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Abstract

The present paper gives a systematic way to refine specifications of hybrid control systems
written in DC (Duration Calculus) into their automata models. The iteration DC formulas
are introduced together with rules for transforming, refining DC formulas into the forms that
describe the systems in more detail. Then, the plant automata derived from DC formulas are
defined, which allow the designers to derive a specification of control automata more easily. A
necessary and sufficient condition for a plant automaton and a requirement to have a control
automaton is given. Some simple examples are presented to illustrate the method.
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Introduction 1

1 Introduction

In this paper, we shall deal with hybrid control systems which consist of continuous plants con-
trolled by decision makers via controllers. Decision makers (control programs) are implemented
on a sequential automaton. The control program reads an data of the plant provided by a con-
troller (or sensor), computes the next control law, and imposes it on the controllers to control
the plant. The plant will continue to use this control law until the next such intervention. The
sequence consisting of a read of the data followed by a “compute and impose the next control”
constitutes the control cycle. How and when to make these control law changes is the business
of the control program. The challenge is to develop methodologies which, given a performance
specification and system description, extract control programs which will force the plants to
meet their performance specifications. We use the traditional stepwise refinement approach to
develop a systematic way for dealing with the problem. Started with a top level specification
and a description of the components of a system, armed with some physical laws and control
laws, we then step by step derive the specifications of the system in more and more detail until
a plant automaton of which each state consists of plant states controlled by the same controllers
such that the necessary data of the plant given to the decision maker can be decided on entering
the states, can be determined directly. From the resulting plant automaton, it is easy to deter-
mine which control laws are needed to force the plants in which situations to ensure that the
plant automaton has the allowable behavior. It can be determined also whether a transition is
caused by one of: time elapsing, disturbance or the control program. From this observation, a
specification of the decision maker can be derived directly and the control program is designed
from the specification. Under certain conditions of the plant automaton, the process of deriving
a decision maker can be fully automated.

The model of hybrid systems used in this paper is taken from [2, 11, 12]. It consists of three
distinct levels (see Fig. 1). The decision maker is modeled as an I/O automaton. The deci-
sion maker receives, manipulates and outputs events represented by symbols. The plant is a
continuous-state system typically modeled by differential/difference equations and it is the sys-
tem to be controlled by the decision maker through controllers. A controller while controlling
the plant, receives, manipulates and outputs signals represented by digitals. The decision maker
and the controllers communicate via the interface that translates signals into symbols for the
decision maker to use, and the decision maker outputs symbols into command signals for the
controller input.

The plant, the controllers and the interface are taken together to result in a so-called discrete
state system DES plant. As mentioned in [12, 2], it is advantageous to view a hybrid control
system in this way because it allows it to be modeled as two interacting discrete event systems
which are more easily analyzed than the system in its original form. A DES plant model is an
I/O automaton similar to the decision maker. Our approach is to derive the DES plant from
the specification of a system, and then to determine the behaviors of the plant automaton that
satisfy the requirements. If these satisfy certain conditions, a feasible specification of a decision
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Introduction 2

maker is derived directly.

Decision Maker ‘

Plant @
3 7} 3
DES Plant : U\

Fig. 1 Fig. 2

To illustrate our approach, let consider the water container ezample which is taken from [5].
Consider a water level decision maker that opens and closes a valve regulating the outflow of
water from a container. The container has an input vent, through which water flows in at
constant rate a. When the valve is fully open, there is an outflow of ¢ > a, leading to overall
water level decrease of —b = ¢ — a per time unit. The aim is to design a decision maker to open
and to close the valve such that the water level is maintained between 68 and 76, say. Let w(t)
be the water level at time ¢.

One description of the system can be as the automaton depicted in Fig. 2, where

D1: the valve is closed D2 : the valve is open
Pl: 68<w<T76—eAD1 P2: T6—e<w<T6AD1
P3: 68+e<w<T6AD2 Pi: 68<w<68+eAD2
Q: w>T6AD1 R: w<68AD2
Q: w>T76AND2 R': w<6383ADI1
€2 : open the valve ed : close the valve
?C1: receiving the command ?7C2: receiving the command
‘open the valve’ ‘close the valve’

el,ed : doing nothing, time elapsing

The behaviors that satisfy the requirement 68 < w < 76 are represented by the subgraph (in-
dicated by the thick arrows) containing the vertices P1, P2, P3, P4. Also, the behaviors
represented by the graph B with vertices P1, P2, P3, P4 and with edges el, €2, e3, e4 satisfy
the requirement. These behaviors are depicted in Fig. 3 (the lower line). In order to achieve
these behaviors, started from P1, the automaton needs to receive from the decision maker the
command ‘open the valve’ when it is in P2 and the command ‘close the valve’ when it is in
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Introduction 3

