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Abstract

Compositional reasoning about pointers and referenceducsat to verification of contemporary soft-
ware. This paper introduces a pointer logic that extendsu@épn Logic with a fixpoint operator and
new compositions different from separating conjunctiongher level of abstraction can be achieved if
the right compositions are used in the right places. In @adr, if a relation is a ‘full unique decom-
position’ then the corresponding composition decomposgsgyaven graph uniquely into two parts; an
example is the separation between the non-garbage andyggrbes of memory. The logic is proved to
be largely satisfaction-decidable in the sense that tleadinite procedure to determine whether or not
a program state satisfies a formula. The main technicaltrekthe paper is that if only full unique de-
compositions are used in compositions, then a rather geinegaent becomes validity-decidable. The
logic is axiomatized and, with the help of an infinitary irdace rule, proved to be complete. Separation
Logic without pointer arithmetic is shown to be a fragmenttef logic.
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Introduction 1

1 Introduction

Separation Logic (SL) [25, 26, 28] is currently state-of-#hrt in pointer analysis. Instead of handling
individual pointer structures as program states like [&l], supports reasoning about sets of pointer
structuresi(e. heapy Separating conjunction, like many parallel composgif® 10, 17, 19], combines
two sets of heaps by merging individual heaps, provided #ieymergeable and pass some consistency
check for domain disjointness. Many interesting propsrtian be specified in SL and reasoned about
by embedding SL in Hoare Logic. Future developments facibgnSlude lifting reasoning to higher
level of abstraction, designing general but decidablenfreigts of SL and identifying complete axiom
systems.

In this paper, we propose a pointer logic that contains mangkrelational bond (filling a role like SL's
separating conjunction), quantifiers, fixpoingsg.for expressing reachability) and projection (similar to
separating implication). SL without pointer arithmetiethbecomes a sub-logical fragment of the new
logic (see Section 5).

Each property describes a set of object diagrams (under eame assignment of variables, similar to
storein SL). An object diagram is a snapshot of the object diagraangarticular time. In this paper, we
simply represent an object diagram as a graygha finite set of edges. Each edge is a tuple of a source
name, a label name and a target name. The source can be vieweed ‘@ddress” of an object, the
label as an attribute of the object, and the target as thebfgeconstant value) stored for that attribute.
Such graph-based representation reflects the view of hlgherOO languages such as Java. In terms of
expressiveness, object diagrams and heap representegiessentially equivalent. Section 2 compares
the two representation methods in more detail. Three maitribations result from the design of this
logic.

Firstly, the logic allows creation of new compositions ottiean separating conjunction between prop-
erties. In some sense, it appears like a “dynamic SL". Bimalgtions can be defined with connectives
and guantifiers and used to check consistency between ahb@gams, which are mergeable to form
bigger graphs if they pass consistency checking. This mabsisact properties without free variables
can be combined to form a more advanced abstract propettythéthelp of user-defined compositions.
Section 4 shows an example in which two abstract distinctlecgdgeswithout free variablesan be
composed to form a loop using a composition that can not Hageg by separating conjunction unless
the acyclic edges keep their source, label and target cddderas free variables. This bears some sim-
ilarity to the distinction between (binary) relational samtics and operational semantics of sequential
programs. In relational semantics, hiding happens imnelgliafter every sequential composition, leav-
ing no observable intermediate state, while operationalasgics leaves the hiding of all intermediate
states to the end, achieving a lower level of abstraction.

More importantly, we are now able to create compositions shtisfy some desirable properties. The
concept olunique decompositiohas been introduced by Chen and Sanders [11]. An importamatpn

in compositional reasoning of pointers is merge,the set union of two graphs’ edges (or set union of
partial-function heaps). In general, there is implicieimal choice made by a merge: to obtain aAet
by union BUC, we may choose various paiBand C.
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Introduction 2

Such a merge operator distributes over disjunction but aljunction. Suppose that a binary relation is
designed so that every grapghthat is mergeable from two pai($;,C;) and (By,Cy) of related graphs
(i.,e. A=B;UC; = B,UGCy) must satisfyB; =B, and C;=C,. In other words, the decomposition of
every graph into sub-graphs related by the relation is unidinen the relation is called a unique decom-
position. It has been shown that this condition correspaaa®njunctivity of the composition [11]. A
typical example is the separation between non-garbage age parts of the memory. For any pro-
gram state, the non-garbage part includes all memory @zishable from some root access point of the
memory, leaving the garbage part uniquely fixed. In this pagemostly use a variant notion calléall
unigue decompositiofor fud for short): a unique decomposition is a fud iff everggh can be uniquely
decomposed into related sub-graphs.

Any unique decomposition can be converted into a fud; andtimgdistributes into a fud. A composition
that merges graphs after checking their consistency witluasf ‘passive’ and ‘transparent’ in the sense
that connectives and quantifiers can move freely in or outogichl fragment using only fuds before
merges behaves much better in terms of compositionalityaoiiability. In particular, we have obtained
the following technical results.

1. The logical fragmentS without projection is satisfaction-decidable in the setis# there is a
decision procedure to check whether or not a given grapkfieatia formula. The fragment's
validity problem is semi-decidable: given an invalid indatmula, there exists a procedure to
identify a counterexample in finitely-many steps.

2. The fragmentK with atom equality, singleton graph properties and arhijraxpanded edges
closed under logical connectives is validity-decidable.

3. The fragmenfl containingK as well as Cartesian product (a special kind of relationatpdud
compositions, quantifiers and projection is validity-diadile. That result, the most important of
the paper, assumes that every composition is a merge afisistency checking by a fud.

Note that although SL’s separating conjunctieris not a fud, it is often used in a context in which it
essentially corresponds to a fud. Such predicates are kasvprecise predicates’ [26]. For example,
if the property P of a separating conjunctioR « Q is a fixed singleton property.¢€. allowing only one
heap), then the combination & and x corresponds to a fud. The decidability ©fcan be obtained if all
compositions are fud-based (see Section 6). Graph decdinpesare also discussed extensively in var-
ious graph logics [12] and graph theory [13]. This paper $&suon user-created unique decompositions
at the level of graph properties.

The final major contribution is@mplete axiomatizatioof the logic. We are able to obtain completeness
because of three characteristics of the logic. The firstastie most basic composition of our pointer
logic is no longer separating conjunction but the merge apemwithout any consistency checking. Any
graph can be represented syntactically as the merge of sdges.eSuch a singleton property is never
false, even if we try to merge the same edge with itself (wbdparating conjunction of the same cell
would lead to inconsistency false in SL). This makes sucdhision graphs ideal candidates faminals
Modal logics with nominals are called hybrid logics [2] wikosindamental theory was developed by
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Introduction 3

Sofia School in the 1980’s [15]. Nominals are syntacticalad&tions of single-semantical possible
worlds in modal logic. Logics using nominals behave muchebdbr completeness. This would be
equivalent to directly incorporating heaps inside SL.

The first decidability result for satisfaction shows thatrthis a decision procedure to determine whether
or not a given graph satisfies a given formula. We simply needimic what this decision procedure
does with axioms; then we will be able to prove in finitely-mateps whether or not a graph nominal
implies a given formula. If a formula is semantically validen satisfaction for every graph nominal can
be proved using a an infinitary inference rule.

The closest to our results are of the decidable fragmentd. ¢6S7]. Both do not allow quantifiers.
Berdine el. [4] have studied a restrictive decidable fraghwéth linked lists but without disjunction or
quantifiers.

