, and likeQ otherwise.

P ¢ b ¤ Q
def
= W (b) ∧ (type(b) = B) ⇒ (P ∧ b ∨Q ∧ ¬b)

We use the conditionPre b
def
= (skip ¢ b ¤ chaos) to represent a Floyd assertion, which behaves likechaos

if the initial value ofb is false, otherwise it has no effect. This is useful when we specify the precondition of a
use case.
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Let {Pi|1 ≤ i ≤ n} be a family of designs. The multiple conditional choice

if {(bi → Pi)|1 ≤ i ≤ n} fi

selectsPi to execute if its guardbi is true. When all the guards are false it behaves likechaos:

if {(bi → Pi)|1 ≤ i ≤ n} fi
def
=∧

i:1...n(W (bi) ∧ type(bi) = B) ⇒ (
∨

i:1...n(bi ∧ Pi) ∨ ¬(
∨

i:1...n bi) ∧ chaos)

For the non-determinism, letP andQ be designs.P uQ
def
= P ∨Q stating that it behaves either likeP or Q.

The commandP ; Q is executed by first executingP followed by executingQ whenP terminates. The final
state ofP is passed on as the initial state ofQ.

P (x, x′);Q(x, x′) def
= ∃m • P (x,m) ∧Q(m, x′)

If b is a condition, the iterationb ∗ P repeatsP as long asb is true before each iteration:

b ∗ P
def
= µX • (P ;X) ¢ b ¤ skip

whereµX • F (X) denotes the weakest fixed point of the recursive equationX = F (X).

The semantics of an assignment is defined by the following design:

x := e
def
= W (x) ∧W (e) ∧ (type(e) ≤ type(x)) ⇒ {x} : (true ` (x′ = e))

Declarationvar x : T introduces a new program variablex to allow x of typeT to be used in the portion of
the program that follows it. The complementary command takes the formendx. It terminates the region of
allowable use ofx:

var x : T
def
= x 6∈ α ⇒ locvar : (true ` locvar′ = locvar ∪ {x : T})

endx
def
= x ∈ locvar ⇒ locvar : (true ` locvar′ = {x}£ locvar)

where{x}£ locvar denotes the setlocvar after removing variablex. For convenience, we allow variables
to be declared together in a listvar x1 : T1, . . . , xk : Tk as the short hand ofvar x1 : T1; . . . ; var xk : Tk.

To avoid direct access to object attributes in order for further implementation, we use an attribute reading
command to get the value of an object’s attribute, and an attribute resetting command to update an object’s
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attribute. This is important for further refinement. The behavior of these two commands are defined as follows.

o.a(y)
def
= (W (o) ∧W (y) ∧ type(o) ∈ CN ∧ a ∈ attr(o(class))) ⇒

if {(o(class) = C) →



var z : T, self : C; self := o;
{z} : (T = type(C.a) ` z′ = self .a);
y := z; end z, self




| C ∈ CN} fi

o.a(e)
def
= (W (o) ∧W (e) ∧ type(o) ∈ CN ∧ a ∈ attr(o(class))) ⇒

if { (o(class) = C) →



var z : T, self : C; z := e; self := o;
{self .a} : (T = type(C.a) ` self ′.a = z);
o := self ; end z, self




| C ∈ CN} fi

6.3 Declarations

In Section 4.4, a syntax of the specification of a conceptual model was given, which is composed from class
declarations and association declarations. We treat the semantics of a declaration in the same way as treating
a command, i.e. we define its semantics as a design.

A class declarationCalassC1 Extends C2 {T1 a1; . . . ;Tm am}modifies the logic variablesCvar, super
andAttr according to the following design




C1,C2 ∈ CN
∧ C2 ∈ CVar
∧ ∧m

i+1 ai 6∈ Attr(C2)


 `




CVar′ = CVar ∪ {C1 : PC1}
∧ super′ = super ∪ {C1 7→ C2}
∧ Attr′ = Attr∪

{C1 7→ {ai : Ti|1 ≤ i ≤ m} ∪Atrr(C2)}




This design says that the declaration declares a new classC1 as a subclass ofC2 and the newly added attributes
of C1.

