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Abstract

The purpose of the UNU-IIST Research Day (28-ii-2008) wasifato tell each other about our research:
the ideas behind it, why they are important and where theylem@ing. The ‘metascience’ was as
important as the science and provided UNU-IIST fellows i opportunity to be trained in that aspect
of the management of research. Judging by the amount ofsdigruit provoked, the day was a success.
This paper is an elaboration of the talk given by the authmyiding more detail than it was possible to
give in the talk, but which is necessary if the reader is tduata the case being made.

The paper makes the case for the incremental approach t@pn@gmantics using Galois connections. It
considers a sustained case study, that of sequential pnegrad their related (specification) commands,
with the final addition of probabilistic choice. ‘Structlirdecisions are discussed throughout and the
conclusion reflects on several issues that arose from the day
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Introduction 1

1 Introduction

The primary purpose of the UNU-IIST Research Day was to pEoghasis on our research, for a
change. To talk to each other about the things we spend muohbrdfme thinking about; to explain
the ideas that excite us and why; and to speculate where teejaldng us and why that is desirable.
So, far from being a day of standard seminars, it providedpmodunity for fellows to be involved in a
discussion of research that concerned them and to learn ebotanagement: a kind ofetascience

Scientists don't often have cause to reflect in public on #wors underpinning their work. Prize-
acceptance speeches provide one important source. Bupegtavith Mathematicians, we Computer
Scientists have been excluded since before the birth of maiptine from giving Nobel acceptance
speeches. Turing award speeches provide a valuable ailkerngresumably for that reason the first
twenty years’ speeches have been collected [1].

Typically, a graduate student is expected to learn metasei@hilst learning research—not an easy task.
Perhaps that course is typically followed because in the¢ Ifiie attempt has been made to separate
metascience from science; many scientists may even feateladout discussing it. The research day
was an attempt to change that. This paper is an elaboratiatiatk presented by the author. Its method
and content are as unusual as its subject of ‘metascienocedpproach to the study of program semantics
is discussed. Thus it is the relationship between resudisftiims the plot in this brief drama: of why
a certain approach is worth following. The backdrop cossttheories of programs; and the role
of protagonist is played by the Galois connection which qrens in a succession of acts involving
incrementally more complex languages for sequential mrmogning. Because the spotlight is firmly on
matters of approach, proofs are frequently concealed iddhieness off stage.

The guiding technical principle of the approach is to modsl/tbehaviour by reusing existing wisdom
(as much as possible). We present a sequence of behavioordeinmake a convincing case for that
principle. They are presented in the context of sequent@ramming and are:

1. firstly (and classically) a property that results from gidering the distinction between programs
(i.e. computable or recursive functions) and functionsntermination

2. the property that results from the practice of Softwargiigering and its consideration of designs
more abstract than codbounded nondeterminism

3. the properties that arise in Formal Methods to strengtherutility and scope of Software Engi-
neering:unbounded nondeterminisiangelic choiceandenabledness

4. finally an example of an extension to more specialiseddalistic behaviourprobabilism

With each step in the hierarchy our strategy is the same: ¢@léeénformally what new observations
we wish to make of a computation; to capture the essence ofaWwebehaviour in laws; to show that
the laws are consistent by formulating a semantic modeltaltitt as much reasoning as possible from
lower in the hierarchy to the current step.
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Introduction 2

But what kind of object is it that arises at each step? It is aepof programs or their extensions,
commands, partially-ordered under the binary ‘conformigatation C. That structure provides the
foundation for:

e the notion of an implementation to meet a specification amgééhe verification of an implemen-
tation or design against its specification; see for exanteexts on VDM [28] and Z [45];

e the stepwise development of an implementation from itsifipation; see for example the texts
by Dijkstra, [13], Kaldewij [29] and Morgan [32];

e a model to abstract an implementation, and themfodel checkingo confirm that the implemen-
tation satisfies some property; for example see Clarke, Geagnand Peled’s book [9].

The result of that approach is a ‘machine’. a technique withadthematical foundation and wide ap-
plicability that produces results not easily otherwiseaot#d. ‘Machines’ are important in academia
and need to be identified, evaluated and understood. Thé#eim@ed in this paper for the ‘machine’
which might be called ‘the incremental approach to discsgstems’; or ‘the use of Galois connections
in the theory of programming’; or, more specifically, UTPnifying theories of programming’ (see the
original text by Hoare and He [22] and the more recent worggtroceedings [15]).

It is hoped that the reader will focus on the topics emphdsis¢éhe research-day talk:

e how novel behaviour has at each step been captured (herevb)y la

e how details have been accumulated incrementally from stefep (using Galois connections that
preserve further properties); and

e the underlying ‘machine’ (with the prospect of reusing it).

To encourage readers to apply this approach, and make tigtima from reader to actor, the last in-
crement in the case study is expressed as an exercise. ffruptiee suggestions are included for new
topics. How, for instance, might the ‘machine’ be appliedntore novel situations, like process algebra,
real-time systems, rCOS, quantum computation, asynchesgstems, and so on?

This seminar has been made into a report so that the readeingito make a critical evaluation of its
generalities is able to do so on the basis of the all-impordatails (for which there was insufficient
time in the talk). Only when the details permit it can an imeemtal approach be takene. only when
the features can be ‘teasing out’ and subsequently presangs accumulative manner. It has not been
easy to decide how much detail to give. Too little is to sebrshthe technique and render the case
unconvincing; too much risks overwhelming the reader. #réhis too much detalil, it is hoped that
the ernest reader will take the trouble to be selective amdose sight of the plot, which is a (formal)
incremental approach to the discovery and exposition ofptexn(discrete) phenomena.

Good luck in trying this approach on your own work. But moregoortantly, good luck in learning
something of ‘metascience’ and the management of your osgareh in your own area!
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2 Our new coffee machine

The level of water in the neweal coffeemachine is monitored by the machine itself. Such a machine
may need to know how much water is in the tank: firstly to knovit ifan service the current task
(different tasks require different amounts of water); aadosidly to ensure it is not overfilled (when it
may be dangerous to operate). Imagine that the water tartkinsra vertical column of equi-distant
water sensors. We represent the sensors as members of eactabgaceA which we take to be the
integers (well, it saves having to worry about how big the hie is .. 1) with typical memben

A= n:Z%Z.

But the water level is actually analogue and so is modellea t@al number which we take to have typical
memberr . That space provides more information about water levelsand regarded as ‘concrete’

C: r:R.
A decision about water level is made on the basis of a reatlismigcompares the actual water levelC

with that determined by the sensors; A. Since the types o andC are distinct, they must first be
related. Fortunately there is a natural embedding

€ Z—R

that identifies each integerwith its whole real number equivaleam.

