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Abstract

The standard Galois connection between the relational eetlgate-transformer models of sequential
programming (defined in terms of weakest precondition) e@ certain similarity between them. This
paper investigates the extent to which the important irtiauon transformers (which, for instance,
interchanges demonic and angelic nondeterminism, anctesdihe two kinds of simulation in the re-
lational model to one kind in the transformer model) cardesr to relations. It is shown that no exact
analogue exists; that the two complement-based involsiteoe too weak to be of much use; but that
the translation to relations of transformer involution anthe Galois connection jast strong enough
to support Boolean-algebra-style reasoning, a claim thatibstantiated by proving properties of deter-
ministic computations. Throughout, the setting is thathef guarded-command language augmented by
the usual specification commands; and where possible aligefeasoning is used in place of the more
conventional semantic reasoning.
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Introduction 1

1 Introduction

We adopt the familiar view that a semantic model for prograngmand for the development of programs
from specifications through designs to code, consists ofrapig-ordered space. The elements of
the space are designs expressed in code—'programs’—aighgémcluding specifications) expressed
using more general ‘commands’. The partial order is thatrob(e-determinstic-than’) refinement.

The two main semantic models for sequential programming,réfational model (see, for example,
Hoareet al’s [8]) and the predicate-transformer model (Dijkstra’§)[4re congruent on programs—
which we take to consist essentially of Dijkstra’s guardgedamand languagéo. cit.). The congruence
is established by the Galois connection consisting of thekest-precondition function from relations to
predicate transformers and its adjoint, relational ptapec in the other direction.

But the two models diverge with the incorporation of comneamdore general than programs, like
partially-enabled computations (guarded commands), umdbed demonic nondeterminism and angelic
nondeterminism (the work of Back [1], Morgan [10], Nelso2]land Morris [11]). For example they
handle angelic nondeterminism quite differently, and ta@sformer model is endowed with an invo-
lution that accounts for its quantitatively-better sturet Indeed transformer involution interchanges
demonic and angelic nondeterminism (see Back and von W&i{fj), interchanges precondition and
guard (the same authors’ [3]), reduces the two simulatiegsired for completeness of data refinement
in the relational model to a single complete rule in the tamser model (see Gardiner and Morgan’s
[7] or de Roever and Engelhardt’s text [6]), and facilitatesiiliar Boolean-algebra style of reasoning
(Back and von Wright's [3]).

So on one hand the binary-relation and predicate-trangilomwodels share substantial similarities and on
the other they exhibit important differences. In this papeiinvestigate the extent to which the relational
model retains vestiges of transformer involution, and heeful that is.

We begin with a simple result: relations possess no equivaiktransformer involution. That means,
of course, that any attempt to define an involution by stmattinduction on relations must fail. But it
leaves open the possibility of ‘weak’ involutions: funct®on the relational model that satisfy merely
some of the properties enjoyed by an involution.

The first two putative weak involutions we consider are baseset complement in the relational model.
Unfortunately both turn out to be too weak because they ifyettto many computations. So we con-
sider the translation of transformer involution to relasaising the Galois connection, and call the result
Galois star. It is better behaved than the previous careliddtut an experiment is required to deter-
mine whether or not its properties are strong enough to stipipe kind of reasoning that transformer
involution permits on transformers.

For that experiment we choose a topic that has emerged asneh'beark’ [4, 5, 9] for such kinds

of reasoning (at least when restricted to the guarded-cordrtenguage proper): the consideration of
determinism. Extending that concept to partially-enaldecthputations, we distinguish deterministic,
predetermistic and postdeterministic computations. Amheinistic computation terminates in each ini-
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Notation 2

tial state with one (state-dependent) value; a predetétitiicomputation at each initial state either fails
to terminate or terminates with one value; and a postdetestinicomputation at each initial state either
fails to be enabled or terminates with one value. (Note thatesauthors use ‘determinstic’ for our ‘pre-
deterministic’.) Then a standard ‘test’ of a formalism feasoning about computations is the ease with
which it is able to reason about preservation of determinismomputationsP andQ are predetermin-
istic then so too is their sequential compositi®rg Q and their conditionalf a — P [| b — Q fi with
disjoint guardsa andb ; whilst the binary conditionalP <t b > Q preserves all three kinds of determin-
ism. Reasoning in the transformer model was originally dugijkstra [4], then to Dijkstra and Scholten
[5], and in the relational model with Tarski's axioms to Mastd9]. For comparison we also give a proof
in the program calculus itself—without any particular saetiamodel. Such a step we regard as hugely
preferable. Indeed one of the techniques promoted in thperpia algebraic reasoning about concepts
normally handled semantically.

The paper proper begins, in Section 3, with a summary of progr(the guarded-command language)
and their more general commands. It summarises, in Sectitre4elational and transformer models
and the Galois connection between them. It then proves, ¢tidde5, the absence of an involution on
the relational model, considers the two complement-baaadidates in Sections 6 and 7 before settling,
in Section 8, on Galois star which is applied in reasoninguabarms of determinism in Section 9. But
first, notation must be established.

2 Notation

Pertaining to logic, we write:

= for equals by definition

a:Ato meanais of typeA;

predX for the type of predicates aX, where predicates are Boolean-valued functions and sub-
stitution is functional application (possible because wesider predicates over only a single state space
of Cartesian-product type);

formulae likevVa:A - p in which the dot simply acts as a syntactic separator;

p < b > gfor thebinary conditional ‘p if b elseq’;

< for implicationon predicates; the infix relation it engenders we write ndte .

Pertaining to binary relations:

A—B denotes the type difinary relationsfrom A to B andA— B the type of (totalfunctionsfrom
AtoB;

id[A] denotes thédentity functionon A ;

functional applications written *.” (as inf.x) and associates to the left;

composition of functionis writteno (as inf o g);

binary relations are written imfix; thusr relatesa andb is writtenarb;

(forward) relational compositionas well as sequential composition in the programming lan-
guage, is writtery (so that if binary relation§ andg are actually functions then their forward relational
compositionf 3 g equals their functional compositia f);
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Command calculus 3

relational imageat a point is writterr.( a ) (and equaldy | Ix:a- xry}).

From partial orders we need the following conceptgXf<) and(Y, <) are partial orders then a pair of
functionsf : X — Y andg: Y — X forms aGalois connectioifil 3] means that they satisfy the equivalence

fx<y=x<gy
A functionf : X — Y between partial orders is said to beiversally [positively] disjunctivéff
f.vx = v{fx|xex}

for all [all nonempty] subsets of X (and analogously for conjunctivity).