P4. So the decision maker needs to know when the plant automaton enters P2 and P4, and
needs to know how long it will stay there. From a,b and ¢, the decision maker can estimate
the time ¢1, t2 that the plant can stay in P2 and P4 resp. from when it enters the states;
so, the plant needs to inform the decision maker on entering the states. This means that on
entering the states P2 and P4, the plant needs to send a signal to the decision maker (say, e.g.
the name of the states P2 and P4 resp.). The decision maker, on receiving the signals, issues
the commands ‘open the valve’ with the delay time less than 1 time units or ‘close the valve’
with the delay time less than #2 time units depending on the signals which are P2 and P4 resp..
Thus, the behavior of the decision maker needs to be as described by the upper line in Fig. 3.
The automaton achieving this behavior is depicted in Fig. 4a that behaves as follows. In the
state S, when the transition f is ready (there is an input, and the input is P2), the transition
has to occur within #1 time units and gives the command ‘open the valve’ on entering the state
S’. In the state S’, when the transition f’ is ready (there is an input, and the input is P4), the
transition has to occur within ¢2 time units and gives the command ‘close the valve’ on entering
the state S. The interaction between the two parts to achieve this is shown in Fig. 3. The plant
controlled by the decision maker (which is the parallel composition of the plant and the decision
maker) is represented by the automaton depicted in Fig. 4b, which is the same as the graph
B. In the figure, the transition named by the pair (f,e) indicates that the transition f of the
decision maker occurs in parallel with the transition e of the plant. € is the idle action. Here,
for simplicity, we have assumed that the communication takes no time, and that on receiving a
command the controllers can change the state of the plant automaton immediately. One thing
should be noticed here is that it takes some time for decision maker to give the commands,
but it takes no time for the controller to implement the commands. Thus, the roles of the the
automaton of the decision maker and of the DES plant automaton are not symmetrical. The
receipt of a signal by the decision maker and the send of a signal by the controller to the decision
maker are not modeled by events in the model.
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Fig. 4a Fig. 4b

From the example we note the following:

1. From a description of the plant behavior in the form of the plant automaton, from the set
of the behaviors of the plant automaton that satisfy the requirement, a specification of a
real-time I/O automaton of the decision maker can be derived such that if its behavior
satisfies the specification, the plant controlled by it will satisfy the requirement.

2. The DES plant may give no outputs, and transitions in the DES plant may have no inputs
(for example, the plant controller gives no output when it enters either P; or Ps, and
transitions from P; to P and from P3 to P, need no input). However, it needs to be
such that the pair of the sequence of inputs (commands) and the sequence of outputs of
its behaviors that satisfy the requirement are distinguishable from those of the behaviors
that does not satisfy the requirement.

Hence, a possible approach to the design of the hybrid control systems is to derive the DES plant
automata from the requirement and the description of the system such that input and output
functions can be added to make the automata satisfy item 2 above. Then a decision maker can
be derived directly. In this way, we can reduce the complexity of the proof of the correctness of
the design.

In the next sections, we shall elaborate this approach in a formal model of the hybrid control
systems. In the next section, we present an I/O automata model of hybrid control systems
and give a necessary and sufficient condition for a DES plant I/O automaton and a requirement
to have a decision maker. We also give an algorithm for deriving a desired decision maker if
it exists. The third section is devoted to how to represent the behaviors of the DES plant
automaton by using the duration calculus (DC). Section 4 presents our method for deriving a
DES plant automaton from a domain and a requirement.
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Deriving decision makers from plant automata 5

2 Deriving decision makers from plant automata

We shall model the decision makers and DES plant automata by what we call real-time I/O
automata. We add the input and output functions to real-time automata (see, e.g. [1]) to
obtain real-time I/O automata. So, real-time I/O automata are I/O automata with real-time
constraints on the occurrences of transitions.

Definition 1. A Real-time I/O automaton A is a tuple (S, 1,0, E, d, sg, ¢), where:

1. S is a set of states, so € S is the initial state,

2. I is an input alphabet, O is an output alphabet

3. EC S x(IU{e}) x S is a set of transitions, d : E — {[a,b] : a,b € R U {o0},a < b} is
the delay-time function of transitions.

4. ¢: S — OU{e} is an output function.

The I/O automaton A is deterministic iff it is not the case that (s,a,s’) € EA(s,a,8") € EAs' #
s" and also not the case that (s,e,s') € E A (s,a,s') € E for some a. The transitions of the
form (s, ¢€,s’) represent internal transitions. In this paper, the symbol € is treated as the empty
word, and a singleton will be identified with its element.

Let w = agay ... € I¥ = I*UI*®. A behavior o, of A corresponding to w is o, = (eg, to)(€1,%1) - - -,
where e; = (s;,b;,8i+1) € E, t; € d(e;), b € I U{e} such that byb; ... = w. ¢; is the time that A
stays in s; (delay time of e;) from when it is enabled (the automaton is in the state s; and the
input b; is available).

o is a behavior if it is a behavior corresponding to w for some w. Notice that for a behavior o,
there exists only one w such that o = o,,, which is denoted by in(o).