Monadic Second-Order Logics [14] use the simple merge éoevathout consistency checking and
allow quantifiers over graphs but do not permit creation af mempositions. The decidability results
for monadic second-order graph logic include low compleagsociated with roughly tree-like behavior,
and high complexity with the containment of large grids [1€3pecific shape, and sometimes data-
dependent, properties of mutable data structures, howesee been captured by a corpus of material
using first-order logic. We mention the decidable logic fareatricted family of structures (lists and
trees) by the BRICS group [21]; the decidable lobjcof reachable expressions in arbitrangividual
graphs (instead of composition of graph properties) by Biémet al [3]; the SL-influenced decidable
spatial logic by Calcagnet al[5]; Graph Logic [8] with one merge operator; and the decie#dgic TLL
expressing reachability in singly-linked lists by Ranisel Zarba [27] without separating conjunction
(and hence requiring more inequalities to avoid disjoistnand circles).

Work that is similarly second-order, and also for graph $ype PALE (the pointer assertion logic en-
gine) by the BRICS group [24]. Structural invariants arectibgd in a pointer assertion language PAL,
a monadic second-order logic, and verified with PALE usirgyttiol MONA to evaluate assertions in
Hoare logic. PALE is appropriate for a moderately intermagslievel of abstraction which still requires
explicitly-stated loop invariants. The quite different X [23], on the other hand, executes fixpoint
iterations rather than capturing programs in PAL and so dogésequire explicit invariants. The more
general propositional logic over reachability constsibRP, and its fragment for mutable data struc-
tures, LRP,, by Yorshet al is also expressive enough to capture loop invariants ancd stata-type
invariants and decides satisfiability using a decision gdoce for MSO logic on trees and reduction to
normal form.LRP, is in some ways complementary to our work, being focusedeaptinter level (and
extending the languads).

Kuncak and Rinard [22] also point out that many spatial cociions are possible and have established an
equivalence between first-order logic with a particulattigpaonjunction and full second-order logic that
preserves satisfiability of formulae, although concretegositions like that between non-garbage and
garbage are not on the agenda, neither is better decigiabiitilt benefiting from choosing compositions
with the desirable property (of unique decomposition). Ateiesting higher-order logic, HTT (for Hoare
type theory), has been explored by Birkedgahl [1]. It permits quantification over abstract predicates at
the level of terms, types and assertions and hence seemsacahdidate to bridge concepts expressed
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Object diagram and heap representation 4

in the more specification-oriented notation of the presapep with the more low level concerns of the
first-order work.

Comparison with further work is made as appropriate thraheghpaper.

2 Object diagram and heap representation

In UML, an object diagram is a snapshot of the object striecaira particular time. In this paper, we
simply represent an object diagram as a grajgha finite set of edges. Each edge is a tuple consisting
of a source name (an object’s address), a label name (aouédriand a target name (the value stored
for that attribute). Such a graph-based representaticectefthe view of states taken by higher-level OO
languages such as Java.

Heap representation, on the other hand, reflects the largQagview of states. A heap is a (finite)
partial function from an (integer) address space to valudse domain of such a function represents
the allocated memory cells and the function maps each aldcaddress to a constant value or another
address. An object is stored in a heap using pointer arifbmibie first attribute is stored at an address
x and other attributes are then storedkatl, x+2, ---. The value stored for each attribute of an object
is unigue. SL's separating conjunctienmerges i¢e. with the union of partial functions) two heaps into
a bigger heap if they are domain disjoint so that the mergag B&ll maintains the uniqueness of value
at each address. Note that SL's store is simply an assighafgmbgram variables to constants and
addresses in the heap.

In some sense, the heap representation reflects the memadsi after compilation when the attribute
names of objects are transformed int®, +1,+2, - - -, while a graph representation reflects the memory
model of higher-level languages like Java before compifafor at UML level during software develop-
ment).

Despite the significant superficial difference in style Mpressiveness the object-diagram representation
is essentially equivalent to the heap representationh@reis more abstract than the other. For example
any heap can be transformed into an object diagram whosks lateealways 12,--- ,n and the edges
aredeterministic(a term derived from graph representation of labeled-itianssystems) in the sense
that if two edges in a graph share the same source and labelttthir targets differ.
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Object diagram and heap representation 5

The following figures compare the object diagram and heapjfots x andy .

X—>| true ’false‘%y
O

true ° .false

(@)

x °/Z</\\° Y (b)

Each object has two attributes. The first attribute of objet the constant boolean value true and the
second attribute is the objegt The objecty instead stores false and the obj&ctThis object structure
is represented as a graph:

{(x,1,true), (x,2,y), (y,1,false), (y,2,x) }.

Two graphs can be merged into a bigger graph. Such mergdeasadif from SL's separating conjunction
as it does not include domain-disjointness. Any two gragks@ergeable using set union. Some other
logics such as Graph Logic [8] use multi-sets instead.

To define merges that include consistency checking (likealomisjointness), we need binary relations
between graphs. For example, the following relates twohgaf they are disjoint at source or label:

{(A7 B) ’ VXy2122' (vavzl) EAN (vasz) €B— 217&22}'

This is exactly SL's domain disjointness relation that easiconsistencyi.€. determinacy) of the union
of two deterministic object diagrams.

In a more advanced representation of the same example, walroast entirely eliminate the role of
naming for sources and targets and use only the labels argdrtldure to represent all the information.
The root ‘this’ is the only identifiable name indicating theiqt of access for the whole memory. Global
variables (as attributes of the root) are immediate edges the root. The label ‘const’ marks a special
edge that is linked to all constant values. Each constararbes the label of an edge. The value stored
at an attribute of an object is a specific constant iff the ddgéhat attribute shares the same target with
the edge of the constant. For example, we no longer needttoglissh constant values and addresses;
they are already distinguished by structure. Such a reptatsen is simpler to handle from a theoretical
point of view and convenient for OO program semantics in Whioboundedly many program variables
may be needed in invoking recursive methods.
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Object diagram and heap representation 6

The set theory of object diagrams and their operators has dqaored in [11] to which this paper is
related. Note that if we regamd, y and const as variables, the root ‘this’ can be removed too.

On the other hand, the two representation methods are irdiffexént in style. The heap representation
naturally includes pointer arithmetic, while names in ajeobdiagram are naturally independent (either
equal or not equal). This does not mean that the heap mustguwnter arithmetic. Indeed, many
fragments with reasonable decidability results are fregodriter arithmetic [6, 7]i(e. by assuming that
each object has exactly two values and only the startingeaddf the object is accessible). Neither does
it mean that object diagrams cannot have arithmetic. Artticrrelations €.g.either Peano or Presburger
arithmetics) between source and target names (repregardiresses) can always be added to the graph
representation later on.

Caution is needed when incorporating pointer arithmesicge they confer unequal status on addresses.
Suppose that we store objects of varied lengths in memorgnmbn-deterministicallocation (an as-
sumption of most formalisms including SL) of memory cells fonew object becomes problematic.
Where do we allocate the starting address of the object?idffdur cells down the first available ad-
dress, then henceforth those four cells will be unable todeel fior a larger object. Thus all unallocated
addresses are distinct. The decision to choose a freshszdoears consequences for later allocation.
This can be further complicated by object release and mddeguages’ internal memory operation that
moves objects around to vacate enough room for a new objest wiemory almost runs up. In sum-
mary, the concrete addresses of objects should not be stbjagservation and may indeed be modified
unexpectedly by the language system.

Another serious problem with relying on pointer arithmdtc representing objects of different sizes
is that it makes quantifiers undecidable. Consider the retate that ‘there exists an addressfrom
which the numbers 7, 8 and 9 are stored’. A decision procethateanalyzes the validity of a formula
containing the above statement, must test it against evegyalddress, as all free addresses are different.
If the address space is infinite (a reasonable assumptioh,@sIhe memory bound is hard to predict),
then the procedure would not terminate.

