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Abstract

The standard Galois connection between the relational and predicate-transformer models of sequential
programming (defined in terms of weakest precondition) confers a certain similarity between them. This
paper investigates the extent to which the important involution on transformers (which, for instance,
interchanges demonic and angelic nondeterminism, and reduces the two kinds of simulation in the re-
lational model to one kind in the transformer model) carriesover to relations. It is shown that no exact
analogue exists; that the two complement-based involutions are too weak to be of much use; but that
the translation to relations of transformer involution under the Galois connection isjust strong enough
to support Boolean-algebra-style reasoning, a claim that is substantiated by proving properties of deter-
ministic computations. Throughout, the setting is that of the guarded-command language augmented by
the usual specification commands; and where possible algebraic reasoning is used in place of the more
conventional semantic reasoning.
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Introduction 1

1 Introduction

We adopt the familiar view that a semantic model for programming, and for the development of programs
from specifications through designs to code, consists of a partially-ordered space. The elements of
the space are designs expressed in code—‘programs’—and designs (including specifications) expressed
using more general ‘commands’. The partial order is that of (‘more-determinstic-than’) refinement.

The two main semantic models for sequential programming, the relational model (see, for example,
Hoareet al.’s [8]) and the predicate-transformer model (Dijkstra’s [4]), are congruent on programs—
which we take to consist essentially of Dijkstra’s guarded-command language (loc. cit.). The congruence
is established by the Galois connection consisting of the weakest-precondition function from relations to
predicate transformers and its adjoint, relational projection, in the other direction.

But the two models diverge with the incorporation of commands more general than programs, like
partially-enabled computations (guarded commands), unbounded demonic nondeterminism and angelic
nondeterminism (the work of Back [1], Morgan [10], Nelson [12] and Morris [11]). For example they
handle angelic nondeterminism quite differently, and the transformer model is endowed with an invo-
lution that accounts for its quantitatively-better structure. Indeed transformer involution interchanges
demonic and angelic nondeterminism (see Back and von Wright’s [2]), interchanges precondition and
guard (the same authors’ [3]), reduces the two simulations required for completeness of data refinement
in the relational model to a single complete rule in the transformer model (see Gardiner and Morgan’s
[7] or de Roever and Engelhardt’s text [6]), and facilitatesfamiliar Boolean-algebra style of reasoning
(Back and von Wright’s [3]).

So on one hand the binary-relation and predicate-transformer models share substantial similarities and on
the other they exhibit important differences. In this paperwe investigate the extent to which the relational
model retains vestiges of transformer involution, and how useful that is.

We begin with a simple result: relations possess no equivalent of transformer involution. That means,
of course, that any attempt to define an involution by structural induction on relations must fail. But it
leaves open the possibility of ‘weak’ involutions: functions on the relational model that satisfy merely
some of the properties enjoyed by an involution.

The first two putative weak involutions we consider are basedon set complement in the relational model.
Unfortunately both turn out to be too weak because they identify too many computations. So we con-
sider the translation of transformer involution to relations using the Galois connection, and call the result
Galois star. It is better behaved than the previous candidates, but an experiment is required to deter-
mine whether or not its properties are strong enough to support the kind of reasoning that transformer
involution permits on transformers.

For that experiment we choose a topic that has emerged as a ‘bench mark’ [4, 5, 9] for such kinds
of reasoning (at least when restricted to the guarded-command language proper): the consideration of
determinism. Extending that concept to partially-enabledcomputations, we distinguish deterministic,
predetermistic and postdeterministic computations. A deterministic computation terminates in each ini-
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Notation 2

tial state with one (state-dependent) value; a predeterministic computation at each initial state either fails
to terminate or terminates with one value; and a postdeterminstic computation at each initial state either
fails to be enabled or terminates with one value. (Note that some authors use ‘determinstic’ for our ‘pre-
deterministic’.) Then a standard ‘test’ of a formalism for reasoning about computations is the ease with
which it is able to reason about preservation of determinism: if computationsP andQ are predetermin-
istic then so too is their sequential compositionP ◦

9 Q and their conditionalif a → P [] b → Q fi with
disjoint guardsa andb ; whilst the binary conditionalP � b � Q preserves all three kinds of determin-
ism. Reasoning in the transformer model was originally due to Dijkstra [4], then to Dijkstra and Scholten
[5], and in the relational model with Tarski’s axioms to Maddux [9]. For comparison we also give a proof
in the program calculus itself—without any particular semantic model. Such a step we regard as hugely
preferable. Indeed one of the techniques promoted in this paper is algebraic reasoning about concepts
normally handled semantically.

The paper proper begins, in Section 3, with a summary of programs (the guarded-command language)
and their more general commands. It summarises, in Section 4, the relational and transformer models
and the Galois connection between them. It then proves, in Section 5, the absence of an involution on
the relational model, considers the two complement-based candidates in Sections 6 and 7 before settling,
in Section 8, on Galois star which is applied in reasoning about forms of determinism in Section 9. But
first, notation must be established.

2 Notation

Pertaining to logic, we write:

=̂ for equals by definition;
a:A to meana is of typeA;
pred.X for the type of predicates onX, where predicates are Boolean-valued functions and sub-

stitution is functional application (possible because we consider predicates over only a single state space
of Cartesian-product type);

formulae like∀a:A · p in which the dot simply acts as a syntactic separator;
p � b � q for thebinary conditional, ‘p if b elseq’ ;
≤ for implicationon predicates; the infix relation it engenders we write instead⇛.

Pertaining to binary relations:

A↔B denotes the type ofbinary relationsfrom A to B andA→B the type of (total)functionsfrom
A to B ;

id[A] denotes theidentity functiononA ;
functional applicationis written ‘.’ (as inf .x) and associates to the left;
composition of functionsis written◦ (as inf ◦g);
binary relations are written ininfix; thusr relatesa andb is writtenarb ;
(forward) relational composition, as well as sequential composition in the programming lan-

guage, is written◦9 (so that if binary relationsf andg are actually functions then their forward relational
compositionf ◦

9 g equals their functional compositiong◦ f );
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Command calculus 3

relational imageat a point is writtenr.(| a |) (and equals{y | ∃x:a · xry}) .

From partial orders we need the following concepts. If(X,≤) and(Y,≤) are partial orders then a pair of
functionsf : X→Y andg : Y→ X forms aGalois connection[13] means that they satisfy the equivalence

f .x≤ y ≡ x≤ g.y

A function f : X → Y between partial orders is said to beuniversally [positively] disjunctiveiff

f .∨X = ∨{f .x | x∈ X }

for all [all nonempty] subsetsX of X (and analogously for conjunctivity).

The semantic denotation of a commandP is written [[P]] . Two semantic models are considered (binary
relations and predicate transformers). When confusion could arise by our use of the same notation for
two distinct semantics, we clarify which is meant.

More specific notation (like the healthy closure of a binary relation) is introduced as it is needed.

3 Command calculus

This section summarises the language this paper uses for describing ‘programs’ (or ‘code’) and their
generalisations ‘commands’ (or ‘specification computations’), and the laws they satisfy. Concepts like
‘deterministic’ and ‘terminating’ that are normally applied just to programs (and defined semantically)
are here extended to commands and defined algebraically. That enables us to reason algebraically about
those concepts.

3.1 Programs

We denote byX the global state space of the programs under consideration;it is the Cartesian product of
the types of the various program variables. The state of a program is thus denoted by a vectorx:X.