Output out(o) of the behavior o is defined by out(c) = ¢(s1)p(s2).... A is considered as
a mapping A(w) = {out(oy)|ow is a behavior corresponding to w}. It is our intention to use
output of a behavior to represent the sequence of the commands given by the decision maker.

Sometimes we have to consider real-time constraints on the mapping. For this purpose, we
define another kind of the mapping.

Signal signal(o) of the behavior o is defined by signal(c) = (¢(s0),t0)(¢d(s1),%1) - - ..

By convention, (e,t) = €. An input with real-time constraints is wy; = (ag, t9)(a1,%1) - .., where
aoaq - .. € I¥. Informally, #; is the time constraint on the processing of the input a;. A behav-
ior oy, of A that has no internal transitions, corresponding to w; is o, = (eg,tp)(e1,t}) .-,
where (eg,t)(e1,t})... is a behavior corresponding to apa; ..., and ¢, = ¢;. A is considered
as a mapping A¢(w;) = {out(oyw,)|ow, is a behavior corresponding to w;}. Notice that by our
assumption on A, e; is a transition with the input a;.
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Deriving decision makers from plant automata 6

Trace tr(o) of the behavior ¢ is defined by tr(c) = egey . . ..

Since we are interested in the behaviors that satisfy the requirements throughout the life time
of the system, we introduce the notion of infinite behavior. Let Behaviors(A) denote the set
of all behaviors of A. For a o € Behaviors(A), o = (eo,to)(e1,t1) ... is an infinite behavior iff
EL(QO_ ! t; = 0o. By adding some special transitions with delay-time co into the definition of the
real-time I/O automata, we can assume that every behavior of A can be extended to an infinite
behavior.

Our intention is to use real-time I/O automata to represent both the decision makers and the
DES plants. However, the interaction between the two is not symmetrical as mentioned in the
introduction. Furthermore, the plant automata may give no output on entering a new state,
while the decision makers need to give a new command on entering a new state. With this in
mind, we define the parallel composition of two real-time I/O automata as follows.

Definition 2. Let A = (S,1,0,E,d, sp,¢), A' = (§',0,1,E',d', sj,¢') be Real-time I/O au-
tomata. Assume that there is no internal transition in E. Parallel composition A x A’ of A and
A’ is the real-time automaton defined by A x A" = (S x S", E", D, (s0, s)), where

1. S x S is the set of states of A x A, (s¢, s) is the initial state A x A’,
2. The set of transitions E” C (S x $')? and the delay-time function D are defined as follows:
e’ = ((s1, 31)7 (s2, 52)) E” iff
e either e = (s1,¢'(s)),s ) € E e = (s}, ¢(s2),85) € E', e, e’ are not internal transi-

tions; in this case, D(e") = 3 d'(e ), or
o 51 =159, € = (s],¢5)) € E’ and ¢'(s)) = ¢ D(e") = d'(€).

In both cases, we write ¢ = (e, e’), where e € EU {e}, ¢’ € E'.

Notice that the parallel composition operation of two Real-time I/O automata is not symmet-
rical, and by our definition, the automaton A’, when it sends a signal to the automaton A,
must wait for the command from A, which means that in a state with nonempty output, only
transitions with nonempty input can occur.

For a behavior o = ((e1,€}),%1)((e2,€5),t2) ... of A x A’ (defined in usual way), the projection
of o on A and A’ are defined respectively by
o4 = (e1,t1)(e2,t2) ..,
oa = (€},t1)(eh, ta) .. ..
The following proposition follows directly from the definition.
Proposition 1.

1. For any behavior o of A x A’, o4 is a behavior of A corresponding to signal(o 1), and o 4
is a behavior of A’ corresponding to out(c4).

2. If o9 is a behavior of A’ corresponding to w for some w € O*, and if oy is a behavior of
A corresponding to signal(oy) such that w € out(oq), then there exists a behavior o of
A x A’ satisfying 04 = 01 and o4 = 09.
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A Hybrid System is a parallel composition of 2 real-time I/O automata, decision maker and
DES plant automaton. The DES plant automaton describes the possible behavior of the plant
under effect of physical laws, and decision maker is what we do to make the plant to behave as
we want (the desired behaviors of the real system, as mentioned in the introduction).

Decision Maker: A real-time I/O automaton A = (S,1,0, E,d, sg,¢), in which there are no
internal transitions and Vs € S @ ¢(s) # €. O is the alphabet of control law names.

DES plant automaton: A real-time I/O automaton A’ = (S',0,I,E',d', si, ¢').

Problem of designing a decision maker from a DES plant automaton and requirement: Given
a DES plant automaton A’ that represents the physical descriptions and control laws of the
system. Given a set of behaviors B of A’. B is the set of the desired behaviors containing
only infinite behaviors. Find an decision maker A such that the projection of the set of infinite
behaviors of A x A’ on A’ is a nonempty subset of B, and such that every behavior of A x A’ can
be extended to an infinite behavior. Informally, we require that the behavior of A’ controlled by
A should satisfy the requirements, and A should be a nontrivial solution such that the system
is deadlock-free. Such an I/O real-time automaton A is called a decision maker of A’ w.r.t. B.