Now the comparison can be made eitheAinthe integers, o€, the reals. If it is made i€ then it is
made on the basis of an inequality in the reals

en<r.
But to make it inA is to make it on the basis of an inequality in the integers
n < Tr

wherettis someprojection converting a real number to an integer.

It should not matter which of the two levels of abstractidrand C is used for making the decision.
Firstly, measurement might be performed in the real€,imsing the relationship between the ‘sensed
level'—the embedding of an integer R—and the actual water level—a real number. Or it might be
performed in the integers, i, using the relationship there between an integer—the ddesel—and
the projection of the real number—the actual level. The twaasurements give consistent decisions
about the water level iff this equivalence holds

D) en<r = n<Tur.

1But our interest here is not, of course, in an accurate mastéhtthe principles on which models should be based.
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Our new coffee machine 4

But what is the projectiom.r? The most obvious choice, in the context of water level, scenie the
best (or largest) approximation #ito r (on the grounds that a sensor covered by water is activateld, a
the highest activated sensor is the ‘best’ approximatichddevel):

(2) ir = V{n:C | en<r},

whereV denotes maximum (with respect to ordering in Z. For each reat the supremum on the
right-hand side is nonempty and well defiRéal Z.

In other words, the projection is the ‘floor’(or ‘integer pafunction:
T = [r].

But why? That might seem obvious when only rising water issmgred. But what if the water level
ebbs? Perhaps, by symmetry, the projection could be thegeitr = [r], or the average of the two.
Let us see whytin (1) must behe floor function.

Firsty—and perhaps surprisinglyr-is uniquely determined by (1). Forif and are two solutions
andn: Z andr : R are arbitrary then

n < Tur
= Equivalence (1) fort
en<r
= Equivalence (1) fort
n <t.r

By instantiatingn to be1’.r and generalising overwe infer 1w < 1t; the converse follows by symmetry
or the opposite instantiation.

Now, showing that the projection (2) satisfies (1) will, bythuniqueness, complete our claim that (1)
forces the projection to be the floor function. We establighizalence (1) for floor by showing each of
its two implications, that is, by reasoning cyclically.

n<Tr
= Definition (2) oft
n<v{im:Z|em<r}

2Nonemptiness is necessary because there is no least ihesgsr no empty supremum. In the context of the coffee machine
a more accurate model would consist of only finitely many mitesensors, and if one were placed at the lowest level then i
would act as minimum.
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Our new coffee machine 5

= if € is monotone
en<ev{mZ]|em<r}

= if € preserves such suprema
en < v{eEm:R | em<r}

= definition of supremum
en<r
= definition of supremum again

n<vim:Z|em<r}
= Definition (2) ofTt
n < Tr.

That reasoning uses (a) the existence of (only) the supremqared by Definition (2) oftand (b) fore
to preserve ther.In other words this innocent calculation actually proveskhresult:

Theorem 1  Suppose(A, <) and (C,<) are partially ordered spaces aadA — C. Suppose that
supremaVvE exist in A and thate preserves them. Then (2) defines the unique functiorC — A
satisfying (1). O

In summary, the following (ancient) concept formulated g (38] has been motivated. As we shall see,
it forms the basis for comparing different levels of abgitatwhen each is endowed with a ‘refinement’
ordering.

Definiton 1 If (A, <) and(C, <) are partially ordered spaces thenA — C andrt: C — A form a
Galois connectioriff Equivalence (1) holds, in which case we write (when thisrao need to make the
orders explicit)

gc(e, T A,C).

A graphical representation is given in Figure 1. The fumie and 1t are calledadjoints (or weak
inverse}. If € is an injection then instead we wrige(e, 1 A,C) and call the connection a Galois
embedding O

We shall call a functiore under the conditions of Theorem@alois in view of the fact that there is a
unique functiormt forming a Galois connection withbetween the underlying partial orders.

The symmetry betweeaandtreflected in that definition of Galois connection is violatedhe defi-
nition of Galois embedding and, for example, in the case @ftthffee machine wheiis injective and

Sltis a standard fact—and simple to show—that preservingesng implies monotonicity (because< niff mv n = n).
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Modelling system development 6

Figure 1: A Galois connectiogc(e, 1t A,C) between abstract and concrete spaces.

Tt surjective. The equivalence betweebeing injective andt being surjective, with a justification for
the title ‘weak inverses’, and the fact that the adjoints regjpeme values to extreme values, follow by
elementary reasoning:

Theorem 2 If gc(g, 0 A,C) then

1. eom<id; androe > id, (where id, denotes the identity function oX);
2. gis injective iff Ttis surjective, in which casgoe =id, ;

3. € preserves suprema ampreserves infima; iA has a minimum then so do€sande maps the
former to the latter; similarly, i has a maximum then so doAsand 1t maps the former to the
latter. 0

3 Modelling system development

Apart from their intrinsic interest, models of system depshent are important for several reasons.

e So adesign can be verified against a specification: withouhderstanding of conformance, what
does a specification mean?

e For abstract interpretation and model checking, firstlyhef &bstract model and secondly of the
property being checked against it.

e For incremental system comprehension by layers of susedgdiner detail. This approach has
been traditionally used qualitatively to describe com@ekware (for example operating systems
[31]); our task is now to exploit a quantitative version.

e For stepwise system derivation, of the kind championed 8@eyears ago by Dijkstra [13] but
now feasible for systems.
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Modelling system development 7

Figure 2: Lifting the semantics of a languagdrom 4 to ¢ using a Galois connection.

e For incorporating new behaviours when intuition alone © tisky as a basis for programming.
Examples are provided by concurrency, realtime, proligkld machine learning.

e To facilitate program analysis of the usual kinds: data-flomnstraint-based, abstract interpreta-
tion, type systems and effect systems [37].

Common to those situations is a formalism based on a pgrbatlered spacéx,C) of programs, or
their extensions, based on a notigrof conformance between elementsxaflt is within that space that
stepwise derivations are possible

Specification= Desigrp T Design C ... C Design = Implementation

including algorithmic refinements (over the same stateejpaicd data refinements (by data representa-
tion). The important feature of is that it be powerful enough to express specifications asasalode,
thus providing a uniform notation for stepwise system daveent.

That leads us to extend code (in which the implementatiorxsessed) in several increments. The
resulting family of languages is summarised in Figure 3.ega&hof the features are not well known, and
interact in subtle ways with each other (like nondeternmmand sequential composition in the presence
of angelic choice; or like nondeterminism and probabiliség the languages become more complex, so
does their semantics.