The syntax of our version [8] of Dijkstra’s guarded-commandlanguage is summarised in Figure 1. Com-
putationskip terminates without changing state and computationabort corresponds to divergence. In
assignment, the statex:X is updated to take the value of the well-typed (well defined: terminating and
single-valued) expressione. Sequential composition is standard. Binary conditional is writtenP � b� Q
to expressP if b elseQ, whereb is a (totally defined) predicate on state.

Demonic nondeterminism arises from abstraction of blocks defined at a lower level of abstraction to-
gether with the requirement for local reasoning; it corresponds to a choice between its arguments whose
resolution lies beyond the current level of abstraction. Recursion is modelled as least pre-fixed point.
For simplicity we do not here include local block or procedure invocation. Refinement corresponds to
removal of demonic nondeterminism, so thatP⊑ Q =̂ P⊓Q= P.

Report No. 391, February 2008 UNU-IIST, P.O. Box 3058, Macao



Command calculus 4

skip no op
abort divergence
x := e assignment
P ◦

9 Q sequential composition
P � b � Q binary conditional

P⊓Q demonic nondeterminism
µF recursion

P⊑ Q refinement

Figure 1: Syntax for programs and the refinement pre-order.

⊓P arbitrary demonic nondeterminism
choose arbitrary assignment
magic unenabled computation
{{p}} assertion
〈〈p〉〉 coercion
⊔P arbitrary angelic nondeterminism

Figure 2: Syntax for commands (although an assertion is code).

3.2 Commands

A computation that is a program, or code, is regarded asexecutable. The commands which extend
programs are summarised in Figure 2. Extending the operators (and hence also the ordering) in Figure 1
to commands, the result is a partially-ordered space of computations that we denoteL (X).

Arbitrary demonic nondeterminism is infimum in the refinement ordering and so extends the binary
version expressed in programs. Empty demonic nondeterminism is thus the greatest element ofL (X):
⊓{} = magic; it refines every command and represents a computation whichis never enabled. Since
arbitrary infima exist, so too do arbitrary suprema. Arbitrary angelic nondeterminism is supremum in the
refinement ordering; empty angelic nondeterminism is thus the least element:⊔{} = abort.

For a predicateb on state spaceX , the computationassert bskips if b holds but otherwise fails to
terminate:

{{b}} =̂ skip � b.x � abort ;(1)

thus it is actually code. Computationcoerce bskips ifb holds but otherwise is not enabled:

〈〈b〉〉 =̂ skip � b.x � magic.(2)
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The computationchooseterminates in an arbitrary state:

choose =̂ ⊓{x := y | y∈ X} .(3)

When the state space is infinite that is not code. The computation neq terminates in a final state different
from its initial state:

neq =̂ ⊓{x := y | y 6= x0}(4)

wherex0 denotes the initial state and the predicatey 6= x0 is a finite conjunct if the state space is finite.

The important computational concepts of termination, enabledness and determinism are expressed al-
gebraically as follows. Suppose thatP is a command andx0 : X is a state. ThenP aborts at x0 iff the
computation might not (equivalently ‘will not’ in the standard (Hoare/Dijkstra) model we follow here)
terminate there

{{x = x0}} ◦
9 P = abort .

CommandP is enabled at x0 iff it may (equivalently ‘does’) begin there

〈〈x = x0〉〉 ◦
9 P 6= magic

which is equivalent (in view of Law (17) to follow) to

〈〈x = x0〉〉 ◦
9 P ◦

9 abort = abort .

P terminates at x0 means that it is enabled but does not abort there.

ComputatonP is deterministicat x0 means thatP is enabled there and terminates in only a single final
state. To define that term: commandP is co-atomicat x0 iff at x0 , P does not equalmagic and no
commands lie strictly betweenP andmagic

〈〈x = x0〉〉 ◦
9 P 6= magic(5)

∀R:L (X) · 〈〈x = x0〉〉 ◦
9 P ⊏ R ⇒ R= magic.(6)

ThenP is deterministicatx0 iff

∀x0 :X · 〈〈x = x0〉〉 ◦
9 P is co-atomic.
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Command calculus 6

CommandP is postdeterministicat x0 iff either it is not enabled there or it terminates in only a single
value:

∀x0 :X · 〈〈x = x0〉〉 ◦
9 P 6= magic ⇒ 〈〈x = x0〉〉 ◦

9 P is co-atomic.

Finally P is predeterministicat x0 iff it is enabled there and either does not terminate or is deterministic:

∀x0 :X · 〈〈x = x0〉〉 ◦
9 P 6= magic

∧
{{x = x0}} ◦

9 P 6= abort ⇒ 〈〈x = x0〉〉 ◦
9 P is co-atomic.

A command is terminating [always-enabled, deterministic,predeterministic, postdeterministic] means
that it is terminating [enabled, deterministic, predeterministic, postdeterministic] at each initial statex0 .
In particular a command is deterministic iff it is predeterministic and postdeterministic. Code is always
enabled; and the celebrated loop rule ensures termination of code in the form of an iteration. Butmagic,
for example, is not enabled (hence) not terminating, but is postdeterministic. It is convenient to keep in
mind that in the transformer model (at least), enabledness plays for commands a rôle dual to that which
termination plays for code. A consequence of our interest inrelational involutions is the extent to which
that remains true for the relational model.

3.3 Calculus

The languageL (X) has the algebraic structure summarised in Figure 3 (which does not claim to list all
laws).

Commandsabort andmagic are not zeroes on both sides for sequential composition, forthat would
imply their degeneration (to the same command). Nor does sequential composition distribute demonic
nondeterminism and angelic nondeterminism on both sides. Nonetheless under demonic nondetermin-
ism and sequential composition,L (X) forms what might be called apre-quantal(by comparison with the
definitions in Rosenthal’s text [14] on quantales): the⊓ of arbitrary subsets exists and sequential com-
position is associative with an identity,skip; also sequential composition distributes arbitrary demonic
nondeterminism in its left-hand argument, and distributesnonempty(the reason for the ‘pre’) demonic
nondeterminism in its right-hand argument.

In spite of the failure of sequential composition to distribute angelic nondeterminism,L (X) forms a
complete lattice in which each command is the angelic choiceof the compact commands1 it refines. But
equality holds in refinements (14) and (16) if each command being distributed is predeterministic.

The operators of sequential composition and binary conditional are monotone in each argument.

1A command iscompactif it aborts outside a finite set (on part of which it may, of course, be unenabled; by comparison, a
compact program aborts outside a finite set but is everywhereenabled).
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(L (X),⊓, ◦9,skip) forms a pre-quantal(7)

(⊓P ) ◦
9 R = ⊓{P ◦

9 R | P∈ P }(8)

P ◦
9 (⊓Q ) = ⊓{P ◦

9 Q | Q∈ Q } , if Q nonempty(9)

(L (X),⊑) forms a complete lattice and a domain(10)

with maximummagic and minimumabort(11)

magic ◦
9 R = magic(12)

P ◦
9 magic = magic, if P always terminates(13)

(⊔P ) ◦
9 Q ⊒ ⊔{P ◦

9 Q | P∈ Q } , = if all P:P are predeterministic(14)

abort ◦
9 Q = abort(15)

P ◦
9 (⊔Q ) ⊒ ⊔{P ◦

9 Q | Q∈ Q } , = if all Q:Q are predeterministic(16)

P ◦
9 abort = abort , if P always enabled(17)

(P � b � Q)⊓R = (P⊓R) � b � (Q⊓R)(18)

(P � b � Q)⊔R = (P⊔R) � b � (Q⊔R)(19)

(P � b � Q) ◦
9 R = (P ◦

9 R) � b � (Q ◦
9 R)(20)

P � b � Q = {{b}} ◦
9 P ⊔ {{¬b}} ◦

9 Q(21)

= 〈〈b〉〉 ◦
9 P ⊓ 〈〈¬b〉〉 ◦

9 Q(22)

(x := e) ◦
9 (x := f ) = x := f ◦e(23)

Figure 3: Laws for the languageL .
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Program semantics 8

4 Program semantics

This section summarises the relational and predicate-transformer semantics ofL (X) and the (Galois)
connection between them. In each case the semantics yields apre-quantal-right module.