From Proposition 1 we can derive directly a functional specification of a decision maker from
a DES plant automaton and requirement. That is, every behavior of the decision maker corre-
sponds only to the signal of a behavior of the DES plant that satisfies the requirement which
in turn corresponds to the output of it. In other words, the mapping A; defined by decision
maker needs to satisfy the condition that if A;(signal(c)) is defined and if o is infinite, then
o € B and As(signal(o)) = in(o), and that A:(signal(c)) is undefined for those o that cannot
be extended to a behavior in B. However, the decision maker needs to satisfy some additional
conditions, such as deadlock-freedom, etc.. This is formulated in the following theorem.

Theorem 1. A real-time I/O automaton A with no internal transitions is a solution of the
problem of designing a decision maker if and only if for all o € Behaviors(A), the following
holds: for any behavior ¢’ € Behaviors(A’) such that o corresponds to signal(c’) and o
corresponds to out(c), o' can be extended to a behavior ¢” in B such that o can be extended
to a behavior o1 corresponding to signal(c”) and ¢” is a behavior corresponding to out(oy).

Proof. (<=) We have to prove:

1. Behaviors(A x A") £

2. V infinite o € Behaviors(A x A') : o4 € B (The behavior of A’ controlled by A satisfies
the requirements)

3. Yo € Behaviors(A x A') : o can be extended to an infinite behavior (deadlock freedom).

Item 1 is obvious from the assumption and the fact that e € Behaviors(A) corresponding to
e = signal(e). To prove item 2, let o € Behaviors(A x A') and o is infinite. By Proposition 1,
o4 is a behavior of A corresponding to signal(o4r). (Thus, Ai(signal(oar)) is defined.) Since
o4 is infinite, o 4+ must be in B (It can be seen that if o is infinite then so is 0 4/). Now we prove
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item 3. Let o € Behaviors(A x A’). By Proposition 1, g4 is a behavior of A corresponding to
signal(o 1) and o 41 is a behavior of A’ corresponding to out(c4). By the assumption, there exists
an extension ¢’ € B of o4 such that o4 can be extended to a behavior ¢” of A corresponding
to signal(c’) and o’ corresponds to out(c). By Proposition 1, there exists a behavior of A x A’
such that the projection of it on A’ is ¢/ and the projection of it on A is ¢”. It is obvious that
this behavior of A x A’ is an infinite extension of o.

(=) Obvious from Proposition 1 and the definition of a decision maker w.r.t. B.

Theorem 1 gives a functional and behavioral specification of a decision maker from B and the
DES plant automaton. Now, we consider a necessary condition on A’ and B for the existence
of an automaton A satisfying the conditions of the theorem, which says that the signal(c) of
behavior o of A’ needs to carry enough information for designing decision makers.

Theorem 2. A necessary condition for a DES plant automaton A" and a set B of the infinite
behaviors of A’ to have a decision maker is that there exists a nonempty subset B’ of B such
that for all 0,0’ € Behaviors(A'), if (in(o), signal(c)) = (in(o'), signal(c’)) (component-wise)
then o can be extended to a behavior in B’ iff ¢’ can.

Proof.. Suppose that there exists a real-time I/O automaton A which is a decision maker of A’
w.r.t. the set of requirement B. By definition, the set

B' = {o /|0 € Behaviors(A x A') and o is infinite} C B

is not empty. Let 0,0’ € Behaviors(A'), (in(o), signal(c)) = (in(o’), signal(c’)), and let
o1 € B’ be such that o is a prefix of o;. Then, by the definition of B, there is a behavior ¢
of A x A" such that o'}, = 01. By Proposition 1, ¢’} is a behavior corresponding to signal(o1)
and oy is a behavior of A’ corresponding to out(c’}). Thus, there is a prefix oy of ¢’} such
that o9 is a behavior of A corresponding to signal(c) and o corresponds to out(cs). Since
(in(o), signal(o)) = (in(c’), signal(c’)), by Theorem 1, ¢’ can be extended to a behavior in B
and o9 can be extended such that they are the projections on A’ and A resp. of an infinite
behavior of A x A’. This means that, by Proposition 1, ¢/ € B'.

Thus, if we want to derive a specification of a decision maker, first we have to verify that the
plant automaton and the requirement satisfy the necessary condition in Theorem 2.

We will consider a special case in which Theorem 2 can be strengthened. Namely, when we have
a subset of the behaviors of the plant automaton satisfying the requirement which is represented
by a finite subgraph of the plant automaton, as in the example mentioned in the introduction
of the paper, the condition in Theorem 2 becomes a sufficient condition as well, and there is an
algorithm for deriving a decision maker.