By viewing the various languages hierarchically we are ablstart with the simplest and import the
semantics of each level in the hierarchy to the next. Thenigale for doing so is of course the Galois
connection. It is because refinement consists of the renwwabndeterminism that each partially or-
dered spacéx ,C) is amenable to a Galois connection in which the embedglagomatically preserves

nondeterminism (being universallC, C)-junctive). But in lifting the semantics from one level taeth

next, it is required that preserve further combinators, like sequential compasitio

€(rgs) = erges.

For thene can be used to lift the behaviour of a sequential compositimm one level to the next in the
hierarchy; see Figure 2.

It will then be important to characterise the lifted spagegas a subset of the new level and furthermore
to determine—if possible—the manner in which it generatesrew level. For that determines the
semantics at the new level.
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Case study: sequential systems 8

Language| Semantic models Novel feature
Predet P,Q nontermination
Prog D, T nondeterminism
Comm R, T angelic choice
Prob H, g probabilism

Figure 3: The family of languages (over state spAt¢ogether with their semantic models and novel
features: predeterministic functions; finitely nondetimistic programs; arbitranyi.€. unboundedly non-
deterministic and angelic) commands; probabilistic paogs.

4 Case study: sequential systems

The purpose of this long section is to develop a single casiysising the incremental method. Suc-
cessively more complex behaviours are incorporated ubmgpproach outlined in the previous section.
The hope is that by considering a familiar example, that glisatial programs, the student can learn
how to apply the technique to more novel situations (an exawifpvhich, probability, is included as the
last increment here).

The first kinds of behaviour, nontermination and nondeteism, will probably be familiar. But ex-
tensions, to angelic choice, unenabled commands and thembablistic choice, are likely to be less
familiar. (The range of behaviours, to be introduced as we-ijgrementally—is summarised in Fig-
ure 3.) So after all, this single case study may indeed itelibaw to use the incremental technique to
capture novel behaviour.

4.1 Modelling nontermination

The origins of formal methods lie in the work of Cantor witls hise of set theory to model the hierarchy
of mathematical concepts. In particular a function—thkessan argument of typ¢ and returns a result
of type Y—is modelled as a set of pairs satisfying ‘well-definedrnesgéry argument is associated with
exactly one result. The consequence is the t¥pe Y. But with total functions the partial order of
conformance of one function to another degenerates toiggual

fCf = f=f

where the equality is pointwise, as functions.

4.1.1 Behaviour

The theory of Computer Science began in the 1930s with theeliiog, by Hilbert, Turing, Kleene,
Church, Markovet al,, of the concept of a computation (or of recursiveness). Asrsequence of
modelling a ‘mechanism’ (or machine in Turing’s case) it ecessary to allow the possibility that
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Case study: sequential systems 9

abort nontermination
skip no-op
X:=e assignment, with expressi@n
P if b elseQ conditional
PsQ sequential composition
MF recursion

Figure 4: Syntax for the spaé&edetof predeterministic programs. Assignment is assumed todxuep
terministic and recursion to be with respect to a continufanstion.

the mechanism fails to terminate. Contemporary syntax tichomputations, callepredeterminis-
tic programs—each of which is, from any initial state, eithenteominating or deterministic—appears
in Figure 4. The set of all predeterministic programs ovatesspace is written Predet

The interaction between nontermination and sequentialposition is important. If a nonterminating
program precedes or follows another (enabled) programeshdtrremains nontermination. In particular,
for eachP : Predet,

3) abort ; P = abort
(4) P g abort = abort.

We have concentrated on recursion, which includes tailrsdmo and hence iteration

dog— Pod = uF
where F.X = (PgX) if g else skip.

4.1.2 Model

In the standard theory, the semantic model of predetertidmsograms consists of a countable subset of
partial functions ofN — N; a typical treatment is Cutland’s text [12]. A function’ggament represents

a program’s initial state and its result represents theraro final state; an element lies in the domain
of the function iff the program terminates when started at thitial state. The partial order of ‘confor-
mance’ corresponds to: ‘yields the same result when tetimgpdbut may terminate from more initial
states)’. In terms of partial functions, their domains aestniction:

(5) fCf = (f =f [domf)

which implies thatdomf C domf’).
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Case study: sequential systems 10

Typically these days we ignore, for the purposes of abstlastription languages in Computer Science,
the ‘constructively generated’ aspect because it will beuegd anyway by the form of the implemen-
tation (a program!). Also often we ‘compute with types’ iking a procedure (or ‘oracle’) to perform
actions that in the standard theory would have to be comfgitabconstruction, but now need not be
even computablee(g.the test(x = 0) for real x). Throughout most of the paper the underlying state
space for computations is assumed toxbe

We let? denote the set of partial functions #n With the relationship (5) of conformance, the resulting
partial order is denote@r, C) . It is a domaift with least elemenf }, with maximal elements the total
functions and with compact elements the partial functicasriy finite domains.

In Recursive Function courses there is a tendency not tmgissh between computations (as in Figure
4) and the semantic space of partial functions. For us tlstindtion is crucial. Programs are expressed in
the syntax of Figure 4 but their meaning is given in the spdpaudial functions. Without that distinction
high-level programming would make little sense and theystfdurther languages would be impeded.

4.1.3 Semantics

The # semantics of predeterministic progran®edet is given in Figure 5. Prograrabort, ‘pure’
nontermination, is represented by the empty function. Rrogkip leaves every state unchanged and
S0 is represented by the identity function. Assignmenttexpression which pointwise is either non-
terminating or single-valued, is represented directly st £xpression being used as a partial function
to update state. A conditional program is, pointwise, a @@l with the same guard. Sequential
composition is composition of functions (in the reverseepydRecursion is given, as usual, by Kleene's
recursion theorem.

Now Law (3) follows trivially

[abort g P,

= semantics of , Figure 5
[P] o [@bort],

= semantics o@bort, Figure 5
[Plyo{}

= set theory
{}

= semantics oébort again

4 By ‘domain’ here is meant a complete partial order in whictheelement is the supremum of its compact approximations.
Recall that an elemefitis compactmeans that any directed setthat exceeds it contains an element which does doZif I
thende: = - kC e. In the case of partial functions, the domain conditionsmse¥df : 7 - f =N{k: 2 | #(domk) <o A kC
f }. Indeed without loss of generality thekeanges over singleton partial functiongd#mk) = 1.
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Case study: sequential systems 11

[abort]l, = {}
[skipl, = AX:X-X
X:=€, = AXx:X-e
[Pif belseQ], = Ax:X:[P]p.xif b.xelse[Q]s.x
PsQls = [Qlzo[Pls
[MFl, = U{f:2 | FfCf}

Figure 5: Ther semantics of predeterministic programs, in which progfis denoted by a partial
function [P], and variablex is used for both its argument and the state of the programurRiea is

the least fixed point oF, as given by the first recursion theorem of Kleene (for instai2], Theorem
10.3.1).