The semantic denotation of a commamds written [P] . Two semantic models are considered (binary
relations and predicate transformers). When confusiofdcarise by our use of the same notation for
two distinct semantics, we clarify which is meant.

More specific notation (like the healthy closure of a binaation) is introduced as it is needed.

3 Command calculus

This section summarises the language this paper uses forildeg ‘programs’ (or ‘code’) and their
generalisations ‘commands’ (or ‘specification computaily and the laws they satisfy. Concepts like
‘deterministic’ and ‘terminating’ that are normally apgdi just to programs (and defined semantically)
are here extended to commands and defined algebraicallyemhbles us to reason algebraically about
those concepits.

3.1 Programs

We denote by the global state space of the programs under considerdttisrine Cartesian product of
the types of the various program variables. The state of gramo is thus denoted by a vectarX.

The syntax of our version [8] of Dijkstra’s guarded-commdanthuage is summarised in Figure 1. Com-
putationskip terminates without changing state and computagibort corresponds to divergence. In
assignment, the staie X is updated to take the value of the well-typed (well definedminating and
single-valued) expressian Sequential composition is standard. Binary conditiosakittenP <tb > Q

to expres® if b elseQ, wherebis a (totally defined) predicate on state.

Demonic nondeterminism arises from abstraction of bloakfindd at a lower level of abstraction to-
gether with the requirement for local reasoning; it coroggfs to a choice between its arguments whose
resolution lies beyond the current level of abstractioncuR&ion is modelled as least pre-fixed point.
For simplicity we do not here include local block or proceglurvocation. Refinement corresponds to
removal of demonic nondeterminism, sotRat Q = PrQ=P.
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Command calculus 4

skip no op
abort divergence
X:=e  assignment
P;Q  sequential composition
P<abrQ  binary conditional
P1Q  demonic nondeterminism
uF recursion

PCQ refinement

Figure 1: Syntax for programs and the refinement pre-order.

e arbitrary demonic nondeterminism
choose arbitrary assignment
magic  unenabled computation

{p}}  assertion

(p)  coercion

Ue arbitrary angelic nondeterminism

Figure 2: Syntax for commands (although an assertion is)code

3.2 Commands

A computation that is a program, or code, is regarde@xaxutable The commands which extend
programs are summarised in Figure 2. Extending the operédad hence also the ordering) in Figure 1
to commands, the result is a partially-ordered space of ctatipns that we denote(X).

Arbitrary demonic nondeterminism is infimum in the refineterdering and so extends the binary
version expressed in programs. Empty demonic nondetesmiis thus the greatest elementofX):
M{ } = magic; it refines every command and represents a computation vidichver enabled. Since
arbitrary infima exist, so too do arbitrary suprema. Arlitrangelic nondeterminism is supremum in the
refinement ordering; empty angelic nondeterminism is thedeast element:{ } = abort.

For a predicaté on state spac&, the computatiorassert bskips if b holds but otherwise fails to
terminate:

(1) {b} = skip <b.xr abort;

thus it is actually code. Computati@oerce bskips ifb holds but otherwise is not enabled:

(2) (b) = skip<b.xr>magic.
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Command calculus 5

The computatiorthooseterminates in an arbitrary state:

(3) choose = M{x:=y|yeX}.

When the state space is infinite that is not code. The comepntaéqterminates in a final state different
from its initial state:

(4) neq = M{x:=y|y# X}

wherexg denotes the initial state and the predicaté X is a finite conjunct if the state space is finite.

The important computational concepts of termination, uhiess and determinism are expressed al-
gebraically as follows. Suppose thHatis a command andy: X is a state. Thef® aborts at ¥ iff the
computation might not (equivalently ‘will not’ in the stazidl (Hoare/Dijkstra) model we follow here)
terminate there

{x=x}sP = abort.

CommandP is enabled at ¥ iff it may (equivalently ‘does’) begin there

(x=x0)sP # magic

which is equivalent (in view of Law (17) to follow) to

(x=x) g Pgabort = abort.

P terminates at xmeans that it is enabled but does not abort there.

ComputatorP is deterministicat X means thaP is enabled there and terminates in only a single final
state. To define that term: commaRds co-atomicat X iff at Xg, P does not equatnagic and no
commands lie strictly betwedhandmagic

(5) (x=xo) sP # magic
6) VR:L(X)-{(x=x)sPCR = R=magic.

ThenP is deterministicat xg iff

Vxo: X - (X=Xo) ¢ P is co-atomic

Report No. 391, February 2008 UNU-IIST, P.O. Box 3058, Macao



Command calculus 6

CommandP is postdeterministi@at xg iff either it is not enabled there or it terminates in only agie
value:

Vxo: X - (X=Xo) s P#magic = (X=xp)gP isco-atomic

Finally P is predeterministicat xg iff it is enabled there and either does not terminate or isrieistic:

VXo: X - (X=Xo)) g P # magic
A
{x=x}} gP#abort = (x=xp)¢P is co-atomic

A command is terminating [always-enabled, determinigtiedeterministic, postdeterministic] means
that it is terminating [enabled, deterministic, predetieistic, postdeterministic] at each initial staig.

In particular a command is deterministic iff it is predetémistic and postdeterministic. Code is always
enabled; and the celebrated loop rule ensures terminaticode in the form of an iteration. Bumagic,

for example, is not enabled (hence) not terminating, bubsgdgeterministic. It is convenient to keep in
mind that in the transformer model (at least), enablednkss fior commands a rdle dual to that which
termination plays for code. A consequence of our interestlattional involutions is the extent to which

that remains true for the relational model.

3.3 Calculus

The language (X) has the algebraic structure summarised in Figure 3 (whiels dot claim to list all
laws).

Commandsabort and magic are not zeroes on both sides for sequential compositionthédrwould
imply their degeneration (to the same command). Nor doeseseizl composition distribute demonic
nondeterminism and angelic nondeterminism on both sidesmetlieless under demonic nondetermin-
ism and sequential composition(X) forms what might be calledare-quantal(by comparison with the
definitions in Rosenthal’s text [14] on quantales): thef arbitrary subsets exists and sequential com-
position is associative with an identitskip; also sequential composition distributes arbitrary deimon
nondeterminism in its left-hand argument, and distributesempty(the reason for the ‘pre’) demonic
nondeterminism in its right-hand argument.