4.1 Relational semantics

In this section we give the relational semantics of the languageL (X) , first for code. Each command is
represented as a relation from initial states to the final states attainable from each initial state.

4.1.1 Relations

The state space augmented with the improper state⊥ (representing nontermination) is denotedX⊥ =̂
X∪{⊥} . As usual we treatX⊥ as the flat domainX augmented with least element⊥ . The improper
state⊥ is not part of the programming notation and it is not a value which can be assigned to the global
variable. It is simply a semantic artifact, enabling nontermination to be distinguised from arbitrary
termination.

We write relations in infix, and use the convention that, for arelationewith domainX and rangeX⊥, e⊥
denotes the relation onX⊥

e⊥ =̂ e∪ ({⊥}×X⊥) .

The semantic space for the relational semantics is the subspace of relations onX⊥ that are strict and
whose relational images are upclosed

R (X) =̂ {d : X⊥↔X⊥ | (⊥d⊥) ∧ (xd⊥⇒ d.(| x |) = X⊥)}

with the inclusion ordering⊇ for ‘more-deterministic-than’ refinement (since multiple-valuedness of a
relation captures demonic nondeterminism of the command itrepresents).

It is readily confirmed that(R (X),⊇) is a domain and a complete lattice with least elementX⊥×X⊥,
greatest element{}⊥ and compact elements the relations which are cofinite subsets of X⊥×X⊥ ; more-
over it is a Boolean algebra under the usual set-theoretic complement.

Thehealthy closureof any relationr on X is given by the value atr of a functionh : (X↔X)→R (X) ,
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[[skip]] =̂ id[X]⊥
[[abort]] =̂ X⊥×X⊥

[[χ := e]] =̂ ({(x,e.x) | x∈ X ∧ e.x terminates})⊥
[[P ◦

9 Q]] =̂ [[P]] ◦
9 [Q]

[[P � b � Q]] =̂ {(x,y) | x[[P]]y � b.x � x[[Q]]y}
[[P⊓Q]] =̂ [[P]]∪ [[Q]]

[[µF]] =̂ ∪{d | F.d⊇ d} , F monotone on code

Figure 4: Relational semantics of code.

[[⊓S ]] =̂ ∪{[[S]] | S∈ S }
[[magic]] =̂ {}⊥

[[{{b}}]] =̂ {(x,y) :X×X⊥ | b.x⇒ x = y}⊥
[[〈〈b〉〉]] =̂ {(x,x) :X×X | b.x}⊥
[[⊔S ]] =̂ ∩{[[S]] | S∈ S }

Figure 5: Relational semantics for commands.

characterised by:

x(h.r)y = (x = ⊥) ∨ (xr⊥) ∨ (xry) .

Evidentlyh is increasing (r ⊆ h.r), monotone with respect to inclusion on both sides (r ⊆ s ⇛ h.r ⊆ h.s)
andh.r is the smallest healthy relation containingr .

4.1.2 Semantics

The relational semantics ascribes to each commandP a relation[[P]] :R (X) .

The semantics of code is given in Figure 4. Denotations of code satisfy the healthiness condition: for
eachx:X the relational imaged.(| x |) is nonempty and either finite or all ofX⊥ . The subspace of healthy
relations forms a domain with least elementX⊥×X⊥, maximal elements the (total) functions and compact
elements the members for which only finitely many elements ofX arenot related to every element ofX⊥.
In the definition of recursion, the functionF is defined on that healthy subspace ofR (X) and the relation
d ranges over it.

The semantics of commands is given in Figure 5. They satisfy as healthiness condition just the defining
condition ofR (X). Evidently the spaceR (X) contains the space of denotations of code. However
the injection fails to form the embedding in a Galois connection and so the two spaces have an uneasy
relationship, compared with the corresponding domains in the predicate-transformer semantics.
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4.2 Transformer semantics

A command may be viewed as a predicate transformer in two, adjoint, ways. We follow (Dijkstra’s)
tradition and consider it as a function from postconditionsto preconditions: postconditionq is mapped
to the precondition true at just those states from which the command is certain to terminate in a state
satisfyingp : the weakest precondition of the command evaluated at q. (The possibility of demonic
nondeterminism is responsible for the word ‘certain’.)

4.2.1 Transformers

Each such function is monotonic under the usual ordering on predicates: a weaker postcondition engen-
ders a weaker weakest precondition. We write(pred.X,≤) for the space of all predicates (Boolean-valued
functions) onX under the implication (pointwise) partial ordering. The space for the transformer seman-
tics is then the space of all functions on that space that are monotone

T (X) =̂ {t : pred.X→pred.X | ∀q, r :pred.X · q≤ r ⇒ t.q≤ t.r} ,

ordered by the pointwise lifting of the order≤ on predicates

t ≤ u =̂ ∀q:pred.X · t.q≤ u.q.

Thust is refined byu iff for each postconditionq , the weakest precondition oft at q is at least as strong
as the weakest precondition ofu atq ; whenevert achievesq so too doesu .

Because the order onT (X) is the lifting of implication, least upper bounds and greatest lower bounds of
arbitrary sets exist pointwise. So(T (X),≤) is readily seen to be a pre-quantal, a complete lattice and a
domain.

4.2.2 Semantics

The transformer semantics ascribes to each commandP a predicate-transformer[[P]] in T (X) .

The semantics of code is given in Figure 6. Denotations of code satisfy Dijkstra’s healthiness conditions:
the transformer is positively conjunctive and≤-continuous.

The semantics of commands is given in Figure 7. The healthiness condition is simply monotonicity, the
defining property ofT (S) .
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[[skip]] =̂ id[pred.X]

[[abort]] =̂ f alse

[[x := e]].q.x =̂ q.(e.x) ( = q[e/x])

[[P ◦
9 Q]] =̂ [[P]]◦ [[Q]]

[[P � b � Q]] =̂ [[P]] � b � [[Q]]

[[P⊓Q]] =̂ [[P]]∧ [[Q]]

[[µF]] =̂ ∨{t :T (X) | F.t ≥ t} , F monotone onT (X)

Figure 6: Transformer semantics of code.

[[⊓S ]] =̂ ∧{[[S]] | S∈ S }
[[magic]] =̂ true
[[{{b}}]].q =̂ b∧ q
[[〈〈b〉〉]].q =̂ b⇒ q

[[⊔S ]] =̂ ∨{[[S]] | S∈ S }

Figure 7: Transformer semantics for commands.

4.2.3 Involution

For transformert : T (X), its involute t∗ : T (X) is defined:

t∗.q =̂ ¬t.¬q.