This will not be a problem in object diagrams in which all nammaturally have equal status, and no
name is better or worse than any other. That means in a yaliditision procedure, a universal (or
existential) quantifier can be reduced to a finite conjumcior disjunction) of substitutions with all
existing names as well as a fresh name. All fresh names hawa status. Finding a fresh name is the
same as creating a new object. Testing something with apkatifresh name has no essential difference
from testing it with another fresh name. That is exactly #ason quantifiers over an infinite set of names
(i.e. the address space) are decidable in this paper but not inl&it.Mean®bjects of varied sizes are
not a source of undecidabilityThis becomes apparent only in the object-diagram reptatsen. After
pointer arithmetic i(e. name arithmetic in graphs) is added, undecidability of tlithrmetic may still
arise; but we are able to isolate the source of undecidahiithe arithmetic itself (rather than blaming
the pointer logic).
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The pointer logic 7

3 The pointer logic

3.1 Syntax

Let N be a countable infinite set of names axibe a countable infinite set (disjoint with) of variables,
so that fresh names and variables are always available torauf@. The pointer logic has the following
syntax:
t=alb|c]|a,l| -
x|ylz|x |-
N | X
= T"| @ | (A,AA) | A=A | -R|RVR
| [R]| R(R,---,R) | 3X-R | ROR | R@i

where A is the set of atoms (each as either a name or a variable)Raiscthe set of relations (among
graphs). We usel,v,w,uy,--- to denote individual atomsR,Ry,--- to denote individual relations and
P, Py, --- to denote properties.€. unary relations). A subset d® is also called #ragment For example,
R denotes the fragment of relations without free variables.

> X Z
Il

Negation, conjunction, and existential quantificationenthe standard meanings." denotes the-ary
full relation. The empty graph is denotedd Each edggu,v,w) is a triple of atoms including a source
u, a labelv and a targetv. Each atom equalityv=u) is either a true property satisfied by all graphs or
a false property satisfied by none, depending on whethisrequal tou. Every relation can be viewed
as a relation among graphs (under some name assignmeniztolesy. The merge operatpR] merges
the graphs related by the relation into a larger graph as anseh. Relational bon®R(Ry, -+ ,Ry) is a
certain kind of relational composition based on the mergeratpr. The result of a relational bond is a
relation with more arguments. The first arguments of the amedactually the arguments &. The
merge {.e.set union) of the graphs related By will become the first argument &. All (merged graph)
arguments oR must be related byR. Thus the whole relational bond is a relation among argusneint
all R whose merged graphs satisR. For example,T?(Py,P,) corresponds to the Cartesian product of
two properties, yielding a binary relation. The fixpoiRf R, expands a relatiofR; recursively with
another relatiorR, . We assume that the first relation is a property while thersgt®a binary relation.
Projection R@i projects a relation to itsth argument to form a property wheieis bounded by the
arity of the relation.

Let |R| denote the arity of a relation. We assume that both arguneronjunction have matching
arity. In addition, the first argument of the fixpoint is a pedjy, and its second is a binary relation.
The arity of a relation can be identified Bg| = |(u,v,w)| = [v=u| = |[R]| = |POR| = |R@i| =1,
[T =n, [-R = [3x-RI= R}, |R(Ry,---,Rm)| = 3" |R| and [Ry V Ry| = |Ry| = [Re|.

SubstitutionR[v/u] replaces every free occurrence wfwith v (avoiding clashes). Note that (or v)
can be either a variable or a name. Substitution is alsoseely definable. We use(R) to denote the
set of names ang)R) to denote the set of free variables. Both are recursivelyndele. A relation is
variable-lessf @(R)={}. We use overlined symbotsg. R Ry, -- to denote variable-less relations. In
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The pointer logic 8

the following sections, we shall discuss several fragments

fragment of all singleton graph properties
satisfacton-decidable fragment without projection
basic validity-decidable fragment for properties

full unigue decompositions i

advanced validity-decidable fragment for relations.

4 M X 0n O

The simple syntax of the pointer logic is designed for theveoience of semantic studies. In real
applications we need more syntactical conventions, ifictuthe standard definitions of conjunction
implication —, equivalence— and universal quantificatioi .

3.2 Semantics

Let the set of all edges Hedge = (N x N x N), the set of all (semantical) graphs®eaph = 0" (Edge),
and the set of alh-ary graph relations bRelation, = 0 (Graph"). Under some name assignment to
variables, the semantics of a relation formula is a set detupf graphs. Each graph is a finite set of
edges. Each edge is a triple of names. An assignment is debpte mappinge: A — N from atoms to
names, which we assume preserves nanaési=a. We write d |=¢ R if a tuple d of graphs satisfies
a relationR under name assignment Thei-th graph of a tupled is denoted(d); . We assume that
tuples are mergeabldA;, (A2, Az)) = (A1,A2,As3).

Definition 1 (Semantics)

dEe T,

AE.o iff A={}.

AlEe (uv,w) iff A={(g(u),e(v),e(w)}.

A= (v=u) iff g(v)=¢(u).

d = —R iff dpR.

dEe RiVRy iff d=e Ry or d = Ry.

A ¢ [R] iff there exist A,---,A, such that A= J'A and (Ag,--+ ,An) e R.

d [=e R(Re, -+, Rm) iff forany i<m we have d=¢ R and (U[*/(d1);, -, U (dm);) e R where
d=(dq,---,dm).

d = 3x-R iff there exists &N such that d=¢+,_a} R Wherein the assignmeatis overwritten to
map x to a.
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Pragmatics 9

d ¢ POR iff there exists k such that jd, POxR where RlpR = P and
POk 1R = POKRV [R(POKR, T) .

A=¢ R@i iff there exists d such thatA(d); and d=¢ R.

The empty grapha is a singleton property satisfied by only the empty set (ofesiig A syntactical
edge is a singleton edge property under the name assignmém equality also depends on name
assignment. A graph satisfies a merge if it is the union offigaplated by the relation. The fixpoint
operator repeatedly extends a property with a binary matiAny graph satisfying the fixpoint must
satisfy some finite iteration (see Law 2(5)). A graph satséieorojection if it is among the graphs of
a tuple that satisfies the relation. Separating implicatian be defined as a projected relational bond
(see Section 5). If a relatioR has no free variables, then we wrife= P for A = P, as the name
assignment no longer has any effect.

Two relations aresemantically equaldenotedR; =R, whend |=¢ R; iff d |=¢ R,. An n-ary relation
R is valid, denoted= R, if d =¢ R holds for any assignmestandn-tuple d of graphs. Two relations
areequivalid denotedR; =5 Ry, if they are either both valid or both invalid.

4 Pragmatics

4.1 More syntactical conventions

Let T = T" be the true property, let. = =T be the false property and let" = —=T" be then-ary
empty relation. The (syntactical) Cartesian prodBct Q = T2(P,Q) creates a binary relation from
two properties. We use a shorthaRdQ = [P x Q] to denote the merge of two properties (without
consistency checking).

A (syntactical) graph is the merge of a finite number of (sgtital) edges. A singleton graph property
is a property allowing only one possible graph (just like regl#ton set). Syntactical graphs form the
fragment

G:=o | (AJAJA) | G:G.

We useG,H,Gg,--- to denote individual graph properties. For example, th@enty

(a1,bg,c1): (az,2,C2)

allows only a graph containing exactly the two edges. Any &naphs can be merged (just like with set
union). Unlike SL, there is no disjointness restrictiorydtihe property(a,b,c): (a,b,c) is semantically
equal to(a,b,c). Graph properties are never false, which allows them todadminals of the logic. We
use G to denote the fragment of variable-less graphs war@ — Graph to extract the semantical graph
from each syntactical oney(@) = {}, y((a,b,c)) = {(a,b,c)}, andy(G1:Gy) = Y(G1) UY(Gy).