[abort], .

Of course (the proof of) Law (4) is similar.

The embedding of total functioX — X,=) in (2, C) is not Galois (since refinement of total functions
is equality, Equivalence (1) would imply that the projeatibe defined only fof : # with pref = X;
alternatively, is not universally(C, C)-junctive sinceJ{ } & X — X).

In view of models soon to be presented, it is convenient taoepthe model of partial functions with an
equivalent. Each partial function is made total by mapping@lament outside its domain to the ‘virtual’
elementl. Let

X, = XU{L}.
Then the translation function is

S:T—>(XJ_—>XJ_)
ef =fu{(x,L) | xe X, \domf}.

For the new model to be closed under sequential compositionyst be ‘homogeneous’: the virtual
state must also belong to the domain.

Then for Laws (3) and (4) to hold, each functibnX, — X, must bestrict:

(6) fl=1.

Writing pref for the set of elements of not mapped by the extensidrio L,

(") pref = {x:X | f.x # L},
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Case study: sequential systems 12

Figure 6: Using to translate the semantics of predeterministic prograom r to Q .

in order fore to be isotone, the partial order of conformance must trémafethe new model to:
fCf = (f|pref =f'[pref).
Let us call that mode(Q ,C):

Q = {f: X, =X, | f.L=1}.

Theorem 3  The translation functios: » — Q
1. is an isotone bijection frortr,C) to (Q,C), so that in particular raa= Q ;

2. ensures that the domain ,C) has least element the constant functiopnmaximal elements the
functionsf with pref = X and compact elements the functidnwith pref finite;

3. preserves total functionsd. assignment): if is total then(e.f) [ X = f;

4. preserves composition:(f og) = (£.f)o(e.0). O

Now the @ semantics ofPredetis obtained by translating the semantics with the embeddirgas
indicated in Figure 6. Theorem 3 ensures accuracy of thet r@sd preservation of the laws; the result
is given in Figure 7. For example, considering again Lawl§8),this time in theg semantics:

[abort g P]o

= definition of @ semantics, Figure 6
e.[abort g P],

= previous reasoning

€.[abort],

= definition of @ semantics again

[abort] .
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[@bort], = Ax:X-L
[skipl, = &(Ax:X-X)
X:=€¢q = &Ax:X-¢)
[Pif belseQ, = AXx:X-[P]o.xif b.xelse[Q],.X
PsQlq = [Qlgo[Plg
[MFlq, = W{f:Qq | FfCf}

Figure 7: TheQ semantics of predeterministic programs, inferred frometlsmmantics (Figure 5) using
the technique of Figure 6.

4.2 Modelling nondeterminism

The advent of Software Engineering forced theoreticiangkéDa, Hoare, Milneret al) to model non-
determinism. Nondeterminism arises for several reasonsthy it might simply be inherent in the
functionality being specified. For example: locaten an array (wherex may occur more than once);
find a minimum spanning tree (where there may be several)priesth path, a Hamiltonian circuit, .. ..
Secondly, it might be the result of abstracting the mecimaistermining a choice made at a lower level
of abstraction. An example is provided by a random-numbeeggor whose seed and mechanism of
generation are concealed. Thirdly, it might be assumedderaio ensure that reasoning is local. For
example, a choice determined by testing a global variabghtrie assumed to be a nondeterministic
choice in order to avoid global reasoning.

4.2.1 Behaviour

Predeterministic programs are extended to be finitendeterministic by augmenting the language of
Figure 4 with a binary combinator for nondeterministic d&isee Figure 8. The set of such programs
over state spack is written Prog. The relationship of conformance is still writtén. Its connection
with nondeterminism is:

©) PCP = PNP =P.

Important laws involving programs and nondeterminismudet

9) abort C P (i.,e. Prabort = abort)
(10) (PMQ)sR = (PsRN(QsR)
(11) P (QMR) = (PsQM(PsR).

5More precisely, the nondeterministic choice is now congidef any nonempty finite set of programs. That is equivalent
to the nondeterministic choice of two programs, by indutaod the laws of associativity, idempotence and commitiat¥
binary nondeterministic choice.
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PMQ nondeterministic choice

Figure 8: Syntax introducing binary nondeterministic deobetween programs to complete the defini-
tion of the spacérog of programs.

The first, (9), is characteristic of the Dijkstra-Hoare aygmh: in order to guarantee entirely correct
implementations, our calculus must ensure that the (nenttistic) possibility of an error is identified
with certain error. In (10) the demonic choice responsiblettie nondeterminism is made first on both
sides, which are therefore indistinguishable. Law (11) @ersubtle because the choice is made first
on the right, but on the left only aftd?; nonetheless, we expect the two programs to have identical
behaviour (becauskE on the left-hand side is a program and so offers no behavidichathe later
demonic choice can exploit).

What is the relationship betwe&mtogandPredet i.e. between programs and predeterministic programs?
The following law ‘quantifies’ the relationship by exprasgieach program as the nondeterministic com-
bination of its predeterministic refinements.

(12) VP:Prog-P = M{Q:Predet| PCQ}.

A ‘dual’ law, extended from predeterministic programs tognams and hence analogous to the ‘domain
law’ in Footnote 4, expresses each program (and so in pktje@ach predeterministic program) as the
supremum of the compact programs (defined in that footnaig t@ be characterised semantically in

Theorem 4) it refines:

(13) VQ:Prog-Q = L{K:Prog| KC Q, K compact.

4.2.2 Model

One compelling model of nondeterministic programs (Hoetral. [21]) consists of the obvious ex-
tension of the modefy to relations, capturing nontermination with valueand nondeterminism as
multi-valueness of the relation. A relatioron X, represents a (possibly nonterminating, possibly non-
deterministic but always enabled) progranmrif

1. atotal relation onX
(just as for mode¥, from each initial state the computation either terminatesils to terminate):

(14) Vx:X-3X X - xrX

Report No. 394, May 2008 UNU-IIST, P.O. Box 3058, Macao



Case study: sequential systems 15

2. strict and pointwiseupclosedwith the flat ordering o,
(strictness is the relational version of (6) and so, as leefamsures Law (3); Condition (15) ensures
Law (9) since refinement is containment):

LrlL
(15) Xrl = VX :X, -xrxX

3. pointwisefinitary: the image at each initial state is either alDof or nonempty and finite
(which captures just the nonzero finite nondeterminism vek $@ express; being nonempty su-
persedes totality (Condition (14))):

(16) VXXX X xrX } #£ X = 0<#{X X | xrX'} <.
Those conditions can be abbreviated using the notationX for the type of all relations oX andr.( x )

for the forwards relational image ofat x

r.qx) = {X:X,| xrx'}.