In spite of the failure of sequential composition to digitéd angelic nondeterminisny, (X) forms a
complete lattice in which each command is the angelic chofitke compact commantid refines. But
equality holds in refinements (14) and (16) if each commaimagbdistributed is predeterministic.

The operators of sequential composition and binary camditiare monotone in each argument.

1A command iscompactif it aborts outside a finite set (on part of which it may, of csej be unenabled; by comparison, a
compact program aborts outside a finite set but is everywdreaibled).
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Command calculus 7

(7)  (2(X),n,s,skip) forms a pre-quantal

(8) (m?)sR = M{PgR|Pe?}

9) P;(MQ) = M{PsQ|Qeq}, if Q nonempty

(10) (£(X),E) forms a complete lattice and a domain

(1)) with maximummagic and minimumabort

(12) magicg R = magic

(13) P¢magic = magic, if P always terminates

(14) (Ur):Q I U{P3Q|Peq}, = ifall P:2 are predeterministic
(15) abort s Q = abort

(16) Ps(UQ) I W{P:Q|Qeq}, = ifall Q:q are predeterministic
a7 Pgabort = abort, if Palways enabled

(18) (P<brQnmnR = (PNR)<b> (QMNR)
(199 (P<brQUR = (PUR)<br> (QUR)
(200 (P<b>QsR = (PR <br>(QsR)

(21) PabrQ = {b}sPu {-b}:Q
(22) = (b)sP M (-b)sQ
(23) (x:=e)g(x:=f) = x:=foe

Figure 3: Laws for the language.
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Program semantics 8

4 Program semantics

This section summarises the relational and predicatesfvamer semantics of (X) and the (Galois)
connection between them. In each case the semantics yiplgscuantal-right module.

4.1 Relational semantics

In this section we give the relational semantics of the laggw (X), first for code. Each command is
represented as a relation from initial states to the finééstattainable from each initial state.

4.1.1 Relations

The state space augmented with the improper stateepresenting nontermination) is denotéd =
XU{L}. As usual we treaX, as the flat domairX augmented with least element. The improper
state_L is not part of the programming notation and it is not a valuéctvitan be assigned to the global
variable. It is simply a semantic artifact, enabling nomtieration to be distinguised from arbitrary
termination.

We write relations in infix, and use the convention that, foelatione with domainX and rangexX , e,
denotes the relation ox;

e = eU ({_L}XXL) .

The semantic space for the relational semantics is the anbspf relations orX, that are strict and
whose relational images are upclosed

R(X) = {d: X, <X [(LdLl) A (xdL=d.(x)=X.)}

with the inclusion ordering for ‘more-deterministic-than’ refinement (since multipleluedness of a
relation captures demonic nondeterminism of the commarggpiresents).

It is readily confirmed that® (X),2) is a domain and a complete lattice with least eleménk X,
greatest elemerit} , and compact elements the relations which are cofinite ssilo$et, x X, ; more-

over itis a Boolean algebra under the usual set-theoretipment.

The healthy closureof any relationr on X is given by the value at of a functionh : (X«<X)—2® (X),
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Program semantics 9

[skip] = id[X].
[[abort]] = XXX
x:=¢ = ({(xex)|xeX A exterminate$)
[PsQl = [P]sI[Q]
[P<abrQ] = {(xy) [x[P]y<bxex[Q]y}
[PrQ] = [PIUlQ]

[MF] = U{d|F.d>d}, F monotone on code
Figure 4: Relational semantics of code.
[ms) = U{[S]|Ses}

[magic] = {}.
[fb] = {(xy):XxX_|bx=x=y},
[{o)] = {(x): XxX]|b.x},
[us] = N{[SIses}

Figure 5: Relational semantics for commands.

characterised by:

x(hr)y = (x=1)V (Xrl)V(xry).

Evidentlyhis increasing{ C h.r), monotone with respect to inclusion on both sides € = h.r C h.s)
andh.r is the smallest healthy relation containing

4.1.2 Semantics

The relational semantics ascribes to each comnfaadelation[[P]: z (X) .

The semantics of code is given in Figure 4. Denotations oéatisfy the healthiness condition: for
eachx: X the relational image.( x ) is nonempty and either finite or all of, . The subspace of healthy
relations forms a domain with least elem&ntx X , maximal elements the (total) functions and compact
elements the members for which only finitely many elemeni$ afenot related to every element of, .

In the definition of recursion, the functidnis defined on that healthy subspacezofX) and the relation

d ranges over it.

The semantics of commands is given in Figure 5. They satsftyealthiness condition just the defining
condition of g (X). Evidently the spacet (X) contains the space of denotations of code. However
the injection fails to form the embedding in a Galois conimectnd so the two spaces have an uneasy
relationship, compared with the corresponding domainkerpredicate-transformer semantics.
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Program semantics 10

4.2 Transformer semantics

A command may be viewed as a predicate transformer in twajrddways. We follow (Dijkstra’s)
tradition and consider it as a function from postcondititmpreconditions: postconditionis mapped
to the precondition true at just those states from which tirarnand is certain to terminate in a state
satisfyingp: the weakest precondition of the command evaluated.atThe possibility of demonic
nondeterminism is responsible for the word ‘certain’.)

4.2.1 Transformers

Each such function is monotonic under the usual orderingredipates: a weaker postcondition engen-
ders a weaker weakest precondition. We wifteed X, <) for the space of all predicates (Boolean-valued
functions) onX under the implication (pointwise) partial ordering. Thasg for the transformer seman-
tics is then the space of all functions on that space that aretone

7(X) = {t:predX—predX|Vq,r:predX -q<r=tq<tr},

ordered by the pointwise lifting of the order on predicates

t<u = Vq:predX-t.g<uqg.

Thust is refined byu iff for each postconditiorg, the weakest precondition bkt is at least as strong
as the weakest precondition wht q; whenevelt achieves) so too does!.

Because the order an(X) is the lifting of implication, least upper bounds and greatewer bounds of

arbitrary sets exist pointwise. 3a (X), <) is readily seen to be a pre-quantal, a complete lattice and a
domain.

4.2.2 Semantics

The transformer semantics ascribes to each comrRangredicate-transformdP] in 7 (X) .

The semantics of code is given in Figure 6. Denotations oé @adisfy Dijkstra’s healthiness conditions:
the transformer is positively conjunctive ardcontinuous.