Let (u,v,w)° =
For example, the propertyas,by,c1)° A (az, b, o)

[(u,v,w) x T | denote the property that allows just graphs containing doe éu, v,w) .
° allows just graphs containing the two edges. We
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Pragmatics 10

use shorthandx, -,y) = 3z- (x,zy) to denote an edge with soureeand targety, cyc = 3x-: (x,-,X) to
denote a cyclic edge, and
acyc = ('7'7') A —CyC

to denote an acyclic edge. Note thaty,-)° denotesiz- ((x,y,2)°) instead of(3z- (x,y,2))°. When no
confusion is caused, we use a convention catbational compositionP; R B, to denote the merge of
a relational bond R(P1,P,)]. We introduce two adjoint operators [18] involving propestP;, P, and
a binary relationR: the right factorization

Pi/rP. = (PLA(TRRB))@1

and the left factorization
Pl\RPQ = (Pl A\ (Pz RT)) @2.

If R is symmetric then the two factorization operators are eqbal example, separating implication
P,—«Py is expressed as eith®; /. P, or P\, P;.

4.2 Useful binary relations

Why do we want to create various binary relations betweeplg@a There are two reasons: the first
is to build up the level of abstraction so that hiding (by difaers) is applied at the right places; the
second is to create advanced operators that hold desiraiperties and lead to better compositionality
of reasoning and stronger decidability results (refer tctiSe 6).

We begin with some useful binary relations defined with gifiens. For example, the following relation
represents source or label disjointness:

x = _'Elxy' (Xaya')ox(x>y>')o'

Two graphs are related by if they do not have identical source and label. The relatimmesponds to
the domain-disjointness checking of SL's heap representatf the target of every edge is unique for
given source and labelé. determinism, a property definable within the logic, seeifpet.3), then SL's
domain disjointness also coincides with edge disjointness

o = =3Axyz (X,Y,2)° X (X,Y,2)°.
Two graphs are related kyif they have no common edge.
Many more interesting relations are definable. For exantpie graphs are related by
© = =3 (X%,-,)° X (-, X)°

if the first graph has no source as a target of the second. Tbeiiag table lists some useful composi-
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Pragmatics 11

tions.
23X (<) [ (%) (X7 20%)T ()
(X,+,7)° @ © v S
(-,%)° S ) 3 Y
—(%,-,-)° v =) 12 12
(4, X)° = N 12 12

The following table lists different combinations of the &bdinary relations. Relations placed together
are deemed to be in conjunction.

(@) (b) (© (@ (€) (f)

——

— — — ——
(WINISIS) Q@A DOV Qc OAV O

For example, the compositioacyc (ogg) acyc requires that the distinct acyclic edges form a loop,
because the source of the right-hand edge must be a tardget tdft-hand edge, and the target of the
right-hand edge must be a source of the left.

The following figure demonstrates that the created bindatioms can be used to combine two distinct

acyclic edges in all possible layouts.
TAVAQO

(a) (b) (c (d) (e) ()

Here, the propertyacyc is abstract and has no free variables. The created binagiarlcombines
such variable-less abstract properties, while the sapgrabnjunction « of SL is not applicable in
this circumstance unless the source, label and target oédiges are observable from the outside as
free variables; but that lowers the level of reasoning. Tleemanism of creating new binary relations
helps promote the level of reasoning by hiding at the rigmieti(just like the denotational semantics
of sequential programs hides intermediate program stiagege increasing the level of abstraction of a
sequential composition) while operational semanticsdedlie hiding to a later point. Of course, in the
pointer logic we may choose to make the source, label ortafgen acyclic edge observable as free
variables.

In practice, we often need to reason about deaddrelsargets without outgoing edges) and deadheads
(i.e. sources without incoming edges). For example, to extendkadi list, we may add an edge to the
end (or symmetrically to the head) of the list so that the daddf the list is the same as the deadhead
of the edge. The property that a targets a deadend can be captureddsgv) = (-,-,v)° A= (v,-,)°.
Deadhead is represented agh(v) = —(-,-,v)° A (\,+,-)°. The concatenation relation between two

linked list segments can be defined as the existence of a carjuimopoint as the deadhead of the LHS
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Pragmatics 12

and the deadend of the RHS, and the targets of the RHS cammobt irgo the sources of the LHS:
> = 3x- © (dex), dh(x)).
This binary relation is associative. For example, a linkstdf length four is represented
acyc <1 acyc i acyc <1 acyc.

Bracketing is irrelevant here because of associativity.

This definition is arguably more abstract and simpler thancthrresponding expression in SL. Because
separating conjunction does not insist on the RHS not regdhto the LHS, in SL that property would
require ‘enough inequalities’ [4] between address vagiaih conjunction to prevent edges from forming
a circle. Those variables are then hidden with the same nupfexistential quantifiers at the outer-
most layer of the formula. The existential hiding in our egentation is applied locally, making the
representation more abstract.

A general property on linked lists is either an empty grapltanprises recursivelyw-concatenated
acyclic edges:
list = @ Vv acycO xi(T,acyg.

This definition is so general that it contains no names ordeg@bles. Obviously, we haést < list =
list. A linked list from some atonv is simply defined agist Adh(v).

4.3 Reasoning about object diagrams

The pointer logic itself does not assume determinism, btgrdenism can be specified in the logic as a
condition for edges from the same source and label to hatiedisargets:

determinism= Vxyzz- (X,y,z1)° A (X,Y,22)" — ~(z1=2).

In a context that admits this assumption, we simply add threesponding property as an axiom (or
invariant). The separating conjunction between two det@stic object diagrams is also deterministic:
determinism determinism= determinism In the following discussions, we simply assumheterminism

to be an invariant for every state of the program and do notimeit explicitly.

SL has a “global rule” for pointer assignment, reflecting fnegramming language C's view of the
memory state:
{(x1,8,-) « P} x.ai=x2 {(x1,8,%2) * P}. 1)

If P has the free variable; as a source, the rule is then reduced{ta } x;.a:=x; {L}, which is
still valid. Unfortunately, this rule fails in Java-like object-oriemt languagesvith automatic garbage
collection. For example, in Java, the virtual machine maydeterministically call the garbage collector
during an assignment. What an assignment in Java actuadly idathe pointer swing together with a
nondeterministic choice between doing nothing and garbatjection:

X1.a:=Xp; (skipgc).
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Pragmatics 13

The global rule (1) is invalid unless the propeRydoes not specifically talk about what happens to the
part that turns from non-garbage to garbage by the pointeérgswlo reveal what exactly happens in
Java-like assignments, we need to reason about reachatitlitin the logic.

Reachability requires fixpoints. Unlike SL, here we have erminary relations to choose. That allows
us to express thgeneralreachability property without having to identify concrdteal structures of
memory. Any graph of edges reachable frantan be generated from an edge frarby repeatedly
adding new edges whose sources are the targets of the gxistin

reachlv) = @V (v,-, )0 .

The fixpoint part can be comprehended as a universal digfumct

(V) V ((v,-,-) gT) Vv (((v,-,-) g‘l‘) gT) Vv

This abstract property of reachability is not definable indISL's extension with fixpoints [29], as the
relation & is not able to be replaced by. Reachability becomes definable in SL only when we know
a priori the specific local structure of each object, for example,bimary tree.

General reachability can be used to define the decomposigttmeen the garbage and non-garbage parts
of memory. The garbage part contains all edges whose soaree®t reachable from a given root node,
which represents the access point of the memory; the ndragarpart contains all edges reachable from
the root. The relation between non-garbage and garbagéinede

<y = ©(reachv), =(v,-,-)°).