The partial order of conformance is ‘at least as determinég’ between such relations
rcs = ros,
where inclusion between relations is their inclusion as.degt us call that modél, D) :
lrl

D = {r:XL<—>XL\ VX'XL'<

XrL=r.(x)=X_ }.
r.(x)#X, = 0<#r.(]x|)<00>

There is a Galois connection from the modgelfor predeterministic programs to the model, whose
embedding is

€.Q—D
17) ef =1 U (X \pref)xX,.

In other words,
x(ef)X = (xepref = fx=x).

Its adjointTtr denotes the largest partial functionriwhich ‘accounts for all of’s results at its argu-
ments’. It may be thought of as the largest partial functidriclv approximates, i , total relationr.
Indeed that is the form famexpected by Theorem 1:

r = U{f:Q | efDr}.

We have:
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Theorem 4  The functione: Q — D

1. is an injection that preserves arbitrary suprema fQmC) to (2, D) : more generally, Definition
(17) ofe makes sense if its argument is merely a relation, and thearfpfC @ (not just those
having a well-defined supremunt € Q ),

eUF = n{ef | feF};
2. has adjointt: » — @, thusgc(e, T (Q,C), (D,2)), where
(18) = {(xy):r|y#ZL A VX #L -xrX =X =y}
which is (2, C)-continuous: ifRis a2>-directed subset ab then

(19) TNR = U{mr | reR};

3. has range which generatosunder nonempty finite unions:

» = {UF | F Craneis nonempty and finitg;

4. ensures that the domaim , D) has least element the universal relationXan maximal elements
the (total) functions and compact elements the relatiowsth prer finite (extending Definition
(7) from functions to relations); thus each o is the supremum of compact elements which it
refines (a fact which is weaker than 3 since each compact ateshe is a nonempty finite union
of elements of ram);

5. preserves sequential compositiar(idy ) = (idy) , ande.(fog) = (£.9) ¢ (e.f). O

It is convenient to define an embedding from relation¥oto those onX; to capture that part of the
healthiness conditions relating to initial virtual state:

()1 (X X) = (XL < X1)
(r)L =ru {_L}XXL

Since( ), preserves arbitrary intersections (though only nonemptgns) it is Galois from(X < X, D)
to (X, < X,D). Its adjoint is restriction teX:

T (XL < X)) — (X< X)
s = sN(XxX),

a projection that preserves arbitrary intersections (dkaserbitrary unions as expected from Theorem
2, Part 3) and is surjective. The embedding, is injective (as expected from Theorem 2, Part 2) and
preserves sequential composition:

(20) (rgs)e = (N1g (8-
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[Plo = U{e[Q], | Q€ Predeth PCQ}

Figure 9: Relational semantics fBrog, lifted from that ofPredet(Figure 7) using the Galois connection
from Theorem 4 together with union for nondeterminism.

4.2.3 Semantics

The semantic space is comprehensively more complex than Our task, then, is to define the se-
mantics ofProg in 2 in such a way that the simplicity of the semantics is not obscured. That is
achieved—of course—nby lifting usirgvia qQ .

For eachP : Prog its relational semantic§],, is defined by Law (12) using union for nondeterministic
choice and the lifting (Figure 6), under the Galois conmectif Theorem 4, of th@ semantics oP’s
predeterministic refinements. See see Figure 9.

In particular, ifP is itself predeterministic then

For exampleskip, because it is deterministic, has semantics

[skip],»

= definition of » semantics
€.[skip]q

= Q semantics
€.(AX:X-X)

= definition ofe
(AX:X-X), .

A similar argument works foabort; as does the fact thaabort], is the least element of, ande
preserves minima (Theorem 2, Part 3).

Thus thep semantics oProgis defined by lifting orPredetand otherwise by union. Now the properties,
that before were a matter of definition in tresemantics of Figure 5, are simply inferred, though with a
little more work than the) semantics was inferred in Figure 7. See Figure 10.

Consider, for example, sequential composition. The preli#s on predeterministic computations whose
P semantics consists of a singleton partial function (re€éatitnote 4); thus the computation terminates
from just a single state. We writeredef (X) for the set of such computations. Now, P’ : Prog,
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[abort], = X xX|
[skip]l, = (AX:X-X),
X:=€p = AX:X-€)_L
[Pif belseQl, = {(xX) | X[P],X if b.x elsex[Q],X }
PsQly = [Pl s[Qly
MFl, = n{d:p |F.dDd}
[PHQ]D = [P]DU[Q]D

Figure 10: Important properties of the relational semarfiic Prog. FunctionF is monotone orp .

PsPlyp

= Figure 9
U{e.[R]q | Re Predetn Pg P C R}

= Footnote 4 and set theory
U{e.[Rlq | RePredei(X) A PP CR}

= property ofPredet(X)
U{e.[Rlq | 3Q,Q €Predei(X) APCQAPCQ AR=Q;Q'}

= 1-point law
U{e. Qs Qg | Q.Q €Predei(X) N\PCQAPLCQ}

= € preserves sequential composition (Theorem 4, Part 5)

U{e.[Qlq s&.[Qq | Q,Q €Predei(X) NPCQAPLCQ}

= set theory
U{e.[Qlq | Qe Prede{(X) A PCQ};U{e[Q]q | Q €Predei(X) A PLQ'}

= Footnote 4 again
U{e.[Qlq | Qe Predeth PECQ} 3 U{e.[Q]q | Q € Predeth P CQ'}

= Figure 9
Pls 5 [Po -

The case of nondeterminisiP M Q|, = [P]y U[Q]s , is similar using instead (in the third step) the
property that, foQ : Prede§(X),
POPPCQ = PCQV PLCQ.

Now the proofs of Laws (9) to (11) are immediate from basidlsebry. For example, for Law (11),

[P35 (QMR)»
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= Figure 10

set theory

= Figure 10 again

There is an alternative to our approach to the semantiBsagf based on Law (12) withy for nondeter-
minism. It is assigns semantics by structural inductiorPoiProg, ‘building in’ the equations of Figure
9 at each step. But then Law (12) must be checked and so thenamfowork is equivalent. We have
chosen the former approach because it is closer to thatreeui the probabilistic domains to follow.