Theorem 3. Let A’ be a plant automaton, B be a set of its infinite behaviors. Assume that there
is a sub-automaton A” of A’ (its graph representation is a subgraph in the graph representation

Report No. 35, February 28, 1997 UNU/IIST, P.O. Box 3058, Macau



Deriving decision makers from plant automata 9

of A") such that

1. A" has a finite set of states,

2. All infinite behaviors of A” are in B, and

3. For all 0,0’ € Behaviors(A'), if (in(o), signal(c)) = (in(o'), signal(c’)) then o can be
extended to an infinite behavior in Behaviors(A") iff ¢’ can.

Then, there is a decision maker A of A” w.r.t. B.

Proof. Let A = (8',I',0', E',d, s!). Since A" can be considered as a finite automaton as well,
there is a regular expression R over a finite set of the transitions E of A” which represents the
set of all the traces of the behavior of A” (prefix-closed set). Let ¢ : E — O' x I' x d(E) be a
letter substitution homomorphism defined as follows. For e = (s,a,s’) € E,

€ otherwise

- { (#(s),a,d(e)) if (s) # ¢

Then, ¢(R) is a regular expression as well. Hence, there exists a deterministic automaton
A; such that its behaviors are presented by the regular expression ¢(R). Let G be a graph
representation of A;. The edges of G represent the transitions and are labeled by elements in
©(E). The vertices of G are states of A;. We will construct a decision maker A from G such
that each edge of G labeled by (m,a,d(e)) corresponds to a transition of A with the input m,
the delay time d(e) and leading to a state that outputs a. In order to do so, first, we have to
modify G such that for any vertex s of GG, the incoming edges are labeled by triples having the
same middle component. For any vertex s of G, let difference(s) be the number of incoming
edges labeled by triples having different middle components. If difference(s) # 0, let Es(a) be
the set of the incoming edges of s labeled by triples having a as the middle component. For
a # b such that Es(a) # 0 and E4(b) # (), add a new vertex s’ and change the edges in E,(b) to
point to s’. For an incoming edge f of s that is neither in E,(b) nor E4(a), add a new edge f’
pointing to s’ with the same label and the same beginning vertex as f. For an outgoing edge f
of s, add a new edge f' leaving s’ with the same label and the same ending vertex as f. The
modifying procedure is shown in Fig. 5.

Let M be the multi-set consisting difference(s) for each vertex s. Each time we modify G,
we replace one element of the multi-set by two smaller elements, keeping the others the same.
Since the set of multi-sets on the natural numbers with this kind of ordering is a well-founded
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ordering, our procedure terminates after a finite number of steps (see [8]).

Q (m,a,d)

\ (u,c’,d2) (W

(u,c',d2)

(uc d2)

(n,b,d")

Fig. 5

It is obvious that the automaton represented by the resulting graph G (after it is modified)
recognizes the same language represented by ¢(R), and the automaton represented by G is still
deterministic. Now, let A be the real-time I/O automaton defined from G as: Each state of A
is a vertex s of G, with output a, where a is the middle component of any incoming edge of s.
Each transition of A from s to s’ is an edge of G from s to s’ labeled by a triple (m, a,d(e)),
which has delay time d(e) and input m. Now, we prove that A is a decision maker of A’ w.r.t. B.
For simplicity, we identify the transitions of A with edges of G. We verify that the automaton
A satisfies the condition of Theorem 1. Let o = (f1,t1)(f2,%2) ... be a behavior of A. Then,
if f; is labeled by (mj;,a;,d;) then t; € d;. Thus, by the construction of G, there is a sequence
Z = ejey ... of transitions in A” such that o(z) = label(f1f2 . ..), where label is a homomorphism
replacing an edge of G by its label. Let o' = (e1,t})(e2,t5) ..., where t; € d(e;) is such that if
e; corresponds to f; in the correspondence ¢p(z) = label(fif2...), then t; = t; (such a t} exists
since the delay time of f; is d(e;) by the definition of G). Hence, ¢’ is a behavior of A”. Also
from the definition of G, it follows that o corresponds to signal(c’) and ¢’ is corresponding to
out(c). By the assumption on A”, ¢’ can be extended to an infinite behavior of A”. Now, let
o"” be any behavior of A’ such that o corresponds to signal(c”) and ¢” corresponds to out(c).
This means that (in(c"), signal(c”)) = (in(o'), signal(c’)). By the assumption on A”, ¢” can
be extended to an infinite behavior o1 € Behaviors(A”). Thus, ¢(trace(oy)) is a trace of a
behavior of A having fifs... as a prefix of it. By the determinism of A and definition of delay
time of transitions of A, it can be seen easily that ¢ can be extended to a behavior oo of A such
that o9 corresponds to signal(oy) and oy corresponds to out(o2). The condition of Theorem 1
is fulfilled by A. The proof is completed.