Involution plays an important rôle in transformer semantics: it is useful for calculation because it obeys
de Morgan’s laws, interchanging demonic and angelic nondeterminism; it provides a duality (as a result)
between termination and enabledness; it converts one of thetwo simulation conditions necessary in the
relational model for data refinement to the other, thus ensuring that one simulation condition is alone
sufficient for data refinement in the transformer semantics.Its properties are:

Theorem. Involution is well defined on(T (X),≤) and satisfies

t monotone ≡ t∗ monotone(24)

t∗∗ = t(25)

f alse∗ = true and true∗ = f alse(26)

(t ◦
9 u)∗ = t∗ ◦

9 u∗(27)

(id[T (X)])∗ = id[T (X)](28)

t∗ ⊑ u ≡ t ⊒ u∗(29)
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(t⊓u)∗ = t∗⊔u∗ and (t⊔u)∗ = t∗⊓u∗(30)

(¬t)∗ = ¬(t∗)(31)

t [universally] conjunctive ≡ t∗ [universally] disjunctive.(32)

4.3 Galois connection

The functionwp : R (X)→T (X) is defined, for relational computationr :R (X) , postconditionq:pred.X
and statex:X :

wp.r.q.x =̂ ∀y:X⊥ · xry⇒ (y 6=⊥ ∧ q.y) .

That says, as it ought, thatwp.r.qholds at just those states from which termination is ensured, in a state
satisfyingq . The consequent can be simplified: since the domain ofq is X , q is not defined at⊥ ; so
the first conjunct can, in the presence of the type statementy:X⊥ and the understanding that¬(q. ⊥) , be
omitted:

wp.r.q.x = ∀y:X⊥ · xry⇒ q.y.

Verification thatwp is well defined (thatwp.r is monotone) is immediate.

It is also routine to show thatwp is universally(∪,≥)-junctive, i.e. from (R (X),⊆) to (T (X),≥) . Thus
wp has an adjoint, called therelational projection, rp, that can be defined as follows. Fort :T (X) , rp.t
is the relation onX⊥ defined to be strict and to satisfy, forx:X andy:X⊥ ,

x(rp.t)y =̂ ∀q:pred.X · t.q.x⇒ q.y,

again with the convention¬(q. ⊥) . In particularrp. f alse= X⊥×X⊥ .

Adjunction means that

t ≤ wp.r ≡ r ⊆ rp.t(33)

so that the functionswpandrp form a Galois connection between the relational and transformer spaces
with their orders reversed: from(R (X),⊆) to (T (X),≥) .

Standard theory [13] shows that the Galois connection preserves much of the structure on the two se-
mantics models, except for angelic nondeterminism. Gathering the (elementary) properties we need, in
spite of some being consequences of others:
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Theorem. The Galois connection satisfies

r ⊆ s ⇒ wp.r ≥ wp.s(34)

t ≥ u ⇒ rp.t ⊆ wp.u(35)

rp◦wp = id[R (X)](36)

id[T (X)] ≤ wp◦ rp(37)

wp.(r ◦
9 s) = (wp.r)◦ (wp.s)(38)

wp.(id[X]⊥) = id[T (X)](39)

rp.(t ◦u) = (rp.t) ◦
9 (rp.u)(40)

rp.id[T (X)] = id[X]⊥(41)

∀U ⊆ T (X) · rp.∨U = ∩ rp.(| U |)(42)

∀U ⊆ T (X) · rp.∧U = ∪ rp.(| U |)(43)

rp.true = {}⊥(44)

rp. f alse = X⊥×X⊥(45)

∀S⊆ R (X) · wp.(∪S) = ∧wp.(| S|)(46)

wp.(X⊥×X⊥) = f alse(47)

wp.{}⊥ = true(48)

∀S⊆ R (X) · wp.(∩S) ≥ ∨wp.(| S|)(49)

The fact that inclusion (49) may be strict indicates why the embeddingwpcannot be used to lift angelic
nondeterminism from relations to transformers. Otherwise, the transformer semantics (Figures 4 and 5)
is obtained from the relational semantics (Figures 6 and 7) underwp.

5 No relational involution

In this section we establish that there is no function onR (X) satisfying the minimum requirements
of an involution—as exhibited by∗ on transformers. Henceforth, semantic brackets refer solely to the
relational semantics.

Theorem. There is no function∗ onR (X) that is involutive, obeys either of the De Mor-
gan laws and distributes sequential composition,i.e. that satisfies

(a) ∀ r :R (X) · r∗∗ = r

(b) either∀ r,s:R (X) · (r ⊔s)∗ = r∗⊓s∗

or ∀ r,s:R (X) · (r ⊓s)∗ = r∗⊔s∗

(c) ∀ r,s:R (X) · (r ◦
9 s)∗ = r∗ ◦

9 s∗.
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Proof. We argue by contradiction, establishing an untenable identity. First we observe
that Assumptions (a) and (b) are sufficient to establish the equivalence of the two De Morgan
laws in Assumption (b):

(d) (r ⊓s)∗ = r∗⊔s∗ ≡ (r ⊔s)∗ = r∗⊓s∗ .

The proof is trivial: if the first De Morgan law holds then

(r ⊓s)∗

= Assumption (a)

(r∗∗⊓s∗∗)∗

= Assumption (b)

(r∗⊔s∗)∗∗

= Assumption (a)

r∗⊔s∗ ,

so that the second De Morgan law holds, and the result followsby symmetry.

Now from Law (9) we have

r ◦
9 (s⊓ t) = (r ◦

9 s)⊓ (r ◦
9 t) .(50)

But in the light of the calculation above, that is inconsistent with the potentially strict Law
(16), because from (50) we can infer, for anyr,s, t :R (X) ,

r ◦
9 (s⊔ t) = (r ◦

9 s)⊔ (r ◦
9 t) .(51)

Indeed

r ◦
9 (s⊔ t)

= Assumption (a)

(r ◦
9 (s⊔ t))∗∗

= Assumption (c)

(r∗ ◦
9 (s⊔ t)∗)∗

= Assumption (b)

(r∗ ◦
9 (s∗⊓ t∗))∗

= Law (50)

((r∗ ◦
9 s∗)⊓ (r∗ ◦

9 t∗))∗

= Assumption (c)

((r ◦
9 s)∗⊓ (r ◦

9 t)∗)∗
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= Assumption (b)

(r ◦
9 s)∗∗⊔ (r ◦

9 t)∗∗

= Assumption (a)

(r ◦
9 s)⊔ (r ◦

9 t) .

It remains to demonstrate that Claim (51) fails forR (X) ; a simple example suffices. But in
keeping with the approach of this paper we present it and reason ‘algebraically’. A corollary
of the proof is then that the theorem holds in any (relation-like) semantic space satisfying
the laws used below.

Consider doubleton state spaceX =̂ {x0,x1} and computations

R =̂ 〈〈x = x0〉〉 ◦
9 (x := x0⊓x := x1)

S =̂ 〈〈x = x0〉〉

T =̂ 〈〈x 6= x0〉〉 ◦
9 x := x0 .

We claim that:

S⊔T = magic(52)

(R ◦
9 S)⊔ (R ◦

9 T) = S(53)

R ◦
9 (S⊔T) = magic.(54)

For Claim (52), we reason

S ⊔ T

= definition

〈〈x = x0〉〉 ⊔ 〈〈x 6= x0〉〉 ◦
9 x := x0

= definition of coercion

skip � x = x0 � magic
⊔
(skip � x 6= x0 � magic) ◦

9 x := x0

= Law (20)

skip � x = x0 � magic
⊔
(skip ◦

9 x := x0) � x 6= x0 � (magic ◦
9 x := x0)

= Laws (7), (12), calculus

skip � x = x0 � magic
⊔
magic� x = x0 � x := x0

= Law (19), calculus
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(skip⊔magic) � x = x0 � (magic⊔x := x0)

= Law (11)

magic� x = x0 � magic

= calculus

magic.