4.3 Modelling angelic choice and enabledness

Just as Software Engineering brought to light (demonic)determinism, so the formal development
process discussed in Section 3 revealed the utility of iglgrtenabled’ computations and ‘angelic’
choice. We call such computations, which extend programsmands

An example of a partially-enabled command is choice of amelg from a set which happens to be
empty; computation cannot be started—is not enabled—in rmnarathat is dual to a computation that
fails to terminate. This situation arises because a proeefu choosing an element from a set may be
used in a context which ensures the set is nonempty. But wéeglaped ‘in isolation’, the empty case

must be considered.

Angelic choice is simply supremum, the dual of nondeterminism. A simple example is provided by
the angelic choice of two consistent commands. The fsthoosex nondeterministically between 0
and 1 whilst the secon& chooses nondeterministically between 1 and 2. Their angkbiceRLI Sis
the weakest program stronger than both= 1.

If RandShad not been consistent in that example then their angedicehtheir supremum, would not
have been a program. The supremum of an inconsistent sehwhands is a command (though not a
program) that is never enabled. Notation for the commantdishaever enabled and for angelic choice
are introduced in Figure 11, as is our last ingredient of camarspace: arbitrary (rather than just binary)
nondeterminism. The set of commands is writteomm As usual, the relation of conformancelis,
satisfying (8). Of course equivalently we now have

(21) PCP = PUP =P.
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magic  the command that is never enabled
bz nondeterminstic choice over
UF angelic choice ovey

Figure 11: Syntax completing the spaCemmof commands over state spa¥e the unenabled com-
mand, and arbitrary nondeterministic and angelic choigess an arbitrary set of commands.

4.3.1 Behaviour

With the extension from programs to commands, the previaws Imust be revisited for correctness.
Law (10) remains valid: the nondeterministic choice is mauitgally on both sides and so the demon
resolving the nondeterminism, confronted with the samécelso produces the same behaviours. But for
just that reason its partner (11) does not remain valid, anst fve weakened: fd&®, ST : Comm,

(22) Rg (SOT) C (RgSM(RgT).

Refinement there must of course hold by monotonicity. Butaétyumay fail since the demon (having
memory but not prescience), has more choices the latersit &ibere are thus fewer choices on the right
and so fewer behaviours than on the left. The choices cani€iexecution ofR results in no angelic
choice by which the demon might profit: K is free of angelic choice. An example of strict refinement
is given in Section 4.4.1.

Important laws involving the new combinators include:

(23) R C magic (i.,e. RUmagic = magic)
(24) magic; R = magic

(25) (RUS T = (RgT)L(Ss T)

(26) Rg(SUT) J (RgSU(RgT).

The first, (23), says thahagic is indeed dual t@bort and so is the greatest (or ‘most refined’) com-
mand (and thus equals the empty angelic choi¢eé ). The second says that an unenabled command
cannot be enabled by any sequential successor @wamn). In (25) the choice is made initially on both
sides so, reasoning as above (with the angel in place of tm@m)e equality holds. But (26) is dual

to (22): on the right the angel acts early and—having preseidout not memory—has more choices
and so produces more behaviours; alternatively, the reénemollows by monotonicity. The choices
coincide if execution oR results in no nondeterministic choices by which the angghtprofit: if Ris
predeterministic.

The relationship between commands and programs is giveheblatv analogous to (13) (evidently the
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analogue of (12) fails): for any commaid

(27) R = W{P:Prog | PCR}.

In fact the domain property holds: without loss of geneyafirogramP can be assumed to be compact.

4.3.2 Relational model

In the relational model, angelic choice must be intersactind partial enabledness must therefore be
captured by partial-ness of a relation. But that means thkhieess condition of totality, (14), no longer
holds. Because nondeterminism is now arbitrary, the finitandition (16) also fails (at both ends of
the inequality, in view of lack of totality). Thus all thatmains is strictness and upclosure (15). The
extension tap consisting of relations satisfying just strictness andagae, but with the same criterion
of conformance, we callz , D).

The spacé® ,D) is a domain and a complete lattice with same least elementlast greatest element
({}). and compact elements the cofinite subse$ of X, . Moreover it is a Boolean algebra under the
complement — (X, x X, \r), . However the natural embedding of in % is not Galois. Otherwise
its adjointrtwould map the greatest element4nto a greatest element af (by Theorem 2, Part 3); but
no such element exists.

Nonetheless the injection af in & does generat& under arbitrary intersections, reflecting Law (27)
(recall that from Theorem 4 nonempty finite unions were usegdeneratep from Q , reflecting Law

(12)):

R ={nNF | FC2}.

4.3.3 Relational semantics

The relational semantics @ommmay be thought of—like the semantics ferog—as follows.

1. Firstly, theg semantics equals the semantics for commands that are code (Ek&). In other
words thez semanticextendghe » semantics.

2. Secondly, thex semantics is inferred from th® semantics by extending the combinators of
code to commands (as in the case of sequential compositiaayen arbitrary nondeterministic
choice, onProg from Prede). This is possible because the natural embedding prestross
combinators.

6Since the natural embedding framto ® preserves arbitrary unions, why is it not Galois by TheorénB&cause suprema
in ® (arbitrary unions) are not the same as suprema {iconsider for example the empty union).

Report No. 394, May 2008 UNU-IIST, P.O. Box 3058, Macao



Case study: sequential systems 22

[magicly = ({})L
M7]lx = U{[Plx |Pe7}
LFlx = 0{[Plx |Pe7}

Figure 12: Relational semantics f@romm this augments the extension of the semantics in Figure 9
from » to % using the natural embedding.

3. Thirdly, it is defined for the (new) combinator of angelfwice by edict, to be intersection.

Thus the® semantics ofCommis provided by Figures 9 (thus extended) and 12 (which alsludes
arbitrary nondeterminism and its empty casegic).

The proofs of Laws (23), (24) and (26) are now straightfoovasing basic set theory. For example, for
Law (26),

[Ps (QUR)x
= % semantics ofl andg from Figure 12

- set theory

= ®. semantics of andU again

Moreover equality holds in the middle step if, pointwiseg tielation[P] either maps tal (and hence
to all of X,) or is single valued; in other words, the commahi$ predeterministic, as required.

Unfortunately, for Identity (25) the analogous argumetélelishes onlyJ , unless relatiofiR]; is a total
function; in other words, commariis deterministic. Furthermore in Law (22) equality alwaydds
(the existential quantification gf distributing theU of nondeterminism). We infer that the relational
model® does not fully capture angelic behaviour.