The semantics of commands is given in Figure 7. The healthinendition is simply monotonicity, the
defining property ofr (S) .
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[skip] = id[predX]
[abort] = false
[x:=¢ef.ax = a(ex) (= qle/X)
[PsQl = [PlelQ]
[P<brxQ] = [P]<be[Q]
[PrQl = [PIAIQ]
[uF] = v{tiT(X)|F.t>t}, F monotone orr (X)

Figure 6: Transformer semantics of code.

[Ms] = A{[SF)[Ses}
[magic] = true
[{b}].a = bAg
[(b)].a = b=-q

[us] = Vv{[S[Ses}

Figure 7: Transformer semantics for commands.

4.2.3 Involution

For transformet : 7 (X), itsinvolute t : 7 (X) is defined:

t'.qg = -t—q.

Involution plays an important role in transformer semesitiit is useful for calculation because it obeys
de Morgan’s laws, interchanging demonic and angelic n@mdenism; it provides a duality (as a result)
between termination and enabledness; it converts one dfvtheimulation conditions necessary in the
relational model for data refinement to the other, thus emgiuhat one simulation condition is alone
sufficient for data refinement in the transformer semantisgroperties are:

Theorem. Involution is well defined or{7 (X), <) and satisfies

(24) t monotone = t* monotone
(25) ™ = t

(26) fals€ =true and true' = false
27) (tsu) = tu

(28) (dlr (X))* = id[T(X)]
(29) t*Cu = tJu
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(30) (tnu)*=t"uUu* and (tUu)* =t nu’
(31) )" = ()
(32) t[universally] conjunctive = t* [universally] disjunctive.

4.3 Galois connection

The functionwp: % (X)—7 (X) is defined, for relational computation® (X), postconditiorg: pred X
and statex: X :

wpr.gx = Vy: X, -xry=(y#L AQy).

That says, as it ought, thatp.r.qholds at just those states from which termination is ensured state
satisfyingg. The consequent can be simplified: since the domaiqisfX, qis not defined atl ; so
the first conjunct can, in the presence of the type stategneqit and the understanding thafq. L), be
omitted:

wpr.gx = Vy:X, -Xry=-g.y.

Verification thatwpis well defined (thatvp.ris monotone) is immediate.
It is also routine to show thatpis universally(U, >)-junctive,i.e.from (% (X),C) to (7 (X),>). Thus

)
wp has an adjoint, called thelational projection, rp that can be defined as follows. Rorr (X), rp.t
is the relation orX, defined to be strict and to satisfy, iorX andy: X, ,

x(rpt)y = Vqg:predX-t.gx=qy,

again with the conventiom(qg. L) . In particularrp.false= X; xX, .

Adjunction means that
(33) t<wpr =rCrpt

so that the functiong/p andrp form a Galois connection between the relational and tramsfo spaces
with their orders reversed: froiig (X),C) to (7 (X),>).

Standard theory [13] shows that the Galois connection presenuch of the structure on the two se-
mantics models, except for angelic nondeterminism. Gaiye¢he (elementary) properties we need, in
spite of some being consequences of others:
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Theorem. The Galois connection satisfies

(34) rcs = wpr>wps
(35) t>u = rptCwpu
(36) rpowp = id[® (X)]
37) id[7 (X)] < wporp

(38) wp.(rgs) = (wpr)o(wp.s)
(39) wp.id[X],) = id[7(X)]
(40) rp.(tou) = (rp.t)g (rp.u)
(41) rp.id[7 (X)] = id[X].

(42) YUCT(X)-rp.vU = nrp.(U)
(43) vUC7(X)-rp.AU = Urp.(U)
(44) rptrue = {},

(45) rp.false = X, xX|

(46) VSC R (X) -wp.(US) = Awp(S)
(47) wp. (X, xX;) = false

(48) wp{}, = true

(49) VSC & (X)-wp.(NS) > vwp(S)

The fact that inclusion (49) may be strict indicates why th@eddingwp cannot be used to lift angelic
nondeterminism from relations to transformers. Otherwtise transformer semantics (Figures 4 and 5)
is obtained from the relational semantics (Figures 6 anch@gowp.

5 No relational involution

In this section we establish that there is no function#(X) satisfying the minimum requirements
of an involution—as exhibited by on transformers. Henceforth, semantic brackets refetystehe
relational semantics.

Theorem. There is no functiori on % (X) that is involutive, obeys either of the De Mor-
gan laws and distributes sequential compositianthat satisfies
@ Vvr:g(X)-r~=r
(b) eithervr,s:® (X) - (rus)* =r*ns
or Vrs:g(X)-(rms)=r*us*
(© Vr,sig (X) - (rgs) =r*gs'.
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Proof.  We argue by contradiction, establishing an untenable iierfirst we observe
that Assumptions (a) and (b) are sulfficient to establish ¢juévalence of the two De Morgan
laws in Assumption (b):

(d) (ros)*=r*us" = (rus)*=r*rs-.

The proof is trivial: if the first De Morgan law holds then

(rms)*

= Assumption (a)
(r Ms™)*

= Assumption (b)
(reus)*

= Assumption (a)
rsus*,

so that the second De Morgan law holds, and the result follpnsymmetry.
Now from Law (9) we have

(50) rg(smt) = (rgs)ri(rgt).

But in the light of the calculation above, that is incongisteith the potentially strict Law
(16), because from (50) we can infer, for amg,t: % (X),

(1) rg(sut) = (rgs)U(rgt).
Indeed

rg(sut)
= Assumption (a)
(rg (suy)™

Assumption (c)

= Assumption (b)

= Law (50)

= Assumption (c)
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Assumption (b)

= Assumption (a)
(rgs)u(rst).

It remains to demonstrate that Claim (51) fails fotX) ; a simple example suffices. But in
keeping with the approach of this paper we present it andreatgebraically’. A corollary
of the proof is then that the theorem holds in any (relatikae}l semantic space satisfying
the laws used below.

Consider doubleton state spa¥e= {Xo,x; } and computations

R = (Xx=x0)g(X:=XMXx:=Xg)

S = (x=x)

T = {x#x)sx:=x.
We claim that:
(52) SUT = magic
(53) (RsOU(R;T) = S
(54) Rg (SUT) = magic.