For Claim (53) we show(R ◦
9 S) = (R ◦

9 T) = Sand, since each is similar, we prove just one
equality:

R ◦
9 S

= definitions

〈〈x = x0〉〉 ◦
9 (x := x0⊓x := x1) ◦

9 〈〈x = x0〉〉

= definition of coercion

(skip � x = x0 � magic) ◦
9 (x := x0⊓x := x1) ◦

9

(skip � x = x0 � magic)

= Laws (20), (7), (9), (12)

((x := x0⊓x := x1) � x = x0 � magic) ◦
9

(skip � x = x0 � magic)

= Laws (20), (12) again

(x := x0⊓x := x1) ◦
9 (skip � x = x0 � magic)

� x = x0 �

magic

= Law (8)

( (x := x0 ◦
9 (skip � x = x0 � magic))

⊓
(x := x1 ◦

9 (skip � x = x0 � magic)) )
� x = x0 �

magic

= Law (23)

(skip � true � magic)⊓ (skip � false� magic)
� x = x0 �

magic

= calculus

skip⊓magic
� x = x0 �

magic

= Law (11)

skip � x = x0 � magic
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= definition of coercion

〈〈x = x0〉〉

= definition

S.

For Claim (54), we start by observing that ify : X then the assignmentx := y is total and
hence by Law (13)

x := y ◦
9 magic = magic.(55)

Thus

(x := x0⊓x := x1) ◦
9 magic

= Law (8)

(x := x0 ◦
9 magic) ⊓ (x := x1 ◦

9 magic)

= Claim (55) and⊓ idempotent

magic.

Now we observe

R ◦
9 (S⊔T)

= definition and Claim (52)

〈〈x = x0〉〉 ◦
9 (x := x0⊓x := x1) ◦

9 magic

= just established

〈〈x = x0〉〉 ◦
9 magic

= definition of coercion

(skip � x = x0 � magic) ◦
9 magic

= Laws (20), (12), (13)

magic� x = x0 � magic

= calculus

magic.

Having established the three claims we infer the strict inclusion sought by comparing Claims
(53) and (54). 2

The result of this section may be re-phrased: any attempt to define an involution onR (X) by structural
induction over programs leads to inconsistency unless at least one of the properties (a) to (c) is vio-
lated. In the following three sections we consider weaker alternatives to an involution by weakening our
requirements and being guided by semantic considerations.
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6 Complement

To begin our quest for ‘weak involutions’ onR (X), the most obviousa priori choice seems to lie with
some form of set-theoretic complement on the grounds that itsatisfies the De Morgan laws, interchanging
unions (i.e. demonic nondeterminism) and intersections (i.e. angelic nondeterminism).

On inspection we are confronted with two alternatives. Before making the result healthy we could
complement with respect to all states (i.e. including⊥) or with respect to just proper states (i.e.excluding
⊥). The former operation we call ‘complement’ and investigate in this section; the latter we call ‘proper
complement’ and investigate in the next. We shall see that both are severely restricted compared with
involution on transformers.

Thecomplementof a relationr : X⊥↔X⊥ is defined to be the relationr : X⊥↔X⊥ that is the complement
of r in X⊥×X⊥ , made healthy:

r =̂ h.((X⊥×X⊥)\ r) .

Simple examples show that both⊥-closure and upclosure are necessary in order for complement to be
well-defined onR (X), the object of our interest. An equivalent definition isr = h.((X×X⊥)\ r) .

Complement shares only a few of the properties of involutionon T (X) because it is so severe. Indeed
translated to computational terms, the following result shows that if, from an initial state, a command
is either not enabled or terminating then its complement diverges there; whilst if the command diverges
then its complement is not enabled. So from any initial statethe complement is either not enabled or
divergent.

Theorem. The complement of a relation is healthy: for any relationr on X⊥ , r :R (X) .
In particular, complement is well defined onR (X) . Furthermore, for anyr :R (X) and any
x:X⊥ ,

r.(| x |) = ({} � xr ⊥ � X⊥) .

Proof. By definition r is both strict and upclosed, and hence inR (X).

We observe that ifr is healthy andxr ⊥ thenr.(| x |) = X⊥ , hencer.(| x |) = {} and so the
first part of the dichotomy holds. For the second part, if¬(xr ⊥) then⊥6∈ r.(| x |) and so
⊥∈ r.(| x |) which by healthiness meansr.(| x |) = X⊥ . 2

By having at most two outcomes from each initial state, complement identifies quite different computa-
tions. As a result it satisfies its laws really by default:

Corollary.
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1. For anyr :R (X) , r ⊆ r and for anyx:X⊥

r.(| x |) = r.(| x |) iff r.(| x |) = {} or X⊥ .

2. For anyr,s:R (X) ,

r ⊆ s implies r ⊇ s and r ◦
9 s⊆ r ◦

9 s.

Also id[X]⊥ = X⊥×X⊥ .

3. For any subsetE of R (X) , ∪E = ∩E and ∩E = ∪E . In particular

{}⊥ = X⊥×X⊥ = (X×X)⊥ and X⊥×X⊥ = {}⊥ .

4. For any predicateb onX and anyx:X ,

[[{{b}}]].(| x |) = X⊥ � b.x � {} and [[〈〈b〉〉]].(| x |) = X⊥ .

For any relationsr andsonX⊥ ,

r � b � s ⊇ r � b � s.

Furthermore each containment (in 1, 2 and 4) may be strict.

Proof.

1. We reason

r .(| x |)

= previous theorem

{} � xr ⊥ � X⊥

= r healthy

{} � r.(| x |) = X⊥ � X⊥

= r healthy

{} � ¬(xr ⊥) � X⊥

= calculus

X⊥ � xr ⊥ � {}

from which the claims follow.

2. Co-monotonicity follows because complement is obtainedby composing the co-monotone
function ‘set complement’ with the monotone function ‘healthy closure’.

For sequential composition we reason
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r ◦
9 s.(| x |)

= previous theorem

{} � x(r ◦
9 s) ⊥ � X⊥

= definition of composition

{} � (xr⊥ ∨ (¬xr⊥∧ (∃y : r.(| x |) · ys⊥))) � X⊥

= calculus

{} � (xr⊥ ∨ ∃y : r.(| x |) · ys⊥) � X⊥

⇛ definition of complement

{} � (r(| x |) = {} ∨ ∃y : r.(| x |) · s(y) = {}) � X⊥

⇛ set theory

{} � (r(| x |) = {} ∨ ∃y : X⊥ · s(y) = {}) � X⊥

= definitions of composition and complement

r ◦
9 s.(| x |)

In general the reverse inclusion does not hold, as shown by considering the relational
semanticsr = [[skip]] ands= [[abort]]:

r ◦
9 s= [[skip]] ◦

9 [[abort]] = [[abort]] = [[magic]]

whilst

r ◦
9 s= [[skip]] ◦

9 [[abort]] = [[abort]] ◦
9 [[magic]] = [[abort]] ,

which establishesr ◦
9 s⊂ r ◦

9 s.

The calculation for the identity is routine.

3. De Morgan’s laws, and hence the extreme cases, follow similarly.

4. The first two claims result from routine calculation. Firstly

[[{{b}}]].(| x |)

= previous theorem

{} � x[[{{b}}]]⊥� X⊥

= x[[{{b}}]]⊥ = ¬b.x

X⊥ � b.x � {} ,

and secondly

[[〈〈b〉〉]].(| x |)

= previous theorem

{} � x[[〈〈b〉〉]]⊥� X⊥

= ¬x[[〈〈b〉〉]]⊥ = false
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X⊥ .

For the third claim, for anyx:X⊥ ,

(r � b � s) .(| x |)

= definition of binary conditional

r .(| x |) � b.x � s.(| x |)

= definition of complement

({} � xr⊥ � X⊥) � b.x � ({} � xs⊥ � X⊥)

⇛ calculus

{} � (b.x∧ xr⊥)∨ (¬b.x∧ xs⊥) � X⊥

= definition of binary conditional

{} � x(r � b � x)⊥� X⊥

= definition of complement

(r � b � s) .(| x |) .