Note that the relatiorg, implies source disjointness, as the only source that may not be a target in the
v-reachable non-garbage part is the raowhich cannot be a source of the garbage part. The following
figure shows the separation between the non-garbage pdre deft and the garbage part on the right of
an object diagram.

non-garbage . NN

/ </

. . after gc
garbage

If we have several program variables,--- ,x,, we may define a relation for reachability from all of
them:

<= S (reaCk(Xl) Kook reaCk(Xn), /\in_'(xi"’ ')O)'
On the left-hand side, we have merged parts reachable frigpnagjram pointers, while the right-hand

part does not contain any program pointers as sources. Thablss x1,--- , X, are now free in the
relation.
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If we choose not to specify the garbage part and assume atitogaabage collection, then we obtain
the global rule:
{(x1,8,)« (P<T)}
X1.a:= Xp; (skip M gc) (2)
{(X17a7X2) * P}

where P is anarbitrary property (without any syntactical restrictions). The correspogdiame condi-
tion would allow any arbitraryP’ to be conjoined withP on both sides simultaneously.

The rule appears pleasingly simple but requires a couplasgsto understand. If a subgraph satisfying
P is reachable from the program variables, then it can be partgoaph that satisfies the precondition,
given a non-reachable garbage part after the removal ofdhe Fomx; via a. Note that although we
do not represent the garbage part, there is a ‘garbage-pastiehat will become garbage if we perform
the assignment. In fact, that is exactly the part reachaiblgfrom the target of the edge from via a.
The part is specified as. If, on the other hand, a subgraph satisfyl@s not entirely reachable, then
the part is ignored (i.e. negated) ky, and the rule still stands.

The original global rule and frame condition of SL would beadrrect here, as the garbage part (the
RHS of the compositior) is removed, and any property about this part before thgasent is not
preserved. The only property-preserving part is the onedftér removing both the edge fromy

via a and the garbage-to-be part. Note that the preconditionkigesuto arbitrary strengthening, for
example, by replacing” with any property. Since the object diagram is assumed teteministic, the
separating conjunction decomposes the graph uniquelieas is at most one edge from with label

a. Backward reasoning is still possible using adjoints (act.1):

wp.(x.a:=Xp; (skipMgc)).Q = (xg,a,-)*(Q/x (X1, a,%) < T).

4.4  Full unique decompositions

The relation< decomposes any graph into a unigue pair of disjoint nonaggtsubgraph and garbage
subgraph, and every graph can be obtained by merging twoaplg related by the relationd. full-
ness). Formally this notion is defined:

Definition 2 (Fud)

1. Ann-ary relation R is ainique decompositioif for any any assignmerg and
A AL A AL+ AL €Graph

such that A=Ay =Ul'A, and (Aq, - ,An) Ee R and (A}, -+ ,A,) e R, we have A=A] (for
any i<n).

2. The relation is dull unique decompositioffor fud), if in addition it satisfies|R] =T .
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Separation Logic as a fragment 15

There is no simple syntax to generates fuds; the distindtetween fuds and non-fuds is semantical.
Let F,Fy,--- denote individual fuds. Any unique decompositiéh can be transformed into the fud
RV (—[R] x@). A property P is a fud iff it is valid: P=T .

A non-fud relation may be used in a context that it essegtlaicomes a fud-or example, the disjoint-
ness relatiorx is not a fud, but if either of its arguments is a fixed edge ortgngnd the other argument
does not contain this edge, then it becomes a fud:

~<uvw = (U, v, W)V @) x =(u,v,w)°.
Referring to the previous section, we now have
(X, a,%) %P = T < ax P.

The reachability decompositiong, and <« are fuds too. This reflects the fact that the separation
between garbage and non-garbage parts in memory is unigiieough > is not a fud, it is used in
the context for linked lists as a fudx (list,acyc) V (@ x @) Vv (-list x @)), reflecting the fact that any
non-empty linked list can be uniquely decomposed as a sti@tand the last acyclic edge.

For anyn-ary fud F and fudsF,--- ,F,, the relationF (Fy,--- ,F,) is also a fud; it corresponds to the
further decomposition of each &fs argument byF. If F is a fud, so is the substitutioR [v/x] .

A fud is always “passive and transparent” in the sense tlistitibutes over all connectives and quanti-
fiers, while a normal composition like distributes over only disjunction and existential quaetifi

Lawl (1) -[FAR] = [FA-R]
(2) [FARA[FAR] = [FARIAR,]
(3) [¥x-(FAR)] = ¥x- [FAR]

5 Separation Logic as a fragment

SL without pointer arithmetic has the syntax:

SL:= @ |A—AA|A=A|-SL|SLVSL|3X-SL|SL*SL|SL—*SL
We assume, following standard practice in selecting détidagments [6, 7], that there are always
exactly two values stored at each memory cell.

SL can be embedded in the pointer logic as a fragment. Varigbtpslity, negation, disjunction and
existential quantifier are essentially identical in bothiés. We restrict the names of the pointer logic to
be integers and apply the translation rules:

emp =
u—Vv,\w = (u 1Lv):(u,2,w)
PixPy = [x(Py, P2)]
P,—«P, = P,/, Pi A determinism
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Decidability 16

where determinism must be enforced when taking the adjoitite following lemma shows that the
translated fragment of SL is closed for deterministic obggagrams:

Lemmal Let P be a formula inSL. Then the translated property’ Bmplies determinism: =
P’ — determinism.

Proof. By standard laws of predicate calculus and the fact thapidispnion of deterministic object
diagrams is still deterministic. O

Now the following result follows from the relevant definitis.

Theorem 1 (Separation-Logic Fragment)Let P be a formula irSL. Then P is valid inSL iff the
translated property Pis valid in R. O

6 Decidability

The decidability results of this paper extensively use #gohnique of normal forms. In this section the
relevant notions are recalled.

6.1 Defining decidability and normal-form reduction

A fragment of the logic iglecidableif there is a decision procedure to transform each of itdicela to
a equivalid normal form and hence decide its validity, intélyi-many steps.

Proposition 1 Two relations are semantically equivalent; R Ry, iff =R;— R,. An n-ary relation R
is valid iff it is semantically equivalent td", i.e. R=T".

Let W,W1,--- denote arbitrary fragments of the logit.

Definition 3 (Semantical reduction) A fragmentW, can be semantically reduced to another fragment
Wy, i.e.W;=W,, if for any relation W € W, there exists We W, such that W=W5, and the syntactical
transformation takes finitely many steps.
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Note that if W) CW; and W, C W5, then W, = W5 implies W/ = W/. We further introduce\ W
to denote the fragment containing #{f'W, whereW, € W . For example, we have

AVW = VAW = AVW,

according to the mutual distributivity laws of disjuncti@md conjunction. (Of courseé\\/W there
denotes alI/\{‘\/’j“V\l.j where the range of each inner index depends on the outer.)ndéfe use
MW = ['W to denote Cartesian product. Conjunction of Cartesianymisdcan be merged:

ANW= NAW= AW,

although that fails for disjunction where only one direntgtill holds:

MVW= VW,

As W= \/i1W:W, we always haveV = \/W. Similarly W = AW andW = [1W. BecauseN =
Ix-W if x is free inW, we also haveV = 3Ix-W.

Definition 4 (Validity reduction) A fragmentW is validity-reducible to a fragmentV,, W1=sW>,
if for any relation R € W1 there exists a relation W, such that R =5 R,, and the syntactical
transformation takes finitely many steps.

Obviously semantical reduction implies validity reduatio

6.2 Satisfaction decidability

Satisfaction decidability tests whether or not a graphegatisfies a given relation formula. In this
subsection, we consider the fragmehitwithout projection. Satisfaction decidability can be veshvas
validity decidability of the fragmenf]G — S.