Thus stretching the relational model from programs to commands reveals deficiencies. The situati
is analogous to the introduction of nondeterminism: the eh@dwas simply not expressive enough and
so was extended to. Now with the introduction of angelic choice, the relatibnaodel is in turn not
expressive enough and must be extended.
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4.3.4 Transformer model

The predicate-transformemodel (Dijkstra [13]) views each command as transformingtganditions
(predicates on final states) to preconditions (predicatesitial states). For commarte} the operational
interpretation of its transformer semant[€$,- is: for any postconditior and any initial state

[P].g.x holds iff computation oP terminates fronx in a state satisfying.

Of course that is sufficient to motivate a formal definitiortteé semantics. But our interest here lies in
reusing the relational semantics to infer the transforrearantics, as far as that is possible.

Let (p X, <) denote the space of all predicates.(conditions) ornX partially ordered by implication. The
predicate-transformemodel, (7, <), of commands (Dijkstra [13], Nelson [36], Back [4] and Manga
[33]) consists of the space of predicate transformers ecender the lifting of the ordering on predicates

t<t = Vqg:pX-tq<t.q
that satisfy just one healthiness property, that of moriotiyn

a<q = tq<tqg.

Then(7,<) is a domain and complete lattice with least and greatestezitsrthe constant functions
falseandtrue respectively. Its compact elements are the transforinferswhich there is a finite subset
F C X such that

(28) Vg:pX-t.q = v{gx | xe F}.

The spacer is endowed with an involution (see Back and von Wright [3])
t*.q = —-t.—q

that preserves sequential composition but interchangegaterministic and angelic choice, enabledness
and termination anchagic andabort.

The embedding from relatiorng to transformers is traditionally called theveakest precondition

wp:R — T
wpr.gx = VX : X, -xrX = (X #LAgX).

It is Galois, but with orders reversed.

Theorem 5  The functionwp: ® — 7

1. is an injection that preserves arbitrary suprema fgmC) to (7,>) : for any subseRC % ,

(29) wp.UR = A{wpr | r € R};
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2. has adjoint theelational projectionrp: 7 — % so thatgc(wp, rp; (%.,<),(7,>)), where
(30) x(rpt)X = x=1 VvV Vqg:pX- -t.gx=qgx
which of course preserves infima (Theorem 2, part 3): for amgstT C 7,
(31) rp.vVT = N{rp.t | teT}
but moreover preserves suprema:

(32) rp.AT = U{rpt | teT};

3. satisfies merely

(33) wp.(rns) > (wp.r)V (wp.s)

rather than equality (in contrast to the identities (291,)@nd (32));
4. has range rawp consisting of the conjunctive transformers,

(34) teranwp = Vaq,q :pX-t.(qAqd) =tgAatd,

and that generates under angelic choicé:

(35) 7 = {VF | F Cranwp};

5. ensures that the domajm , >) has least element the constant functan: pX - true, greatest ele-
ment the constant functiokq : pX - falseand with compact elements the transformers analogous
(because of the reversal of orders) to those described )n (28

6. preserves sequential compositiovp.(idy) | = id x andwp.(r gs) = (wp.r)o (wp.s), as does its
adjointrp in the reverse direction. O

As expected from Theorem 1, the projectignt defined by (30) is the largest relation that approximates
t underwp.

"The spacer is also generated by the compositionved with its involution [3]—Vt: 7 - Ju,v: ranwp- t = u* o v—but
that fact appears less useful here because the transfamodution is not the lifting of an involution on relations9B
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[abort], = false
[magic]; = true
[skiply = Aq:pX-q
x:=€; = Aq:pX-qle/X
[Pif belseQl; = [P]; if belse[Q],
PsQly = [Plyo[Qls
MWF = Vv{t:7 |Ft<t}
n#ly = MNPy |[PeF}
LUrly = V{[Ply [Per}

Figure 13: Transformer semantics for commands, inferrechfFigure 12 using thevp Galois connec-
tion.

4.3.5 Transformer semantics

Now we find that the semantic spage appears deceptively simple but the manner of expressing a
computation is radically different from that in relation®Naturally we use the Galois connection to
bridge the gap.

The Galois connection can be used to lift much of the relatisemantics to transformers following our
standard approach of Figure 2. As usual (Theorem 2 part B)gjits the least elemeff}), in (%,Q)

to the least element, the constant transfortnggin (7 ,>), thus providing the semantics ofagic. For
sequential composition, we find

[PsQlr

= definition of 7 semantics

= definition of 8 semantics, Figures 9 and 12

= property ofwp, Theorem 5.6

= definition of 7 semantics again

It maps arbitrary unions i® to arbitrary conjunctions i, by (29), thus providing the semantics of
arbitrary nondeterminism. But the lack of equality in (333ans thatvp can not be used to lift angelic
choice fromg to 7 . That must simply be defined to be disjunction. The resuliiagsformer semantics
is given in Figure 13.

The proofs of Laws (23), (24) and (25) are now straightfodvasing elementary logic. For Law (26),
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P with probability r

P:®Q equals { Q with probability 1—r

Figure 14: The probabilistic combinator chooses betwesetwid arguments with probabilities that sum
to 1. The expressionis a function of state.

we find

= 7 semantics ofJ andg from Figure 13

> monotonicity

= 7 semantics of andLl again

Moreover equality holds in the middle step if the transforrfig,; is disjunctive; in other words, the
commandP is predeterministic as required.

Thus the transformer model derives from the relational mod&l but does not exhibit its deficiencies
discussed in the previous section.

4.4 Modelling probability

Our treatment of programs and their extension to commansigndéacated how the incremental method
works. But what about more complex, novel, functionality2ré] as an example, we consider proba-
bilistic choice of the sort that is achieved by use of a ranagmmber generator to select between alter-
natives. Since any (nonvoid finite) multi-way probabitisthoice is obtained by nested binary choices,
binary choice is by itself sufficiently expressive. Syntsxntroduced in Figure 14. The spakeog of
programs extended by such probabilism we dewotd. For a thorough study d?rob (and alscComm
similarly extended) we refer to Morgan and Mclver’s carefnt entertaining text [34].

4.4.1 Behaviour

Laws characteristic of programs with probabilism are coigh in Figure 15.