To show the inclusion may be strict take, in the relational semantics,r = [[skip]] and
s= [[abort]] so that the conditional is an assertion. So using the first claim,

r � b � s = {}⊥ whilst r � b � s = X⊥� b.x � {} ,

hence

r � b � s ⊂ r � b � s.

2

Thus complement happens to be sub-involutive onR (X) , co-monotone, sub-distributes sequential com-
position, interchanges angelic and demonic nondeterminism, (hence) interchangingabort andmagic,
takesskip to magic, takes an assertion to a binary conditional betweenabort andmagic, and takes a
coercion toabort. However from the theorem we see that it identifies too many computations to be
useful.

7 Proper complement

The proper complementof a relationr : X⊥↔X⊥ is defined to be the relationr : X⊥↔X⊥ that is the
complement ofr in X×X , made healthy:

r =̂ h.((X×X)\ r) .

Report No. 391, February 2008 UNU-IIST, P.O. Box 3058, Macao



Proper complement 22

In fact only⊥-closure is necessary there in order for proper complement to be well-defined onR (X) ,
because proper complement loses information about divergence and so upclosure is redundant.

We find, as a result, that proper complement identifies far fewer computations than does complement: the
only behaviours that are identified are divergence and arbitrary terminating behaviour from some state
(both, we shall see, being mapped to not enabled behaviour from that state).

Theorem. For any relationr on X⊥ ,

r.(| x |) = (X⊥ � x =⊥ � X\ r.(| x |)) .

In particular, proper complement is well defined onR (X) .

Proof. The first identity follows by definition and well-definednessfollows from it im-
mediately. 2

Proper complement is sub-involutive,r ⊂ r , is contained in complement, is co-monotone, satisfies De
Morgan’s laws over nonempty sets, and takes not enabled behaviour to arbitrary termination.

Corollary.

1. For any relationr on X⊥ and anyx:X ,

r.(| x |) = (X⊥ � x = ⊥� (r.(| x |) � r.(| x |) ⊆ X � X)) .

Hence proper complement is sub-involutive:r ⊆ r .

2. Proper complement is contained in complement: for any relation r onX⊥ , r ⊆ r .

3. For any relationsr andsonX⊥

r ⊆ s implies r ⊇ s.

But in generalr ◦
9 s 6= r ◦

9 s, and in particular,id[X]⊥ 6= {}⊥ .

4. For any setE of relations onX⊥ , ∩E = ∪E , and ifE is nonempty then∪E = ∩E . In
particular,

{}⊥ = (X×X)⊥ and X⊥×X⊥ = {}⊥ = (X×X)⊥ .

5. For any predicateb onX and anyx:X , in the relational semantics,

[[{{b}}]].(| x |) = [[neq� b � magic]].(| x |)

[[〈〈b〉〉]].(| x |) = [[neq� b � choose]].(| x |) .

and for any relationsr andsonX⊥ ,

r � b � s = r � b � s.
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Furthermore each containment (in 1, 2 and 3) may be strict.

Proof.

1. We reason

r .(| x |)

= previous theorem

X⊥� x =⊥ � (X\ r.(| x |))

= previous theorem and calculus

X⊥� x =⊥ � (X\ (X\ r.(| x |)))

= set theory

X⊥� x =⊥ � (r.(| x |) � r.(| x |) ⊆ X � X) .

Therefore

r = (r ∩ (X×X))⊥ ⊆ r .

The claimed sub-involutivity follows. Routine verification shows that the relational
semantics of the commandschooseandabort have the same proper complement, so
strict inclusion may hold.

2. We reason from elementary set theory:

true

⇛

X×X ⊆ X⊥×X⊥

⇛ calculus

(X×X)\ r ⊆ (X⊥×X⊥)\ r

⇛ h monotone

h.((X×X)\ r) ⊆ h.((X⊥×X⊥)\ r)

≡ definitions

r ⊆ r .

Strictness follows by taking, for example,r =̂ X×X , so that the left-hand side is
{⊥}×X⊥ and the right-hand side isX⊥×X⊥ .

3. Antimonotonicity follows as in the previous corollary.

However proper complement fails to distribute sequential composition,

r ◦
9 s 6= r ◦

9 s ,(56)

even weakly (i.e. in one direction). A simple example demonstrating that in general
no inclusion holds between those two sides is obtained by considering state space
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X =̂ {0,1} and commandsskip and neq (recall that the latter chooses a final state
different from the initial state; we are concerned only withstate space having more
than one element). Their relational semantics are, respectively,

r = [[skip]] = {(0,0),(1,1)}⊥

s = [[neq]] = {(0,1),(1,0)}⊥

which are proper complements. We infer that

r ◦
9 s= s= r and r ◦

9 s= s ◦
9 r = s,

so the two sides of (56) are nonempty and disjoint on proper states.

It also follows that

id[X]⊥ = [[neq]] 6= id[X]⊥ .

4. For a nonempty setE of relations we reason

∪E

= definition of proper complement

h.((X×X)\∪E)

= calculus andRnonempty

h.(∩{(X×X)\ r | r ∈ E})

= h distributes intersections

∩{h.((X×X)\ r) | r ∈ E}

= definition of proper complement

∩{r | r ∈ E}

= notation

∩E.

TakingE =̂ {} we find

∪{}

= definition of proper complement

h.((X×X)\∪{})

= calculus

h.(X×X)

= definition ofh

(X×X)⊥

⊃ calculus

X⊥×X⊥
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= calculus

∩{r | r ∈ {}}

= definition

∩{} .

The dual ∩E = ∪E follows similarly but there is no need for the restriction to
nonempty sets since, ifR=̂ {},

∩{}

= definition of proper complement

h.((X×X)\∩{})

= calculus

h.((X×X)\ (X⊥×X⊥))

= calculus

h.({})

= definition ofh

{}⊥

= calculus

∪{r | r ∈ {}}

= definition

∪{} .

5. We reason

[[{{b}}]].(| x |)

= characterisation of proper complement

X⊥ � x = ⊥ � (X\ [[{{b}}]].(| x |))

= definition of assertion

X⊥ � x = ⊥ � (X\ ({x} � b.x � X⊥))

= calculus

X⊥ � x = ⊥ � ((X\{x}) � b.x � {})

= definitions of relational semantics and (4)

[[neq� b � magic]].(| x |) ,

and similarly for coercion.

For the last part

(r � b � s).(| x |)
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= definition of binary conditional

r .(| x |) � b.x � s.(| x |)

= definition of proper complement

(X⊥ � x = ⊥ � (X\ r.(| x |))) � b.x � (X⊥ � x = ⊥ � (X\s.(| x |)))

= calculus

X⊥ � x = ⊥ � ((X\ r.(| x |)) � b.x � (X\s.(| x |))

= definition of binary conditional

X⊥ � x = ⊥ � X\ (r.(| x |) � b.x � s.(| x |))

= definition of proper complement

(r � b � s).(| x |) .

2

8 Galois Star

The previous two complement-based attempts at defining an involution onR (X) satisfied too few laws
to be of use, because they failed to preserve important computational distinctions.

An alternative weak involution may be defined by translatingto relations the involution on transformers,
using the Galois connection of section 4. Accordingly we define theGalois starof a relationr : X⊥↔X⊥

to be the relationr† : X⊥↔X⊥ ,

r† =̂ rp.((wp.r)∗) .