Theorem 3 gives us an algorithm to construct a decision maker from a plant automaton that
satisfies the assumption of the theorem. The algorithm is obvious from the proof of the theorem
and is illustrated by the next example.
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Deriving decision makers from plant automata 11

Example: Gas burner

Consider an example of gas burner taken from [3]. The behavior of a gas burner can be repre-
sented by the real-time I/O automaton A” in Fig. 6, with the states Rec, idle, OnReq, burn,
OffReq, leak and with inputs C1, C2, ig, off, with the following meaning.

1. C1: Close the gas valve for recoverying from leak,
2. C2: Give the green light (to show ready state),
3. off: Turn of the system (Close the gas valve), ig: Ignit the burner.

The output function is defined as follows. ¢(s) = s, s € {Rec, OnReq, OffReq, leak}; other-
wise, ¢(s) = e. Here, we have reduced the diagram so that all the infinite behaviors of it
are desired behaviors, and every behavior can be extended to an infinite behavior. The traces
of the system are represented by the prefix-closure of the language generated by the regular
expression R = (el(e2e3ede5)*e2(e7 + e3e6)e8)*. The behaviors of the system (the plant au-
tomaton) that do not satisfy the requirement are those with the trace in (el(e2e3edeb)* e2(e7 +
e3e6)e8)* but with the delay of e8 greater than 1, and/or the delay of el different from 30.

Fig. 6
By induction on the length of the behaviors, it can be shown that
(in(0), signal(o)) = (in(c"), signal(c')) = (0 € Behaviors(A") & o' € Behaviors(A")),

which means that A” satisfies the condition in Theorem 3. The homomorphism ¢ is defined by:

plel) = f1 = (Rec,C2,[30,30])) p(eb) = f5 = (OffReg, off ,¢)
p(e3) = f3 = (OnReg,ig,e) p(e?) = f1 = (OnReq,ig,e)
p(e8) = f8 = (leak,C1,]0,1]) p(e2) = ¢led) = ¢(eb) = e

Hence, since f3 = f7, o(R) = (f1(f3fs)*(f7 + f3)fs)* = (f1(f7f5)* f7fs)*. From this expression,
we can construct an automaton as shown in Fig. 7a to recognize the prefix-closure of ¢(R).
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Representing the behavior of real-time automata 12

Here, the label of each incoming edge of a state has the same middle component. Thus, we need
not to modify the graph, and it is a state diagram of the decision maker as well. The real-time
I/O automaton representing the decision maker constructed according to the algorithm is shown
in Fig. 7b. Here, we should note that the necessary condition in Theorem 2 would be violated
if in the definition of the gas burner diagram, we wrote ¢(s) = s, s € {Rec, OnReq, OffReq}
instead, and in this case, a behavior satisfying the requirement would have the same signal and
input with a behavior violating the requirement.

Fig. 7a Fig. 7

3 Representing the behavior of real-time automata

3.1 Duration calculus with star

We present an extension of duration calculus (DC*) that can represent the behaviors of real-time
automata. Readers who are familiar with the duration calculus (DC) will see that our extension
is to add the closure of the modality ‘;’ to DC.

Syntaz of DC*:

The formulas of DC* are constructed from the following alphabet of symbols:

Some (possibly infinitely many) state variables V = {X,Y,...}
The special symbol £, which stands for the length of an interval
Some (possibly infinitely many) n-ary function names f*, i,n >0
Some (possibly infinitely many) n-ary predicate names A}, i,n >0
The special symbol true

The connectives V, —.

Furthermore, we will use the auxiliary symbol [ together with brackets and commas.

State expressions: The set of state expressions is generated by
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Representing the behavior of real-time automata 13

1. 0,1 and every state variable are state expressions
2. if P and @ are state expressions, so are (—P) and (P A @), where = and A are boolean
operators on states and semantically different from the connectives on formulas.

Terms: The set of terms is generated by

1. if P is a state expression then [ P is a term
2. £ is a term
3. if r1,...,ry are terms and f is an n-ary function name then f*(r1,...,7,) is a term

Formulas: the set of formulas is generated by

1. if A? is an n-ary predicate name, and rq,...,r, are n terms then A¥(ry,...,r,) is a
formula,

2. true is a formula

3. if D1 and Dy are formulas, then so are =Dy, D1 V Dy, D1; D9, and Df’.

Semantics of DC*

Assume that each n-ary function name f is associated with a total function from R” to R
which is denoted by f/* also, and each n-ary predicate name A} is associated with a total
function from R"™ to {t¢,ff} which is also denoted by AP. An interpretation I is a function
I € (V — (time — {0,1})), for which each I(X), X € V has at most finitely many discontinuity
points in any interval [a,b]. We shall use the abbreviation X; = I(X).