We first identify some key laws of validity equivalence. Usisal quantifiers are assumed over all
variables for validity, which is defined to be for satisfactiof all graphs under all assignments. One
fresh name is no better or worse than any other. Thus valaiguantifiers is reduced to checking a
finite con/disjunction.

2) Vx-R =5 Rc/x] A /\aeq(R) Rla/x]

xR =5 Rc/X V VacarR@/X  (cga(R)
Rla/x| =5 Rlb/x  (abga(R))
5)G—(POR) = =G—(POR)  (k=[y(G)))
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Proof. For the nontrivial half of (5), suppose that G— (PO nR) but not= G— (P0y,_1R). Then
we obtain semantical graph C A1 C -+ C An_1 C An = Y(G1) such thatA; = (PO;R). There exist
Bo, -+ ,Bm_1 such thatA; UB;=A;,1 and(A;,Bi) = R Suppose <m-1 is such thatAj=A;, ;. Then
A UB;i, 1 =A,2 and henceA,, = POi11R, Ay = PO 2R -+ and finally Ay, = POy 1R, which
contradicts the assumption. ThisG— (POnR) implies Ag C Ay C --- C An = Y(Gy1). At least one
new edge is added during each iteration. That means if a gafiéfies a fixpoint, then it must also
satisfy PO R wherem=|y(G)|. O

The following lemma shows the satisfaction decidabilityhaf variable-less fragmeft That means we
are always able to check whether a program state satisfieparpy expressed i6. The proof has taken
advantage of the facts that each graph has a finite size (fe)dresh names have equal status which
makes quantifiers reducible to connectives, and graph csitiggoexpands a graph by at least one edge
a time, rendering the necessary iteration of fixpoint findtecfach given graph.

Lemma 2 The fragment[]G — S is decidable.

Proof. Consider the satisfaction of amary relation: [1'G; — S. We have
n p— —
E[1G—S
|i_| i
iff (Y(G1),--+,Y(Gn)) =S and so prove decidability by induction over the structureSof

. EG1— G iff Y(G1)=V(Gp).

. = G1— (a=a) but|= G, — —~(a=b).

. EMNMG—-S iff E£NrG—S

CEMMG—SVvS iff EMMG—SiorE=MNGi—S.

. EG1— [S] iff there exist subgraphgy, ---, A, such that ' A =y(G1) and (Ag,--- ,An) =S.
The number of such subgraph tuples is finite.

a A W N P

6. |:|‘|{‘|‘|'J-“Gj—>§(§1,---,§n) iff for any i we have= ﬂ?‘@ijaé,and|:|‘|{‘(éi1:éi2: -~ :Gim)— S
wheremy = |S|.

7. "G —3x-S = 3 ("G — S) asx is not free in[]'G; . We therefore have

Elx'(ﬂinéi_’s) =3 Hinéi_’\/aeM Sa/x|

whereM containsa([11'Gi — S) as well as a fresh nam& has at most has free variabte Thus
the case for existential quantifier is reducible to the case 4

8. =Gy — (POY) iff |=Gy1— (POxS) wheren=|y(Gy|. Thus this case is also reducible to case 4
according to Law 2(5).
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Thus the variable-less fragment is decidable. O

The more general fragmer@ with free variables is also satisfaction-decidable as fifieation is re-
ducible to a finite con/disjunction. Fragments containingjgrtion are discussed in Section 6.4.

Theorem 2 (Satisfaction decidability) The fragmenf]G — S is decidable.

Proof. Assume thaixs, X, - -+, X are all the free variables appearing[ij' G; — S.

MN'Gi—s

=5 Law 2(1)
Vxixz-- X ([ITGi — )

=5 M containsa([]{'Gi — S) as well ask fresh names

Nagem = Nagem (M7 Gi = Sfaa/xa, -+ /X

After substitution, every conjunct now has the foff Gi — S. So Lemma 2 is applicable, and every
transformation step can be automated. O

The following corollary shows that if the sizes of graphs larewn to be bounded (as in bounded mem-
ory), then the fragmens is validity decidable. The decision procedure essentialtydel-checks all
possible structures.

Corollary 1 The fragment\/[1G — S is decidable.

Proof. Validity of conjunction requires checking the conjuncts. O

Satisfaction decidability leads to semi-decidability Yatidity:

Corollary 2 (Validity semi-decidability) There exists a procedure that terminates on every input re-
lation and outputs a counterexample if the relation is ifyabut does not terminate if the relation is
valid.

Proof. We first consider the (semi) decidability of properties. [Rebe the input property with free
variablesxy,--- ,Xc<. Consider instead a variable-free propeRy = —Vx;---X-P. ThenP is invalid

iff there exists an exampl& such that= G— Py. Let a;,ap,---,an,--- be the fresh names not in
Po. Variable-less minimal graphs (syntactical graphs withduplicated edges) can be enumerated and
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ordered by size. For each size we only need 8 fresh names and just consider graphs using only
names ina(Po)U{ay, - ,as }. If =G1— Py andG; is of sizen, then we may substitute fresh names
from {ay,---,as,} and obtain an enumerated gra@ha such that= G, — Pg. Thus the procedure can
identify a counterexample d@® if such a counterexample does exist. The case for muly-eglations is
similar and involves enumerating tuples of minimal graphs. O

6.3 A basic validity-decidable fragment

We already know that the general fragmehtis semi-decidable and now study the decidability of a
simple fragmentK with true, singleton graphs and edge extension closed wmherectives:

Lu=T |G|A=A|(AAA)|-L
Ki=L|KVK|KAK.

For example, we have:(L AL) = (LVL) = K, which means that any relation(L; A L) in the
fragment—(L A L) is semantically equivalent te-L; vV —L, in the fragmentL VL (by De Morgan’s
law), which is further reducible t& by definition. Similarly we also haveK = K. The fragment is
also closed under substitutiof [A /A] = K.

The following lemma forms the basis of induction of the mogportant validity result of this paper. The
proof consists essentially of establishing a bounded-inmperty: in order to find a counterexample to
an invalid property in the fragmen{ , we need search only a finite number of graphs of bounded size.

Theorem 3 (Simple validity decidability) The fragment is decidable.

Proof. We first consider the decidability off L . Variable-less equality is reducible to eith&r or
L. If T isone ofLj, thenK is valid. Ignore_L’s as they do not affect validity unless evety is

1 in which caseK becomes invalid, and any graph is a counterexample. 4@t,--- ,~Gy be all
negated graph properties In. Semantical equality(—Gi) = y(—G;) between them can be decided
in finitely many steps. If all of them are equal then we considé; ; otherwiseK is valid and has
no counterexample. With-G; being in disjunction, a graplG either validatesK if G= G; or is
ignorable otherwise; edge extensi¢ab,c)° either validateX if G; contains the edgéa, b,c) or the
edge extension is ignorable otherwise; negated edge @tenga,b,c)® validateskK if G; does not
contain (a,b,c). If on the other hand, there is no negated singleton grapbepty) thenK is valid iff
there exist a pair ofa,b,c)° and —(a,b,c)°. Suppose that such a pair does not exist. Get- - - , Gk

be all singleton graph properties In and m be their maximum sized.€. maximum number of edges).
Construct a counterexample graph of size fmax)+ 1 so that it contains all edges, b, c) of negated
edge extensions-(a,b,c)° in all L; but does not contain edgés,b,c) of edge extensionga,b,c)®.
Such a graph must exist as there are infinitely many names emzehinfinitely many edges to choose
from. Then this counterexample graph must be larger thanGny: - ,Gx and does not satisfy the edge
extensions or negated ones. Finally, we h&ve> A\ L. Every A!'V['Lj; is valid iff \/'Lj; is valid
for everyi <n. Since\/L is decidable, so i« .
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Now we are ready to considdéf . For anyK €K, assume thak,,--- ,x« are all free variables oK .
ThenK =5 Agem - Aaem Klaz/Xe, -+ ,a/x] whereM containsa(K) and k fresh names. Each
conjunctKlay /xq,--- ,a /%] is a variable-less properti . ThusK is decidable. O

The following law will be used in Lemma 3. It shows that the aign of Cartesian product is reducible
to disjunction of Cartesian products and so leads to thecteurule- 1K = \/ K. Cartesian product
is conjunctive, which leads to the reduction riZ\¢ ] K = K.