Theorem. Galois star is well defined onR (X): indeed for any relationr on X⊥ , r† ∈
R (X) . Furthermore for any proper statey ,

xr† y ≡ x =⊥ ∨ r.(| x |) ⊆ {y} .

Proof. Galois star is the composition of three functions, the last of whose range lies in
R (X) , and so the first claim follows.

For the second claim we argue routinely that, ifx,y:X⊥ , then

xr† y

≡ definition of Galois star

x(rp.(wp.r)∗)y
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≡ definition ofrp

x =⊥ ∨ ∀q:pred.X · (wp.r)∗.q.x⇒ q.y

≡ definition ofwp and calculus

x =⊥ ∨ ∀q:pred.X · (∀w:X · ¬q.w∨¬xrw)∨q.y

≡ calculus

x =⊥ ∨ ∀w:X · xrw⇒ (∀q:pred.X · q.w⇒ q.y)

≡ calculus

x =⊥ ∨ ∀w:X · xrw⇒ (w = y)

≡ calculus

x =⊥ ∨ r.(| x |) ⊆ {y} .
2

As a result,r†.(| x |) is severely constrained: it can be empty, a singleton or all of X⊥ . In particular we
are already able to see the extent to which Galois star† retains the switching of demonic and angelic
nondeterminism, exhibited by the transformer involution∗ . Indeed a commandP exhibits demonic
nondeterminism or diverges at (proper state)x iff, in the relational semantics, there is noy for which
[[P]].(| x |)⊆{y} ; which holds iffx 6∈ dom.[[P]]† ; which holds iff[[P]]† is not enabled atx . More precisely,
we have:

Corollary.

1. For any relationr on X⊥ , r†† ⊇ r .

2. For any relationsr andsonX⊥ ,

r ⊆ s iff r† ⊇ s†

(r ◦
9 s)† = r† ◦

9 s†

id[X]⊥
† = id[X]⊥ .

3. For any subsetE of relations onX⊥ ,

(∪E)† = ∩E† and (∩E)† ⊇ ∪E† .

In particular,

{}⊥
† = X⊥×X⊥ and (X⊥×X⊥)† = {}⊥ = ((X×X)⊥)† .

4. For any predicateb onX ,

[[{{b}}]]† = [[〈〈b〉〉]] and [[〈〈b〉〉]]† = [[{{b}}]] ,

and for any relationsr andsonX⊥ ,

(r � b � s)† = r†
� b � s† .
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Furthermore the containments in Parts 1 and 3 may be strict.

Proof.

1. Iterating the characterisation of the theorem we find

xr††y ≡ x =⊥∨ ∀z:X⊥ · r.(| x |) ⊆ {z} ⇒ (z= y) .

Evidently if xry then that condition holds, and sor†† ⊇ r as required.

Routine calculation shows that Galois star is not injectiveand so not involutive; a
particular strict containment is:

(X×X)⊥
†† = (X⊥×X⊥) ⊃ (X×X)⊥ .

2. For co-monotonicity we reason

r ⊆ s

⇛ Law (34)

wp.r ≥ wp.s

⇛ Law (29)

(wp.r)∗ ≤ (wp.s)∗

⇛ Law (35)

rp.((wp.r)∗) ⊇ rp.((wp.s)∗)

≡ definition of Galois star

r† ⊇ s† .

For sequential composition we reason using simple properties

(r ◦
9 s)†

= definition of Galois star

rp.((wp.(r ◦
9 s))∗)

= Law (38)

rp.((wp.r ◦wp.s)∗)

= Law (27)

rp.((wp.r)∗ ◦ (wp.s)∗)

= Law (40)

rp.((wp.r)∗) ◦
9 rp.((wp.s)∗)

= definition of Galois star

r† ◦
9 s† .
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Let us continue to writeid[X]⊥ for the healthy identity relation onX⊥ but alsoid[T ]
for the identity predicate transformer. Then for the last subclaim we reason

id[X]⊥
†

= definition of Galois star

rp.((wp.id[X]⊥)∗)

= Law (39)

rp.(id[T ]∗)

= Law (28)

rp.(id[T ])

= Law (41)

id[X]⊥ .

3. For any subsetE of relations onX⊥ we reason for the first identity as follows.

(∪E)†

= definition of Galois star

rp.((wp.∪E)∗)

= Law (46)

rp.((∧{wp.r | r ∈ E})∗)

= Law (30)

rp.∨{(wp.r)∗ | r ∈ E}

= Law (42)

∩{rp.((wp.r)∗) | r ∈ E}

= definition of Galois star

∩{r† | r ∈ E}

= definition

∩E† .

For the refinement we reason

∪E†

= definition of Galois star

∪{rp.((wp.r)∗) | r ∈ E}

= Law (43)

rp.∧{(wp.r)∗ | r ∈ E}

= Law (30)

rp.((∨{wp.r | r ∈ E})∗)
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⊆ Laws (35), (49)

rp.((wp.∩{r | r ∈ E})∗)

= definition

rp.((wp.∩E)∗)

= definition of Galois star

(∩E)† .

A simple example showing that the De Morgan containment may be strict, is obtained
by taking state spaceX =̂ {0,1} and the relational semantics of assignments

r = [[x := 0]] = {(x,0) | x∈ X}⊥

s = [[x := 1]] = {(x,1) | x∈ X}⊥ ,

so thatr ∩s= {}⊥ , r† = r ands† = s. Thus

(r ∩s)† = X⊥×X⊥ ⊃ r ∪s = r†∪s† .

The first extreme case is the vacuous case of the first De Morganidentity. Since the
second does not follow from the De Morgan containment just proved, we calculate (the
remaining equality being similar),

(X⊥×X⊥)†

= definition of Galois star

rp.(wp.(X⊥×X⊥)∗)

= Law (47)

rp.( f alse∗)

= Law (26)

rp.true

= Law (44)

{}⊥ .

4. The arguments for assertions and coercions are similar sowe present just one. Choos-
ing to reason from first principles in the relational semantics we have, for any proper
statesx,y ,

x[[{{b}}]]† y

≡ definition of Galois star

xrp.((wp.[[{{b}}]])∗)y

≡ definitions ofrp, wp, assertion, involution and calculus

∀q:pred.X · ((b.x⇒ q.x) ∧ (q 6= f alse)) ⇒ q.y
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≡ calculus

b.x∧ (x = y)

≡ relational semantics, Figure 5

x[[〈〈b〉〉]]y.

For binary conditional we reason from the two algebraic representations:

(r � b � s)†

= Law (22)

([[〈〈b〉〉]] ◦
9 r ∪ [[〈〈¬b〉〉]] ◦

9 s)†

= Part 3

([[〈〈b〉〉]] ◦
9 r)† ∩ ([[〈〈¬b〉〉]] ◦

9 s)†

= Part 2

([[〈〈b〉〉]]† ◦
9 r†) ∩ ([[〈〈¬b〉〉]]† ◦

9 s†)

= previous sub-part of 4

[[{{b}}]] ◦
9 r† ∩ [[{{¬b}}]] ◦

9 s†

= Law (21)

r†
� b � s† .

2

Thus Galois star is sup-involutive and co-monotone, obeys just one of the De Morgan laws between
angelic and demonic nondeterminism, and half the other. Vitally it distributes sequential composition
and binary conditional, preservesskip, interchanges assertions and coercions, and in particularthe trivial
cases ofbothDe Morgan laws hold: it interchangesabort andmagic.

9 Applications

Dijkstra and Scholten [5] prove, from their axioms for predicate calculus, that in the transformer seman-
tics the property of being predeterministic is preserved by(general) conditional with pairwise disjoint
guards and by iteration. Maddux [9] infers the same results in the transformer semantics (and the analo-
gous result for sequential composition) from the relational semantics and Tarski’s axiomatisation of the
calculus of relations due to Boole, De Morgan, Peirce and Schröder.