Semantics of state expressions: The semantics of a state expression P in an interpretation
I is a function Ip € Time — {0, 1} defined inductively on the structure of state expressions by:

L(t) = 0 L) = 1
Ix(t) = Xt Ipy(t) = 1-1Ip(t)
~ 0 ifIP(t) =0 and IQ(t) =0
Iipvo)(t) = { 1 otherwise

Semantics of terms: The semantics of a term 7 in an interpretation I is a function I, € intv —
{0,1} (intv stands for the set of closed intervals on R™) defined inductively on the structure of
terms by:

Il
SH
|
)

Irp(lad)) = [ Ip(t)dt Ie([a, b])
Iy (0:8) = 7 (T ([0,0)), - Ir, ([0, B])

b
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Representing the behavior of real-time automata 14

Semantics of formulas: The semantics of a formula D in an interpretation I is a function
Ip € intv — {tt, ff} defined inductively on the structure of formulas below.

Using the abbreviations I, [a,b] = D=Ip([a,b]) = tt and I,[a,b] = D=Ip([a,b]) = ff, Ip is
defined by:
I, ]a,b) = A} (r1,...,rn) it AF(I,([a,0)]),..., I, ([a,b]) = tt
I,]a,b] = true
I,[a,b] = (-D) iff I,[a,b] =D
I,[a,b] = (D1 V D) iff I,[a,b] =D;orl,|a,b]=Ds
I,]a,b] = (Dy;Dy) iff I,[a,m]|= D; and I,[m,b] = Do for some m € [a, b]
I,]la,b] = Df iff I,[mi,mis1]E D1, i=0,1,...,n

for somea =mo<mi; <...<mpy1 =b, n>0

Abbreviations: For a DC* formulas D, D1, a state expression P, we use the following abbre-

viations:
OD = (true; D);true oD = (-(¢(=D)))
[P] = (JP=4AL>0) [1 = (=0
D* = DtVJ[] D=D, = ((-D)VvDy)
DAD, = —I((—|D) vV (—|D1))

The readers are referred to [3, 4] for the set of axioms and rules of DC which are the same as
in DC*. In the following we list some axioms and theorems in the calculus that we are going to
use in the sequel.

(Monotonicity) If Dy = Ay and Dy = Ag then Dy; Dy = Aj; As
(Monotonicity for star) If D = A then D* = A*
(Associativity) (D1; Ds2); D3 < Dy; (D2; D3)
P = @ then [P] = [Q]
(TPIATQD) = [PAQ]
[PINt=z+y= ([P AL=x);([P]NE=y)
[P] & [P];[P]
(Induction rules) Let X be a formula letter occurring in the formula D(X) and let P be
a state. Then
If D(]]) holds and D(XV X; [P|)AD(X VX;[—P]) are provable from D(X), then D(true)
holds,
If D([]) holds and D(X V [-P]; X) A D(X V [-P]; X) are provable from D(X), then
D(true) holds.
9. D1 holds iff there is n > 0 such that D™ holds, where D" is defined by
D'2D, D™t12=D; D™ for all natural m > 1
10. D*; D* = DT, and D* = D*.

P NSO RN
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Representing the behavior of real-time automata 15

Theorem 4. Let P;, i = 1,2,...,n be state expressions. Let D=[\/;_; P;]. Then
n
D « (\VIrD*
i=1

Proof. (\/i1[P;])* = D is obvious from the rules listed above. Now, we prove D = (\/7_;[P;])™.
First, we assume that n = 2. Let [P V P»] be tt. We will use the induction rule. Let
HX)=X= ([P V[PR])"V[]). Clearly, H(] ]) holds. Furthermore,

HX)= (X;[P]= (P]V[P])*";[P])) (monotonicity)
= (X;[P] = ([A]VI[R])") (by the rules 9, 10)
= H(X;[P]),

HX)= (X;[-P]=(P]VI[R])T";[-P]) (monotonicity)
= (X;[-P] = ([P]V [R5 ([PA]A TPV )
(by the rule 7 and assumption)
= (X; [P ] = ([A]V[R])T); [R]) (by the rule 5)
= (X;[-P = ([P V[P])T)) (by the rules 9, 10)
= H(X;[-P1])

By the induction rule, H (true) holds, which completes the proof for n = 2. The case that n > 2
follows directly from this case and the above rules.

3.2 Representing the behavior of real-time automata

DC* formulas can be used to describe the behavior of finite real-time automata in the same
way that the regular expressions represent the behavior of finite automata. For example, the
real-time automaton in Fig. 8 is represented by the following formula

D= ([N]A£>30;[leak] AL< 1) ([NTV]T)

[30, w]
W p 0 t t t3
[0,1] Q B
N leak & & &
Fig. 8 Fig. 9
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Refinement of DC Formulas into I/O real-time Automata 16

This is formalized in the following definition:

Definition 3. Let A be a real-time automaton with a set S of states which satisfies the
condition that every behavior of it can be extended to an infinite behavior. Each infinitely
timed sequence of consecutive transitions o = (e1,%1)(eg,t2)... of A defines an interpretation
I° of state functions in S in the natural way (see Fig. 9). Namely, for a state s € S,

i—1 i
sie(t)=21e 3i>0,s' € See; = (s,8) A th <t< th.