For Claim (52), we reason

SuT

= definition
{(x=x0) L {x#Xo) §X:=Xo

= definition of coercion
skip <1 X = xp > magic

L

(skip <1 X # Xo > magic) ¢ X 1= Xo

= Law (20)
skip <1 X = xp > magic

L

(skip g X :=Xp) < X# Xp I> (magicg X := Xo)

= Laws (7), (12), calculus
skip < X = xp > magic

U

magic I X =Xg > X:=Xg

= Law (19), calculus
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(skipLUmagic) <t X = Xg > (magicLl X := Xg)

= Law (11)
magic <1 X = X > magic

= calculus

magic.

For Claim (53) we showWR S) = (Rg T) = Sand, since each is similar, we prove just one
equality:
RgS
= definitions
(x=x0) 5 (x:=xoMx:=X1) § {(x=Xo)
= definition of coercion

o
9

(skip <t X=X > magic) ¢ (X:=XoMX:=X1) g
skip <1 X = xp > magic)
= Laws (20), (7), (9), (12)
((X:=XoMX:=X1) < X=X > magic) g
(skip <1 X = %o > magic)
= Laws (20), (12) again
(X:=XoMX:=X1) g (skip <1 X=X I> magic)
<4 X=X >
magic
= Law (8)
( (x:=Xog (skip < x=Xo > magic))
A
(X =Xy g (Skip < X = Xp > magic)) )
<4 X=X >
magic
= Law (23)
(skip < true > magic) 1 (skip < falser> magic)
<4 X=Xy >
magic

= calculus

skipmagic
< X=X >
magic

= Law (11)

skip <1 x = Xxp > magic
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= definition of coercion

= definition

For Claim (54), we start by observing thatyif X then the assignment:= vy is total and
hence by Law (13)

(55) x:=ygmagic = magic.

Thus
(X:=XoMXx:=X1) ¢ magic
- Law (8)
(X:=Xp g magic) M (x:=xy g magic)
= Claim (55) and1 idempotent
magic.

Now we observe

Rg (SUT)

definition and Claim (52)
(x=%0) ¢ (X: =X MX:=X1) § magic

= just established
{(x = xo)) § magic

= definition of coercion
(skip <t x =X > magic) ¢ magic

= Laws (20), (12), (13)
magic <1 X = X > magic

= calculus

magic.

Having established the three claims we infer the stricusion sought by comparing Claims
(53) and (54). O

The result of this section may be re-phrased: any attempefioelan involution org (X) by structural
induction over programs leads to inconsistency unlessaat lene of the properties (a) to (c) is vio-
lated. In the following three sections we consider weakierahtives to an involution by weakening our
requirements and being guided by semantic considerations.
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Complement 18

6 Complement

To begin our quest for ‘weak involutions’ ar (X), the most obvious priori choice seems to lie with
some form of set-theoretic complement on the grounds tkatigfies the De Morgan laws, interchanging
unions (.e. demonic nondeterminism) and intersections. @ngelic nondeterminism).

On inspection we are confronted with two alternatives. Befimaking the result healthy we could
complement with respect to all statég(including L) or with respect to just proper stateg(excluding
1). The former operation we call ‘complement’ and investgiatthis section; the latter we call ‘proper
complement’ and investigate in the next. We shall see thtt &ie severely restricted compared with
involution on transformers.

Thecomplementf a relationr : X, <» X, is defined to be the relatian: X, <X, that is the complement
of rin X, xX, , made healthy:

r = h((XLxXL)\r)

Simple examples show that bothclosure and upclosure are necessary in order for completodre
well-defined ong_(X), the object of our interest. An equivalent definitiorris= h.((XxX_)\r).

Complement shares only a few of the properties of involutarr (X) because it is so severe. Indeed
translated to computational terms, the following resutives that if, from an initial state, a command
is either not enabled or terminating then its complemergrdies there; whilst if the command diverges
then its complement is not enabled. So from any initial stéecomplement is either not enabled or
divergent.

Theorem. The complement of a relation is healthy: for any relatioon X, , 7: % (X) .
In particular, complement is well defined en(X) . Furthermore, for any: ® (X) and any
XX,

r(x) = ({}axrLl>X)).

Proof. By definitionT is both strict and upclosed, and hencei(Xx).

We observe that if is healthy andkr L thenr.( x| = X, , hencer.( x) = {} and so the
first part of the dichotomy holds. For the second part;(kr L) then L& r.( x]) and so
Ler.(x) which by healthiness meang| x ) = X, . O

By having at most two outcomes from each initial state, cemant identifies quite different computa-
tions. As a result it satisfies its laws really by default:

Corollary.
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1. Foranyr:® (X),T Cr and for anyx: X
r.(x) =r.(x) iff r(x)={}orX..

2. Foranyr,s:® (X),

rcsimpliesros and

=
oo
oo

Also |d[X]J_ = X xX, .

3. For any subseE of £ (X), UE=NE and NE = UE. In particular

. For any predicatb on X and anyx: X,

[{o}].(x) = Xy abxe>{} and  [{b)].(x) = X,..

For any relations andson X, ,

rbr>s2>r<bp>s.

Furthermore each containment (in 1, 2 and 4) may be strict.

Proof.

1. We reason

F.(X)

{}<]XTJ_ > X,

previous theorem

= T healthy
{}ar(x)=X.> X,

= r healthy
{}<a-(xrl)> X,

= calculus

X, <xrlo{}

from which the claims follow.

2. Co-monotonicity follows because complement is obtalmedomposing the co-monotone
function ‘set complement’ with the monotone function ‘Hiaglclosure’.

For sequential composition we reason
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rgs.(x)

= previous theorem
{}<ax(rgs) L > X,

= definition of composition

{}<(xrL v (=xrLAQ@y:r.(x)-ysl))) > X,

= calculus
{}<a(xrL v 3y:r.(x)- -ysL)> X,

= definition of complement
{Ya@(x)={} v 3y:r(x)-sy) ={})>X

= set theory

{}amx)={} vIy: X, -s(y)={}) > X,
= definitions of composition and complement
Fes(x)

In general the reverse inclusion does not hold, as shown hgidering the relational
semanticg = [[skip]] ands = [[abort]:

I's 8= [skip] 5 [abort] = [abort] = [magic]

whilst

75 3= [skip] s [abort] = [[abort] s [magic] = [abort],

which establishesgsCTgs.
The calculation for the identity is routine.

3. De Morgan’s laws, and hence the extreme cases, followasimi
4. The first two claims result from routine calculation. Bys

[{p3]-(x)

= previous theorem

{1 <ax[{o}] L> X,
- x[{b}] L = —bx

X, <bx>{},

and secondly

TEB)T-(x)

= previous theorem

{} < x[{b)] L> X1
- —X[(b)] L = false
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Xi.