Here we extend the treatment to include commands as well as code. Concentrating on just the conditional,
we provide proofs in the relational semantics that are moderately compelling because they resemble
Boolean-algebra proofs by exploiting weak inversion in theshape of Galois star. And we compare those
proofs with straight algebraic proofs that require resultsabout co-atomicity under refinement, reflecting
our earlier algebraic formalisation of notions related to determinism in Section 3.2.
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9.1 Algebraic approach

The result for binary conditional, proved algebraically, is as follows.

Theorem. If b is a predicate on state space and commandsP and Q are deterministic
[predeterministic, postdeterministic] then so too is the binary conditionalP � b � Q .

Proof. We expand a coerced binary conditional

〈〈x = x0〉〉 ◦
9 (P � b � Q)

= definition of coercion and Laws (20), (7)

(P � b � Q) � x = x0 � magic

= calculus

(P � b.x0 � Q) � x = x0 � magic.

From this the claims follow. For example ifP andQ are enabled atx0 then so too is the
coerced binary conditional since eitherb.x0 or not; and if the coerced binary conditional is
strictly refined byR then atx0 eitherP or Q is strictly refined byRand soR is magic. 2

However that result does not extend to (general) conditionals, of which it suffices here to consider the
following special case. Recall that for predicatesa andb on state space and commandsP andQ , the
conditionalif a→ P [] b→ Q fi aborts unless eithera or b holds; if justa holds it behaves likeP ; if just
b holds it behaves likeQ ; and if both hold it behaves (demonic) nondeterministically like eitherP or Q .
Conditional can be defined, without having to define guarded commands, by extending Law (21) (rather
than its successor):

if a→ P [] b→ Q fi =̂ ({{a}} ◦
9 P)⊔ ({{b}} ◦

9 Q) .(57)

We say thata andb aredisjoint iff their conjunction is false. Then ifa andb are not disjoint andP and
Q are deterministic [postdeterminstic], the conditional isnot deterministic [postdeterminstic] at some
states. Nonetheless the previous theorem generalises frombinary conditionals to conditionals in the
following result, whose proof extends that of the previous theorem.

Theorem. If a andb are disjoint predicates on state space andP andQ are predetermin-
istic commands then so too is the conditionalif a→ P [] b→ Q fi .

Proof. Now the coerced conditional is expanded one step further sincea andb need not
be complementary:
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({{a}} ◦
9 P ⊔ {{b}} ◦

9 Q) � x = x0 � magic

= as before

((P � a � abort) ⊔ (Q � b � abort)) � x = x0 � magic

= calculus, using disjointness

(P � a.x0 � (Q � b.x0 � abort)) � x = x0 � magic

and the desired results follow from that. For example ifP andQ are enabled atx0 then so too
is the coerced conditional, by case analysis; and if the coerced conditional is strictly refined
by R then eitherP or Q is strictly refined byRatx0 ; and so the conditional is co-atomic.2

9.2 Relational approach

In this section we use Galois star to provide proofs in the relational semantics that share with Boolean
algebra the use of (weak) inversion. The observation that enables us to do so is Law (62):

Theorem. Let P be a command. In the relational semantics, at an arbitrary statex ,

P is postdeterministic ≡ [[P]]†.(| x |) ⊇ [[P]].(| x |)(58)

P is enabled ≡ [[P]]†.(| x |) ⊆ [[P]].(| x |)(59)

P is deterministic ≡ [[P]]†.(| x |) = [[P]].(| x |)(60)

P is post or pre deterministic≡ [[P]]††.(| x |) ⊆ [[P]].(| x |)(61)

P is predeterministic ≡ ([[P]]††∪ [[P]]†).(| x |) ⊆ [[P]].(| x |)(62)

Proof. Write r = [[P]] in the relational semantics.

For Equivalence (58), we have

r†.(| x |) ⊇ r.(| x |)

≡ definition of relational image

∀y:X⊥ · xry ⇒ xr† y

≡ † theorem

∀y:X⊥ · xry ⇒ r.(| x |) ⊆ {y}

≡ calculus

r.(| x |) = {} ∨ #r.(| x |) = 1

≡ definitions

P not enabled or deterministic atx.
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For Equivalence (59),

r†.(| x |) ⊆ r.(| x |)

≡ definition of relational image and † theorem

∀y:X⊥ · r.(| x |) ⊆ {y} ⇒ xry

≡ calculus

∃y:X⊥ · xry

≡ definition

P enabled atx.

Equivalence (60) is an immediate consequence of the first two.

For (61), the usual calculations show implication from leftto right. Assuming now the
inclusion on the right, recall thatr††.(| x |) can only be empty, singleton or all ofX⊥ . The
first case yields nothing; the second case yieldsr.(| x |) a singleton (because if it were larger
thenr†.(| x |) would be empty and sor††.(| x |) would be all ofX⊥ , a contradiction); and the
third case yieldsr††.(| x |) = X⊥ = r.(| x |) . In the first caseP is not enabled atx ; in the second
caseP is deterministic atx ; and in the third caseP aborts atx . ThusP is postdeterministic
or predeterministic atx .

Finally (62) follows from (59) and (61), with the observation thatP is predeterministic iff it
is enabled and either postdeterministic or predeterministic. 2

The last theorem of the previous section can now be proved using weak inversion in the guise of (62).
For convenience we again writer = [[P]] and s = [[Q]] in the relational semantics and abbreviate the
conditional asiffi .

Proof. As before, we start by using disjointness to infer

[[iffi ]].(| x |) = r.(| x |) � a.x � (s.(| x |) � b.x � [[abort]].(| x |)) .

Thus, reasoning to establish (62),

[[iffi ]]††.(| x |)∪ [[iffi ]]†.(| x |)

= previous inference

(r.(| x |) � a.x � (s.(| x |) � b.x � [[abort]].(| x |)))††

∪
(r.(| x |) � a.x � (s.(| x |) � b.x � [[abort]].(| x |)))†

= Parts 4, 3 of† corollary and calculus

(r††.(| x |)∪ r†.(| x |)) � a.x � ((s††.(| x |)∪s†.(| x |)) � b.x � [[abort]].(| x |))

⊆ assumption onr ands
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r.(| x |) � a.x � (s.(| x |) � b.x � [[abort]].(| x |))

= notation

[[iffi ]].(| x |) ,

as required. 2

The theorem of the previous section, for binary conditional, can be established by similar techniques (as
can the appropriate determinism of other combinators).

10 Conclusion

This paper has promoted the use of algebra—of combinators inthe program and command calculii—to
express properties, and reason about them, in situations where semantic reasoning is more usual (e.g.
termination). That has enabled us to extend certain definitions from programs to commands, and reason
in a uniform way about both (e.g.in Section 9).

But our explicit target has been the extent to which the structurally-important and well-behaved involu-
tion on predicate transformers carries over to binary relations. After showing that the relational structure
is not consistent with an involution, two ‘weak’ involutions are considered but discarded as being too
weak in the sense that they fail to distinguish too many computations. A third involution—still weak but
better behaved than the others—is defined by translating thetransformer involution using the weakest-
precondition Galois connection between relations and transformers. That weak involution, Galois star, is
shown to be just strong enough to facilitate algebraic reasoning in a simple benchmark situation: preser-
vation of forms of determinism (but generalised from programs to commands). The conclusion is that
Galois star does afford the kind of reasoning with which we are familiar from Boolean algebra, even
though it is inevitably doomed to be weaker.
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