Similarly, an association declarationAssociation (M1,C1,C2,M2) A adds a new association toAVar and
the state constraints on this association into the setInvariant:

C1, C2 ∈ CVar ∧A 6∈ AVar `



AVar′ = AVar ∪ {A : P(C1 ×C2)}
∧ Invariant′ = Invariant

∧Multiplicity(A) ∧ LinkObjects(A)




A declaration of an actor or a use-case handler introduces methods as well as class variables and attributes.
For this, we introduce a logic variableMeth that is a function fromCN to the set of method definitions of
the form

op(var x : T1, res y : T2){c}
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Now, given a declaration of an actor or a use-case handler class

Class A {
Attr : x : T;
Method m1(val x1 : T11, res y1 : T12){c1};

...;
Method mk(val xk : Tk1, res yk : Tk2){ck};

}

Its semantics is defined by the design

A ∈ CN `



CVar′ = CVar ∪ {A}
∧ Attr′ = Attr ∪ {A 7→ x : T}
∧ Meth′ = Meth ∪ {A 7→ {midef | 1 ≤ i ≤ k}}




wheremidef is mi(var xi : T1i, res yi : T2i){ci}.

According to the semantics of sequential definition given in the previous subsection, the semantics of the
structural specification of a systemCM ; Spec(H1); . . . ; Spec(H`) given in Section 5.3 is now well defined
and calculates the alphabetα and the state invariantΦ of the transition systemS = (α,Φ, Θ, P ).

6.4 Call to a required method

Let vale andrese be lists of expressions. A callActor.m(vale, rese) to a method of an actor assigns the
values of the actual parametersvale to the formal value parametersval x of the declared methodm. After it
terminates, the values of the result parametersresy of op are passed back to the actual value parametersrese.

Actor.m(vale, rese)
def
= m ∈ Meth(type(Actor)) ⇒




var x : T1, y : T2;
x := vale; y := rese;
type(Actor).m;
rese := y; endx, y




where

• Meth(type(Actor)) is the set of methods declared in the class ofActor.

• x, y are the value and result parameters of the methodm.

• type(Actor).m stands for the design associated with the command ofm defined in the actor class
type(Actor).

Notice thattype(Actor) = Actor.
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6.5 System specification

An action of a use case that is a call to a method of a use-case handlerh.op(val, res) is defined similar to a
call to a method of an actor by a use-case handler:

op ∈ Meth(type(h)) ⇒



var x : T1, y : T2;
x := vale; y := rese; type(type(h)).op;
rese := y; endx, y




The semantics of a guarded actiong −→ c is W (g) ⇒ g ∧ c, whereW (g) is trueg is a Boolean expression
overIN ∪OUT ∪ L.

We define the semantics of a systemS = (α, Ψ, Θ, P ) be the set of infinite state sequences

[[S]]
def
= {σ0, σ1 . . . , | σi ∈ Σα}

such that

• Σα is the set of states overα.

• σ0 satisfies the initial conditionΘ and each state transition(σi−1, σi) is carried out by an enabled call
to a method in the use-case handler, i.e. there an actionU ∈ P such that(σi−1, σi) |= U .

• Ψ is a proof obligation that each actionU ∈ P preserves this invariant in the sense that(g ∧ Pre(U) ∧
Ψ) ⇒ (Post(U) ⇒ Ψ′), whereg is the guard of actionU , Pre(U) is the precondition andPost(U)
the post-condition of designU , andΨ′ is the predicate obtained fromΨ by replacing each free variable
x with it primed versionx′.

A refinementof a system can be carried out by refining a method in a use-case handler.

7 Conclusion & Related Work

7.1 Conclusion

We have given a relational model for UML conceptual diagrams and use cases. The conceptual model of a
system declares the system variables, and its object diagrams form the system state space. We formally define
a use-case model of a system to describe the interactions between the system and its external environment that
consists of the actors of the use cases. Both the actors and the system are treated as components that have
required servicesas well asprovided services. The execution of a call to a system service by an actor will
cause a change of the system state with some new objects created, some existing objects deleted, some new
links between object established, some existing links between objects removed, and values of some object
attributes modified. It enhances RUP for OO software development with a formal method roughly as follows:
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we first write a use case informally; then construct a conceptual model based on the use case; then draw a
system sequence diagram and identify the methods of the use-case handler class; transform the conceptual
model into a formal specification and formally specify these methods are in the notation provided in this
paper; then check the consistency of these methods with the conceptual model with the method provided
in this paper; refine the conceptual model and the use-case specification if they are not consistency; for an
executable specification1, test it by running it for some input values; finally we can take this specification into
the design, implementation, and testing. This completes a cycle. Then new use cases can then be specified,
analyzed, and the existing conceptual model is refined to support the newly added use cases. During the design
of a new use case, one can reuse the methods of classes that have already been designed. For more details
about the integration of the formal method in this paper with RUP can be found in [LLLH03].