For the third claim, for any: X ,

f<br39).(x)
= definition of binary conditional
F.(x) <bx>3s.(x)
= definition of complement
{}<axrle X)) <bxe> ({}<axsl> X))
= calculus
{} < (bxAxrl)Vv(-bxAxsl) > X,
= definition of binary conditional
{}<ax(r<brex)L>X,

= definition of complement
(r<bres).(x).

To show the inclusion may be strict take, in the relationahaetics,r = [[skip] and
s= [[abort] so that the conditional is an assertion. So using the firghcla

rgbes={}, whist r<b>s= X <bxr>{},
hence

Frdb>scr<br>s.

Thus complement happens to be sub-involutiverdiX) , co-monotone, sub-distributes sequential com-
position, interchanges angelic and demonic nondeterminfeence) interchangingbort and magic,
takesskip to magic, takes an assertion to a binary conditional betwaleort and magic, and takes a
coercion toabort. However from the theorem we see that it identifies too mamgpedations to be
useful.

7 Proper complement

The proper complementf a relationr : X, <X, is defined to be the relation: X, <X, that is the
complement of in XxX, made healthy:

r2= h((XxX)\r).
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In fact only L-closure is necessary there in order for proper complentebe twell-defined o (X),
because proper complement loses information about dimeegend so upclosure is redundant.

We find, as a result, that proper complement identifies faef@m@mputations than does complement: the
only behaviours that are identified are divergence andrargiterminating behaviour from some state
(both, we shall see, being mapped to not enabled behavionr thiat state).

Theorem. For any relatiomr on X ,
r(x) = (Xp<gx=LrpX\r.(x)).

In particular, proper complement is well defined ®1iX) .

Proof.  The first identity follows by definition and well-definedndsfiows from it im-
mediately. O

Proper complement is sub-involutivgg r, is contained in complement, is co-monotone, satisfies De
Morgan’s laws over nonempty sets, and takes not enabled/ioeindo arbitrary termination.

Corollary.

1. For any relatiom on X, and anyx: X,
rix) = Xe<ax=Lpe (r.(x)<r.(x)<X>X)).
Hence proper complement is sub-involutiveC r .
2. Proper complement is contained in compl_ement: for argticelr on X, , rCT.
3. For any relations andson X
rcs implies rOs.
Butin general g s#r s, and in particularid [X] . # {}. .

4. For any seE of relations onX, , NE = UE, and ifE is nonempty the/E = NE. In
particular,

{Jr=(XxX)1 and X xX; ={}.=XxX)..

5. For any predicatb on X and anyx: X, in the relational semantics,

[fo}].(x) = [neq< b magic].(x)
M.q x) = [neq< bt choosd.(x).
and for any relations andson X ,

r<bss=r<brs.

Report No. 391, February 2008 UNU-IIST, P.O. Box 3058, Macao



Proper complement 23

Furthermore each containment (in 1, 2 and 3) may be strict.

Proof.

1. We reason

r.(x)

= previous theorem
X <ax=L > (X\r.(x))

= previous theorem and calculus
X <ax=L > (X\(X\r.(x)))

= set theory
X <ax=L > (r(x)<r.(x)<X>X).

Therefore
r = (rN(XxX)). Cr.

The claimed sub-involutivity follows. Routine verificaticshows that the relational
semantics of the commandbooseandabort have the same proper complement, so
strict inclusion may hold.

2. We reason from elementary set theory:
true
=
XxX C X xX|
= calculus
(XxX)\r € (X xX)\r
= h monotone
h.(XxX)\r) € h.((X.xX)\r)
= definitions
r cr.

Strictness follows by taking, for example, = XxX, so that the left-hand side is
{L}xX, and the right-hand side ¥, xX, .

3. Antimonotonicity follows as in the previous corollary.
However proper complement fails to distribute sequentahgosition,

(56) rgs#rgs,

even weakly ite. in one direction). A simple example demonstrating that inegel
no inclusion holds between those two sides is obtained bgidering state space

Report No. 391, February 2008 UNU-IIST, P.O. Box 3058, Macao



Proper complement 24

X = {0,1} and commandskip and neq (recall that the latter chooses a final state
different from the initial state; we are concerned only wsthte space having more
than one element). Their relational semantics are, reispgst

ro= [skip] = {(0,0),(L,1)}.
s = [req = {(0,1),(1,0)}.

which are proper complements. We infer that

r¢s=s=r and rgs=sgr=s,

so the two sides of (56) are nonempty and disjoint on propeest
It also follows that

id[X]. = [neq] # id[X]. -

4. For a nonempty sé of relations we reason

UE

= definition of proper complement
h.(XxX) \ UE)

= calculus and? nonempty
h.(N{(XxX)\r | r € E})

= h distributes intersections
N{h.((XxX)\r) |r € E}

= definition of proper complement
Mr|reE}

= notation
NE.

TakingE = { } we find

Ui

= definition of proper complement
h.(XxX)\U{})

= calculus
h.(X x X)

= definition ofh
(Xx X)L

D) calculus
X x X,
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= calculus
Nrlre{}}
= definition
ﬂﬂ.
The dual NE=UE follows similarly but there is no need for the restriction to
nonempty sets since,R= { },
n{}
= definition of proper complement
h.(Xx X)\N{})

h.((X x X)\ (XL x X))

h.({})

{}1

ufrfre{}t}

u{}.

5. We reason

[fb3]-(x)

Xy < x= Lo (X\[{b}].(

x))

X, < x=1p>(X\{x} < bxr>X)))

X, <ax=1Lp ((X\{x})< bx>{})

[neg< b > magid].(

X)),

calculus

calculus

definition ofh

calculus

definition

characterisation of proper complement

definition of assertion

calculus

definitions of relational semantics and (4)

and similarly for coercion.
For the last part

(r<abrs).(x)
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= definition of binary conditional

=

AX) < bxres(x)

= definition of proper complement
(X, < x=1L > (X\r.(x)))< bx> (X, <x=1 1 (X\s(x)))

= calculus

X, < x=1L > ((X\r.(x))< bx > (X\s(x))

= definition of binary conditional
X; < x=1>X\(r(x)< bxrs(x))

= definition of proper complement
(r<gbr>s)(x).

8 Galois Star

The previous two complement-based attempts at definingvatution on® (X) satisfied too few laws
to be of use, because they failed to preserve important ctatigoal distinctions.