Law 3 (1) ~(RixRp) = (—I"Rl| X =Rp) V (—Ry x T\Rz\)
@R AR = MIRAR)

The following lemma shows that the fragmeldt is closed under fud-based decomposition. The main
step takes advantage of the fact that a negated edge extemsaducible to the fud-composition of its
duplicates.

Lemma 3 A variable-less fude can be used to decompose any variable-less simple preperti

K= [FAVK]

Proof. We argue by induction on the structure K .

1. T= [FAMT] asaproperty of fudT = [F].

2. G= [FAG] as for anyG, there existGy,--- ,Gy such thatG = [F(Gy,---,Gp)] (i.e. full-
ness).

3. Name equality is reducible td6 or —T .

4. Any graphG that does not contaln an edda,b,c), has a unique decompositioBy,--- ,Gn
by F such thatG = Gy:- . Obviously everyG; must not contain(a,b,c). That means
= —(a,b,c)’— [FAM- (a b,c) ] . On the other hand, we have(a,b,c)° = [[]'~(a,b,c)°].
Thus—(a,b,c)® = [FAM'—(a,b,c)]. This shows that:(N,N,N)° = [F A1 -(N,N,N)°].

.ﬁ>||

5. - [FAVNK] = [FA-VNK] = [FAVK] according to Law 1(1).
6. AV[FAV[IK] = [FAAVVK] = [FAVMK] according to Law 1(2) and disjunctivity.

Thus the reduction is complete. O
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6.4 Handling free variables

In the previous subsection, we have obtained some resuligf@ble-less fragments. To handle free
variables, we exploit the fact that there are only two pdesiblations between free variables: equality
or inequality. Each variable equals either one of the namésa context or a fresh name.

We now introduce a notatiod R that represents a relatiGhunder all possible cases of name assignment
on x after identifying a fresh name.

Definion5 R = Vacqr (X=2A Rla/x)) v (/\aEG(R)ﬁ(x:a) A R[c/x])
where ¢za(R) is a fresh name.

Thus the notation contains an additional namen (05 R) = a(R)U{c}. This notation has the following
‘restoration’ property. The proof follows by induction d&and the definition ob.

Law 4 R = (03R)[x/c]. O

Thus if R) = {xq,---,%»} andcy,---,c,Za(R) are distinct fresh names, then all relatioRswith
substitution indf - - - 95 R are variable-less and

R= (6226% R)[Xl/cl7"' ,Xn/Cn].

Using the above technique we are now able to establish thestied rule of Lemma 3 for fragments
allowing free variables.

Theorem 4 (Fud decomposition)A fud F can be used to decompose any simple properties:

K= [FAVIK]

Proof. Consider an)K e K with anyn-ary fudF . If @ K)U@(F)={xq, -+ ,Xn} @andcy,--- ,cmZa(K)
are distinct fresh names, then all relatidlswith substitution inam . -a% K are variable-less.

Note that every fud with variables substituted for concretmes is still a fud. Among all variables, some
are fixed on existing names for each conjuncdin--- 03! K, while other names are fresh. Consider a
conjunct with name-fixing atomic equalities:

A" =a AK[c1/X1,  ,Cm/Xm, 81 /Xm+1s "+ 8n—m/Xn].
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This is reducible to
A" =a A [Fler/Xa, - 8n—m/Xa] AV [TTKij |

according to Lemma 3. The variables substituted for fixedeswaoan be restored in the environment
provided by the atomic equalities:

Axi=a A [Flea/xa, - ,Cm/Xml AV 7K ] -

ThusK = (9%n--- 02 K)[Xg/C1,--- ,Xm/Cm] is decomposed witl , and merges with the same fud can
be unified and closed in the fragment. O

We already know that compositions of the same fud are melgg€bbw 1). In fact, compositions of
different fuds are mergeable too. This is because the saktbondF (Fy,--- ,F,) of fuds F,Fy,--- | F,

is also a fud. We can decompose any fedinto F(F’,--- ,F’) with another fudF’. This is similar
to applying more cuts to an already decomposed graph. Theeviaop law shows that the cuts of fuds
can be apply in either order. That means a finite number obagkd compositions can be unified into
compositions with the same fud (but which could have a veg lairity).

Law5 |FuFe- F) AN PR | = [Re(Fue R A MRy

The following proposition uses the above law and unifiesbaded compositions into a single fud com-
position. Recall that the fragmei{\/ [F A \/[1K ] contains all relations

Ai Vi [Fj AV Kigu |

with different fuds before unification.

Corollary 3 AV[FAV[K] = [FAV[IK].

Proof. We first show that\ [FAV K] = [FAV[K]. Without loss of generality, we consider a
simple case of binary conjunction between two differenabjrfuds:

FAVi(Kin xKig) [A[F AV (Kjp x Kfp) ]

ViV [F(F',F) A (Kiza x Kizz X Kizr X Kig2) ] A | F(F',F) A (Kjpg x Ky x Kipp x Kfzz)]
=

[FAVAK]

Similar reasoning is applicable to disjunction-led redurct O
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6.5 An advanced validity-decidable fragment

We are now ready to study a more comprehensive fragmentinmgaCartesian product, fud-based
relational bonds, quantifiers and projection:
Tu=K|-T|TVT|TxT|[FAT]|3X-T|T@i

where F is the fragment of all fuds iff. In a fud-based relation, every merge must be applied to a fud
conjunction. In normal forms, we use the notatipiQ) to represent several quantifiers in sequence:

Q:u=vX | 3IX
$Qu=Q[3Q3Q.
The following lemma reduce$ to a normal form.
Lemmad T = SQ-V[IFAVK]

Proof. We argue by induction over the structure of any

1. K=3Q-VMNIFAVK] asTeF.

2. Negation of the normal form:

-3 Q- VMIFAVIK]

= laws of quantifier negation and De Morgan’s law
$Q-A-NIFAVMK]

= Laws 1(1) and 3(2)
$Q-AVMIFA=-VIK]

= reduction rules oK
Q- VNIFAVIK].

3. Quantifiers distribute over disjunction if the bound gates are fresh, avoiding name conflict.

4. Cartesian product of normal forms:

N3Q-VMIFAVK]

= quantifiers distribute over Cartesian product
>Q-MVMNIFAVAK]

= disjunctivity

> Q- VMIFAVIK].

5. Fud composition:
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[FAYQ-VIIFAVIK]]

= Law 1(3), disjunctivity and distributivity o
>Q-VIFAMIFAVOKI]

= disjunctivity and fud decomposition
> Q- [FAVNK]

= reduced as a special case
Q- VNIFAVIK].

6. Quantifiers over the normal form are directly mergeable.

7. If W is a fragment of properties, then it can be shown that

(FQ-VIW)@i = 3Q- VW,

This guarantees the reduction for projection. O

The following lemma is one of the critical steps of Theorerm@ handles the decidability of Cartesian
products in disjunction. Recall that a relation is validitifs a full relation. Thus every graph tuple must
satisfy one of the disjuncts. The key to the proof is to geteeadfinite number of test graph tuples for
checking satisfaction.

Lemma55 Let W be a variable-less fragment of properties closed under tiega—W = W, and dis-
junction,\/ W= W. If the fragmentW is decidable, then so ig [JW.