The formalism is based on the design calculus in Hoare and He’s Unifying Theories of Programming [HH98].
Some of the mathematics may seem rather theoretical at first, but the approach is quite practical. For example,
the choice of a java-like syntax for the specification language is a pragmatic solution to the problems of
representing name spaces and (the consequences of) inheritance in a notation such as CSP.

7.2 Related work

Instead of taking a process view, such as that in [FOW01, DC02], we keep an object-oriented and state-
based approach and the specification in a java-like style. We specify consistency between the models in the
preconditions in terms of well-formedness conditions of use cases.

Our work [LLH02] establishes the soundness and (implicity) the completeness of the action systems for both
conceptual and use-case modelling. This paper, extend that work with a formal notation for the specification.
Our related work [LLH01] demonstrates that our method supports stepwise refinement and reflects the infor-
mal way of using UML for requirement analysis. Use-case refinement can be carried out using the traditional
refinement calculus of imperative programs, and can be done by refining the methods provided in the use
case-case handlers one by one [HLL02].

We take a similar schema of the semantics of UML proposed in [RCA01], where different kinds of diagrams
of a UML model are given individual semantics and then such semantics are composed to get the semantics
of the overall model. However, unlike [RCA01] that uses an universal algebraic approach, we use a simple
predicate theory to define a specification language with a syntax similar to Java programming language. We
believe that this feature makes the method more accessible to people who are familiar to the general theory
of programming languages. The main difference between our work and that in [EKHG01, Egy01] is that
we study formal semantic relationships between different models of UML, rather than only formalization
of individual diagrams. The paper [HR00] also treats a class as a set of objects and an association as a
relation between objects, but it does not consider use cases. This model of associations can also be used
in the specification ofconnectorsin architecture models [FM96, Sel, AM02]. Our work also shares some
common ideas with [BPP99] in the treatment of use cases. However, our treatment of use cases is at the
system interface level without referring to the design details about how internal objects of the system behave,
or what methods that a class of the system provides. We believe our model is simpler and addresses the
tight relationships among different models more clearly. Also in our model, actors are not only users of the
system but also service providers. We will carry out the design of the system by decomposing the methods
in the use-case handlers, in turns one by one, and assign the decomposed responsibilities to classes of the
conceptual model. This is the main task in the creation of UML interaction diagrams, i.e.object sequence

1If the program specification is not executable but realizable, refine it into an executable specification.
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diagramsor collaboration diagrams. The formalization of such a design within our framework in [HLL02]
is given in [LLLH03]. The main difference between our work and most of the work of the precise UML
consortium (see www.puml.org) is that, rather than trying to formalize individual views of UML, we aim
to tightly combine different views in a unified formal language, and our formal language provided built-in
facilities to naturally capture the object-oriented features of UML, rather than using a traditional formalism
which were not designed for object-oriented systems to derive the definitions of classes, objects, inheritance,
etc.

In this paper, we have focused on only conceptual aspects of object orientation. The transformation of a UML
conceptual model into a formal specification can be easily automated. We can refine a use case specified in our
notation to executable specification without the need the the details of inter-object interaction or the internal
behavior of objects. We can thus execute the use case to generate the post state (i.e. the post object diagrams)
from the pre-state (i.e. pre-object diagram) of the use case to validate the use case and to check the consistency
between the use case and the conceptual model. Then based on the generated object-diagrams and our work
on the refinement calculus for object systems [HLL02], we can decompose the use cases by “zooming them
in” [DW98]. In [LLH03], we have developed a method for automatic generation of a prototype from a formal
specification of a UML requirement model. A prototype generated that way can be used for the validation of
a use-case model and a conceptual model, as well as to check the state invariants and the consistency between
a use-case model and a conceptual model.
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