An alternative weak involution may be defined by translatmgelations the involution on transformers,
using the Galois connection of section 4. Accordingly werdetheGalois starof a relationr ;: X, <X
to be the relatiom™ : X, <X, ,

rm = rp.((wpr)).

Theorem.  Galois star is well defined oR (X): indeed for any relatiom on X, , rt e
R (X) . Furthermore for any proper state

xrly = x=Lvr.(x)C{y}.

Proof.  Galois star is the composition of three functions, the l&stlwose range lies in
R (X), and so the first claim follows.

For the second claim we argue routinely thak,if: X, , then

xrTy
= definition of Galois star

x(rp.(wpr)*)y
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= definition ofrp
x=1 Vv Vqg:predX- (wpr) .gx=qy
= definition ofwp and calculus

x=1 v Vvqg:pred X  (Yw:X - =q.wV =Xrw)Vaq.y

= calculus
x=1 v Vvw:X-xrw= (Vq:pred.X - gw=-q.y)
= calculus
X=L1 VVYw: X -Xrw= (w=y)
= calculus
x=L Vvr.(x)C{y}.

O

As a resultrT.( x ) is severely constrained: it can be empty, a singleton orfa 0. In particular we
are already able to see the extent to which Galois 'statains the switching of demonic and angelic
nondeterminism, exhibited by the transformer involution Indeed a commané@ exhibits demonic
nondeterminism or diverges at (proper stateff, in the relational semantics, there is gdor which
[P].( x) < {y}; which holds iffx ¢ dom[[P]"; which holds iff[P]" is not enabled at. More precisely,
we have:

Corollary.

1. Forany relatomonX,, r'TDr.
2. For any relations andson X ,

rCsiff rfost
(rg9) = r'gs
id[X] . " =id[X], .
3. For any subsédt of relations onX | ,
(UE)T=nE" and (NE)" D UET.
In particular,
(3T =xoxXe and (XoxX)T= {1} = ((XxX)1)".
4. For any predicatb on X,
[{o3]" = [(b)]] and [[(b)]" = [{b}],

and for any relations andson X ,

r<abess)’ = rfab>s.
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Furthermore the containments in Parts 1 and 3 may be strict.

Proof.

1. lterating the characterisation of the theorem we find

xr'ly = x=1LvVzX, -r.(x)C{z} = (z=Y).

Evidently if xry then that condition holds, and sb' D r as required.
Routine calculation shows that Galois star is not injectivel so not involutive; a

particular strict containment is:
(XxX), T = (X, xX) D (XxX),.

2. For co-monotonicity we reason

rcs

=

wp.r > wp.s

=

(wpr)* < (wps)"
=

rp.((wpr)*) 2 rp.((Wp.s)*)

—+

rfosh.

Law (34)

Law (29)

Law (35)

definition of Galois star

For sequential composition we reason using simple praserti

(rgs)t

rp.((wp.(r 5 s))")

rp.((wp.rowp.s)*)

rp.((wpr)®o(wps)*)

rp.((wpr)?) s rp-((wp.s)")

rfesth.

definition of Galois star

Law (38)

Law (27)

Law (40)

definition of Galois star
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Let us continue to writéd[X], for the healthy identity relation oK, but alsoid[7]
for the identity predicate transformer. Then for the lastctaim we reason

id[x], "

definition of Galois star

Law (39)

Law (28)

Law (41)

3. For any subsdt of relations onX; we reason for the first identity as follows.

(UE)T

rp.((wp.UE)")

rp.((AM{wp.r | r € E})%)

rp. v{(wpr)*|r € E}

N{rp.((wp.r)*) | r € E}

n{rt|reE}

NET.

For the refinement we reason
UET

u{rp.((wpr)*) | r € E}

rp. A{(wpr)*|r € E}

rp.((V{wpr | r € E}))

definition of Galois star

Law (46)

Law (30)

Law (42)

definition of Galois star

definition

definition of Galois star

Law (43)

Law (30)
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- Laws (35), (49)
rp-((wp.n{r|reE})")

= definition

rp.((Wp.NE)")

= definition of Galois star
(NE)T.

A simple example showing that the De Morgan containment neestiict, is obtained
by taking state spacé = {0,1} and the relational semantics of assignments

ro= [x=0 = {(x0)[xeX},
s = [x:=1] = {(x1)|xeX},,

sothatrNs={},,r' =rands' =s. Thus
(rng)t = X, xX, > rus = rfus'.

The first extreme case is the vacuous case of the first De Modgautity. Since the
second does not follow from the De Morgan containment justgul, we calculate (the
remaining equality being similar),

(X xX)T

= definition of Galois star

rp.(Wp.(X1xX1)*)

= Law (47)
rp.(false)

= Law (26)
rp.true

= Law (44)
{}..

4. The arguments for assertions and coercions are simil@egwesent just one. Choos-
ing to reason from first principles in the relational semantve have, for any proper
states,y,

x[{b}]"y

= definition of Galois star
xrp.((wp.[{b}])")y
= definitions ofrp, wp, assertion, involution and calculus

vVq:predX - ((b.x=0.x) A (q# false)) = q.y
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= calculus

= relational semantics, Figure 5

For binary conditional we reason from the two algebraicespntations:

rabss)t
= Law (22)

([{oM v U [{-b)59)"

Part 3

([ s T N ([¢-b)] 5 9)

- Part 2

([T 5 ") N ([¢-b)]"5s")

= previous sub-part of 4

[} sr" N [{-b}]ss

= Law (21)
rf<abesh. O

Thus Galois star is sup-involutive and co-monotone, obagt gne of the De Morgan laws between
angelic and demonic nondeterminism, and half the othemllyitt distributes sequential composition
and binary conditional, preservskip, interchanges assertions and coercions, and in partitigddrivial
cases obothDe Morgan laws hold: it interchangadort andmagic.

9 Applications

Dijkstra and Scholten [5] prove, from their axioms for p&te calculus, that in the transformer seman-
tics the property of being predeterministic is preserveddsneral) conditional with pairwise disjoint
guards and by iteration. Maddux [9] infers the same resnlthe transformer semantics (and the analo-
gous result for sequential composition) from the relati@@mantics and Tarski’'s axiomatisation of the
calculus of relations due to Boole, De Morgan, Peirce anadsigr.