A DC formula D is said to represent the behavior of A iff for all infinite o € Behaviors(A) &
VteI°,[0,t] = D.

Definition 4. Simple DC* formulas are the DC* formula generated by the following syntax:
D:=[]|[P]|[PlANa<£<b|Dy;Dy| D*| D" | D;V Dy

where P stands for any state expression.

For a real-time automaton A, let us denote by ([s] Aa < £ < b) the transition e = (s, s’) with
d(e) = [a,b]. Then, in the same way as in the theory of formal languages (see, e.g. [6]) we have
the following theorem:

Theorem 5. For any real-time automaton A with a finite set of states and a finite set of
transitions, there exists a simple DC* formula D such that D represents the behaviors of A.
Conversely, for any simple DC* formula D, there exists a real-time automaton A with a finite
set of states and a finite set of transitions such that the behaviors of A are represented by D.

4 Refinement of DC Formulas into I/O real-time Automata

In this section we present a systematic method for refining DC formulas into automata models
through a simple example. Our purpose is to derive from the physical descriptions of a system
and the requirement written as a DC* formula D a DES plant automaton A’ that satisfies the
condition of Theorem 3. In fact, we only need to find a finite sub-automaton A” of A that
represents a subset of behaviors of A’ satisfying the requirement. Then, the input and output
functions are added to A” to make it satisfy the condition of Theorem 3. Starting from Dy = D,
by stepwise refinements, we find DC* formulas Do, D3,..., D, such that D; = D; 1, i =
2,...,n,and D, is a simple DC* formula. By Theorem 5, A" is derived directly from D,,.

We illustrate our method through the Gas Burner Example also. A physical description of the
system may be as follows.
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Refinement of DC Formulas into I/O real-time Automata 17

1. States:
e Non-leak (N): OnReq, OffReq, Burn, Idle, Rec (N is called abstract state),
o Leak (L),
2. Events:
On = (Idle, OnReq) (heat request) Off = (Burn, OffReq) (off request)
R = (L, Rec) (recover) IgOK = (OnReq, Burn) (ignition OK)
Igfl = (OnReq, L) (ignition failure) Ffi = (Burn,L) (flame failure)

3. Control laws: C1: to recover from leak, C2: to become ready.

The requirement written in DC is as D1=£ > 60 = [ L < 0.05*£, which means that the duration
of leak is no more than 5% of the interval of observation time if the interval of observation time
is at least one minute. Now, we consider a design of the system:

Dy = (d[leak| = £ < 1) A(O[leak]; [N]; [leak] = £ > 30)

We have to derive a plant automaton that has duration formulas built from physical states of
the system and has behaviors satisfying the requirement.

It has been proved that Dy = D; (see [3]). An abstract description of the system is [N V L],
which is ([N]V [ 1]);([leak]; [N])*;([leak] V| ]) by Theorem 4. Those behaviors of the system
that satisfy Do are represented by ([N] V[ ]);([leak] AL < 1;[N] AL > 30)*;([leak] N £ <
1V [leak] N2 <1;[N1]). A real-time automaton derived from this formula is depicted in Fig. 8.

Since [N] A£ > 30 is not a state of the plant automaton, we need to refine the formula. By the
description of the system and by Theorem 4,

ANL>30 = nReq V eq V Burn 'V Idle V Rec| A £ > 30
NINEL OnR OffR B IdleV R 12
= ([Idle] V [OnReq| V [ OffReq| V [Rec| V [Burn])t A £ > 30.

From the description of events and noticing that true;[s]; [s'];true iff (s,s’) is an event, it
follows:

[NTAL>30 = ([Rec];([Idle]; [OnReql; [ OffReq]; [ Burn])*;
([Idle]; [ OnReq]; [ OffReq| V [Idle]; [ OnReq| V [Idle] V [ ])) A £ > 30.

Let

D3 = [Rec| N =30;([Idle]; [ OnReq|; | OffReq|; | Burn])*;
([Idle]; [ OnReq]; | OffReq]| V [Idle]; [ OnReq| V [Idle]l V | ).

By the proof rules of DC, D3 = [N] A£ > 30. D3 a simple DC* formula. An automaton
having the behavior represented by this formula has the state diagram illustrated as Fig. 10.
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Having replaced [N] A£ > 30 by this automaton, with the changes that the transition from leak
to N is replaced by the one from leak to Rec, and the transition from N to leak is replaced by the
ones from OnReq to leak and burn to leak (the only possible replacements from the description
of events), we get the automaton with the state diagram in Fig 6. After incorporating the input
and output functions as in Fig. 6, we obtain a real time I/O automaton satisfying the condition
of Theorem 3 as shown in the previous example.

N [30,30] f(\

N

Fig. 10
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