Proof. Consider the validity of\/’j“|‘|i”V_Vij . A graph tuple (Ay,--- ,Ay) is a counterexample iff for
every j <m there exists somé<n such thatA; [~ W;;. We show that there exist no more thafi"2
tuples of graphs such that the relation is valid iff it is séid by all the tuples.

The propertiedMq, - -- ,W, partition the graph space intd"xlasses. Lebs,---,by, be Booleans. We
useb; oW, to denoteW; if —b; and—W; if b;. Each group of Booleans determine a class of graphs:
/\T‘bj oW . All graphs in each class have the same satisfaction foMall--- W, , and thus we need
find only one representative. Becaugé is decidable and closed under negation and disjunction, we
consider the validity of- /\T‘bj oW . Ifitis valid, the class is empty and we do not need to choose a
representative; otherwise we can find a counterexampleshwhill be used to represent the class. For
eachi, there are at most™classes and representatives. Thus we generate no more THanpkes.

If there is any counterexample &f'['Wj; , there must be one among the generated tuples. Thus the
fragment\/ []W is also decidable. O

The following law provides a means to decide the validity did composition. A fud composition
[F AR] is valid if every graph satisfies it. As every graph has a umidacomposition into a tuple of
graphs by a fud, all the tuples allowed Iy must be allowed byR too. The proof follows from the
definitions.
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Law 6 [FAR] =5 —-F VR 0

We are now ready to prove the main theorem of this paper.
Theorem 5 [Advanced validity decidability] The fragmefit is decidable.

Proof. Afudin T may be defined using other fuds . We reason by induction on the depth of such
nesting and define a sequence of increasingly larger fragnignand Fy = FN T:

To= yQ-V[K
Tk = 3Q-V[FAVIK].

Thus T = [y Tk. We first consider the validity oT .

To

= definition
>Q-V[IK

=5 Law 2(2)
AVVOK

= distributivity and closure oK
VK

Thus, according to Lemma T, is decidable. Secondly, we assume the validityfefand consider the
validity of Ty, 1.

Tit1

= definition
Q- VMIFAVIIK]

=5 Law 2(2)(3)
AVVI[FAVOK]

= laws of predicate calculus and closurekof

VI [FA VK]

For each fud composition, we have:

[FkAV K]
=5 Law 6
-Fv VK
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=5
Tk.

As Ty is assumed to be decidable, the fragmf] T is decidable, and so i$1. Thus the whole
fragmentT is decidable. O

7 Axiomatization and completeness

All the (syntactical) graph<G form the nominals of the logic and can thus significantly difppts
completeness proof.

We already know that the satisfaction problem for the poiltgic is decidable. Thus if we are able to
use an axiom system to mimic the decision procedure, thenaigyformula in the form[]; G; — R will

be provable. If a formuldR is valid, then all[]; G; — R are valid and hence provable. ThRsbecomes
provable if we have an infinitary inference rule that conelido from the provability of alf]; Gi — R.

The axioms and inference rules are identified as follows.
Axiom 1 Standard axioms and inference rules of predicate logic.

An axiomatic inference ruldR; - Ry should be understood as “the provability Bf implies the the
provability of R,”. The following inference rules state that the operatoessamanticain the sense that

if formulas are semantically equal (or monotonically oetBr so are semantically equal operator-applied
formulas. In the proof theory, they ensure that if two forasubre already proved to be equivalent, then
one can be replaced with another inside an operator.

Axiom 2 Let i<|R].

() R=R  [R] = [R]

(2) R=R = R(Ry, -+ ,Rm) = R(Ry, - ,Rm)

3)R—R F R(Ry,---,R,---;Rn) = R(Ry,--- ,R,--- ,Rm)
(4) P—P + (POR)— (POR)

(5) R—R | (PDR)H(PDN)

(6) R—R F (R@i)— (R@i).

The following axioms help establish the relations betweslividual graphs and the truth value of name
equality:
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Axiom3 (L) T
2FG1—G  (Y(G) =VY(Gy))
(3)F Gy — Gy (Y(G1) # Y(G2))
(4) - (a=a)
(5) F —(a=h).

The following inference rules handle relational bond:

Axiom 4 rl;nl_élj_)ﬁi’ ,H_Ennénjﬁﬁn,
Ni'Gii: - :Gm — R

The following axiom states that an existential quantifigprigvable iff the disjunction of various name
substitutions including one fresh name are provable:

Axiom 5 If cZa(R) then Re/XV Vacqr Rl@/X - 3x-R.

The following axiom states that provability for satisfactiof fixpoint can be reduced to provability for
a finite approximation bounded by the size of the given graph:

Axiom6 G— (PO,R) 4 G — (POR) where n=|y(G)|.

The following axioms characterize some aspects of prapcti

Axiom7 (1) F (RiVR) @i — (R, @i V R, @i)
(2)F (3x-R) @i — 3x- (R@i)
@) F (NjP) @i — R

Finally an infinitary rule links nominals with provability:
Axiom 8 If for any graph tuple[]"'G; we haver- [1'G; —R, then+R.

The soundness of the axioms is easy to establish from theitaefsn Completeness is also obtained
readily:

Theorem 6 (Completeness)f a relation S without projection is valid= S, then it is provablet S.
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Proof. Let xp,---,% be the free variables of amary relationS. Then = S implies = Vxg--- Vx-S
by definition. That means for every variable-less graphetL[rp{I‘G we havel= |‘|{‘G — VXq -+ VX - S.
Thust [I'Gi — X1 -+ VX - S. Hencel- S according to Axiom 8 and predicate logic. O

Note that many common axioms are not present here, becaasartprovable using the infinitary rule.
We are able to obtain completeness, because of three kegctiigstics of the logic: the presence of
nominals that help us pinpoint individual semantic denotet within the logic, the absence of pointer
arithmetic that makes the testing for quantifiers finite, enedinfinitary rule.

8 Conclusions

This work is to be viewed in the context of Separation Logtb@lgh the syntax is designed differently
to reflect object diagrams as the underlying semantics anddhd to present the decidability results as
succinctly as possible. More conventional shorthands eeeed for applications.

The separating conjunction of SL implicitly includes twcepgtions: consistency checking and merging.
We have divided it into the merge operator and user-definadhion that checks consistency before
merge. Such a division allows us to create new consistehegking relations for new compositions.
A higher level of abstraction can be achieved by using thiet ipmpositions at the right places. For
example, the binary relatios in Section 4 can be used to connect acyclic edges to form witisout

a circle. In SL, a large number of variable inequalities wiodoé needed to avoid circles. In the pointer
logic, hiding with existential quantifiers is often appliad locally as possible. This helps increase the
level of abstraction.

The decidability results of this paper benefit from the desifithe logic and makes extensive use of
normal-form reduction and the finite-model property. Thestriateresting fragmenT relies on the
assumption that the compositions are unique decompaositiod all names have equal status. Generally,
a fragment without such restrictions is undecidable [7].afT¢orresponds to the requirement that all
separating conjunctions are used in precise predicategtitmrstudied in [26]).

Fixpoints are undecidable in general. It is still an operbf@m to design a restricted decidable fragment
that includes fixpoints. Berdine el. [4] have studied a retste decidable fragment with linked lists but
without disjunction or quantifiers. It is unclear to whatemttheir technique will be useful in the general
fragmentT closed under disjunction and quantifiers. Other known @dxtad fragments such as [6, 7]
do not allow quantifiers and are special fragment$ .of

A major benefit of the approach promoted here is to raise tred & abstraction for reasoning about
mutable data structures. It might be expected to benefitriicpiar the active topic of concurrency. For
example, a garbage collector will not interfere with a pescé the two work on different parts of the
memory partitioned by a fud.
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