Here we extend the treatment to include commands as welt&s @oncentrating on just the conditional,

we provide proofs in the relational semantics that are naidBr compelling because they resemble
Boolean-algebra proofs by exploiting weak inversion inghape of Galois star. And we compare those
proofs with straight algebraic proofs that require resalisut co-atomicity under refinement, reflecting
our earlier algebraic formalisation of notions related ébedminism in Section 3.2.
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9.1 Algebraic approach
The result for binary conditional, proved algebraicaly/as follows.

Theorem. If bis a predicate on state space and commahdsd Q are deterministic
[predeterministic, postdeterministic] then so too is tiraby conditionalP <t b > Q.

Proof.  We expand a coerced binary conditional

(x=x) s (P<br>Q)
= definition of coercion and Laws (20), (7)

(P<br> Q)< x=x >magic
= calculus

(P<bx >Q) < X=Xy > magic.

From this the claims follow. For example if andQ are enabled aty then so too is the
coerced binary conditional since eithekg or not; and if the coerced binary conditional is
strictly refined byR then atxg eitherP or Q is strictly refined byRand soRis magic. O

However that result does not extend to (general) conditsord which it suffices here to consider the
following special case. Recall that for predicateandb on state space and commarilandQ, the
conditionalif a— P [] b— Q fi aborts unless eitheror b holds; if justa holds it behaves lik; if just

b holds it behaves lik€ ; and if both hold it behaves (demonic) nondeterministicae eitherP or Q.
Conditional can be defined, without having to define guaradedmands, by extending Law (21) (rather
than its successor):

(57) fa—=P[b—Qfi = ({a}sP)u({b}:Q).

We say that andb aredisjoint iff their conjunction is false. Then i andb are not disjoint and® and

Q are deterministic [postdeterminstic], the conditionahat deterministic [postdeterminstic] at some
states. Nonetheless the previous theorem generalisesHirmary conditionals to conditionals in the
following result, whose proof extends that of the previdu=orem.

Theorem. If aandb are disjoint predicates on state space BrashdQ are predetermin-
istic commands then so too is the conditioiied — P [| b — Qfi.

Proof.  Now the coerced conditional is expanded one step furtheesimndb need not
be complementary:
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({a} s P U {b} ¢ Q) < x=x > magic

= as before
((P< a >abort) LU (Q< b >abort)) < x=Xp > magic

= calculus, using disjointness

(P< ax > (Q< bxy >abort)) <« x=x > magic

and the desired results follow from that. For exampR #ndQ are enabled at; then so too
is the coerced conditional, by case analysis; and if theceokeconditional is strictly refined
by Rthen eithelP or Q is strictly refined byR atxg ; and so the conditional is co-atomicl

9.2 Relational approach

In this section we use Galois star to provide proofs in thati@hal semantics that share with Boolean
algebra the use of (weak) inversion. The observation thelbles us to do so is Law (62):

Theorem. LetP be a command. In the relational semantics, at an arbitratgst

(58) P is postdeterministic = [P]".(x) 2 [P].(x)

(59) Pisenabled = [P]".(x)C[P].(x)

(60) Pis deterministic = [P]".(x) = [P].(x)
[PI.

(61) Pis post or pre deterministic=
(62) Pis predeterministic = ([P]TTUP]").(x) C [P].( x)

Proof.  Writer = [[P]] in the relational semantics.
For Equivalence (58), we have

rf.(x)2r.(x)
= definition of relational image

Vy: X, - xry = xrly

= t theorem
Vy: X, -xry = r.(x) C{y}

= calculus
r(qx)={} vér(x)=1

= definitions

P not enabled or deterministic at
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For Equivalence (59),

= definition of relational image and 1 theorem
Vy: Xy -r(x) C{yt = xry

= calculus
Jy: X, - Xry

= definition

P enabled ak.

Equivalence (60) is an immediate consequence of the first two

For (61), the usual calculations show implication from leftright. Assuming now the
inclusion on the right, recall thaf .| x ) can only be empty, singleton or all &, . The
first case yields nothing; the second case yiel@ix ) a singleton (because if it were larger
thenr™.( x ) would be empty and so'™.( x ) would be all ofX, , a contradiction); and the
third case yields'™.(x ) = X, =r.(x). Inthe first cas® is not enabled at; in the second
caseP is deterministic ak; and in the third casP aborts atx. ThusP is postdeterministic
or predeterministic at.

Finally (62) follows from (59) and (61), with the observatithatP is predeterministic iff it
is enabled and either postdeterministic or predeterniinist O

The last theorem of the previous section can now be provew wgeak inversion in the guise of (62).
For convenience we again write= [P]] ands = [Q] in the relational semantics and abbreviate the
conditional asffi .

Proof.  As before, we start by using disjointness to infer
[iffi].(x) = r.(x)< ax>(s(x)< bx > [abort].(x)).

Thus, reasoning to establish (62),

[iffi ™. x ) Ui .4 x )
= previous inference

r.(x) < ax > (s(x) < bx > [abort].( x)))

—~

-

r.(x) < ax > (s(x) < bx > [abort].( x)))

—~

Parts 4, 3 of corollary and calculus
rt(x)urt(x)) < ax > (M. (x)us'.(x)) < bx > [abort].( x))

assumption om ands

—~

N
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r.(x) < ax o (s(x)< bx > [abort].( x))
= notation

[iffi].(x),

as required. a

The theorem of the previous section, for binary conditipnah be established by similar techniques (as
can the appropriate determinism of other combinators).

10 Conclusion

This paper has promoted the use of algebra—of combinatdteiprogram and command calculii—to
express properties, and reason about them, in situatioesevgemantic reasoning is more usuab(
termination). That has enabled us to extend certain defirsitirom programs to commands, and reason
in a uniform way about bothe(g.in Section 9).

But our explicit target has been the extent to which the stradly-important and well-behaved involu-
tion on predicate transformers carries over to binary imat After showing that the relational structure
is not consistent with an involution, two ‘weak’ involutisrare considered but discarded as being too
weak in the sense that they fail to distinguish too many cdatfmns. A third involution—still weak but
better behaved than the others—is defined by translatingrahsformer involution using the weakest-
precondition Galois connection between relations andformers. That weak involution, Galois star, is
shown to be just strong enough to facilitate algebraic neiagan a simple benchmark situation: preser-
vation of forms of determinism (but generalised from progsato commands). The conclusion is that
Galois star does afford the kind of reasoning with which we familiar from Boolean algebra, even
though it is inevitably doomed to be weaker.
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