We have already considered Law (48) in Section 4.3 as Law [@®re we reasoned that equality (which
held for nondeterministic code) was violated by commandsengeneral than code (angelic choice in
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(36)  P®Q =P
@7  PeQ = (Qur®P)
38) PP =

P
(Pa®Q)p®R = P.®(Qq®R) where ¢ = axb,
d ((1—a)xb)/(1—axb)

(39) (ProQ)sR = (PsR)®(QsR)

(40) (PsQr@&(PsR) C P (QrdR)

(42) Pif belseQ = PpdQ

(42) P@®(Qif belseR) = (P,®Q) if belse(P,&R)
(43) PNQ = Mo<xr<1 Pr®Q

(44) PNQ C Pi®Q

(45) (PNQ)dR = (Pr&RN(Qr&R)

(46) (PMR)®(QNR) C (P®Q)NR

(47) (PMQ)sR = (PsR)M(QsR)

(48) P;(QMR) T (PsQM(PgR)

Figure 15: Some laws for probabilism. In Law (4d)s treated on the left as a Boolean and on the right
numerically. In (44Y is, as usual, an expression on state with values in the uaitva.

particular). Now we see that equality is violated by (prdbstir) code Again the (weak) refinement
follows by monotonicity, so we focus on showing inequaliBonsider

P = x::O%@x::l
Q=y:=0
R=y:=1,

and consider the probability with which each side in (22)i@as the postcondition=y. The left-hand
side

(x::O%@x:: 1)g(y:=0ny:=1)

does so with probability 0: the demon chooses after the jbitistic choice has been made and so can
choosey to ensurey # x. But the right-hand side

(x::O%@x:: 1)gy:=0 M (x::O%@x:: egy:=1

does so with probabilitg: the demon’s initial choice is one of the two sequential cosijions, each of
which has probability% of establishingxk = y. Remember: the demon is not prescient and so is unable
to take advantage of the probabilistic choice still to be enad

From that informal argument it is clear that the definitionrefinement must be revised, to make it
numerical. The revision must of course be consistent widlvipus definitions. The effectof the new
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version of refinemenP C Q is that if P satisfies a postcondition with some probability tHerwill
satisfy it with a probability at least as great; and the philitg that Q terminates is at least as great as
the probability thaP does.

The programx := O%@x :=1is, in spite of popular notation to the contrary (particiylan quantum
computing where ‘nondeterministic’ is synonymous withopabilistic’) deterministic: it has no proper
refinements. ThuBrob has more maximal elements thRrogin the refinement ordering.

The equivalent for probabilistic programs of Law (12) is
(49) P = m{Q:Prob | PC Q A Q predeterministi¢,

whereQ is predeterministic means that it is expressed in the sghkgePredetextended by the com-
binator for probabilism. Thus from each initial state itheit aborts or its behaviour is maximal in the
refinement ordering.

4.4.2 Distributional model

The result of executing deterministicprobabilistic program from a given initial state is a proitigb
distribution over its state space. (A deterministic prograith no probabilism results in a distribution
whose mass is concentrated at its single final state.) That i extended to allow the program to be
predeterministicby allowing the distribution to sum to less than 1. In this mlodo virtual statel is
required: the probability of nontermination is given by thiéierence from 1 of the total mass of the
distribution. In a refinement that probability is diminishky increasing the probabilities of some final
states.

We can then view the result of executinghandeterministiqorobabilistic program from a given initial
state as a set of (such) distributions, one member for eaciuteon of the nondeterminism. This intu-
ition is of course captured by Law (49). A probabilistic prawxy can therefore be thought of as a function
from its initial state to a set of distributions over finaltstal he result is a model formalised as follows.

We write (A, C) for the space of distributiofisover X, with pointwise order

A
fCf

{f :X_’[Ql] | zx:Xf'X < 1}
Vx: X - f.x<f’x.

~
~

In order for refinement to be containment, eachssetf distributions must be closed under refinement of
its elements: it must bepclosedn the sense that it contains any distribution that dommatenember:

updy) = VA fernfCf) = fer.

8Throughout we consider only functions ¥nwith mass at most 1 and so do not introduce notation to distigthat case
from the more traditional one in which mass equals 1.
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A sets of distributions is calledonvexf it contains all convex combinations of its member disitibns:
cwX(F) = V7 - 0<r<1 = rxf+(1-r)xf'er.

Finally a sety of distributions isclosed cld(¥ ), if it is topologically closed as a subset of the product
topological spacé0, 1]* with the usual topology on the real interviil 1] and the discrete topology on
X.

The distributional mode(# ,C) of Prob consists of the functions frord to sets of distributions that,
pointwise, are nonempty and are upclosed, convex and closed

H = {F:X—=PA|Vx:X-Fx#{} A updF.x) A cvxF.x) A cld(F.x)}
FCF = v¥xeX-FxDFx.

Although not complete(# ,C) has least element the constant function A and maximal elements the
functions whose values are singletons of distributionsrigamnass 1.

The relational modeb is embedded in the distributional model as follows. Firstly, the state spae
is embedded in the spadéeof distributions onX via point-masses: fox: X its point mas®.x: A assigns
1 toxand 0 to any other state

0: X—A
oxXy = (x=y).

Then an embedding is defined as follows. Suppose » andx: X. If r represents a nonterminating
commandxr L, then the embedding.r at x equals the set of all distributiong.r.x = A. Otherwise
£.r.x consists of the closure, with respect to the three propeatiové of the set of point masses of final
states:

€D —>H
(50) erx = Aif xrL elseclosurgd.y | xry}.

The functione is Galois from(2,C) to (#,C), but also preserves unions.

Theorem 6 Recall that state spacéis assumed to be finite. The functien® — #

1. is a bijection that preservesbitrary suprema and infima frorfp, D) to (#,2): foranyRC o ,

(51) eNR=n{er | reR}
(52) e UR = U{er | reR};

°If D is a set of distributions itslosure closurgD), means the smallest set containidgvhich is upclosed, convex and
(topologically) closed.
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2. in particular has an adjoimt: £ — D so thatgc(e, @ (9,2),(#,2));

3. preserves sequential composition of total functionshis sense (contorted by the fact that the
members of# have different types for source and target): omitting thepaeentheses in Defini-
tion (50), ifg,d : » are total functions then

(53) €.9g =0do0g so that
(54) e.(idy), = d
(55) £(9sg) = dogog = (eg)og.

Sequential composition is clearly more complicated in than in previous models. It is treated more
fully as follows. The first step is to consider determinigficobabilistic) programs: commands repre-
sented iry/ by functions whose value at each initial state is a singl&ibdigion (and so we elide the set
containing it). For such commanés the model is readily made homogeneous by:

(a) replacing each initial stateby its point mas®.x and lifting F to d.x in the obvious way

F.(d.x) = F.x

(b) extending~ from point masses to distributiorgi.e. to linear combinations of point masses that
aresubconvein the sense that their positive coefficients sum to at mosathdr than to exactly 1)) by
averaging (or convolution); we call the resHit:

(56) Flfy = Z< (F.xy) x f.x.

X

In other words, representing a distribution as a subcongexbination of point masses, the first step has
resulted in a IiftingFJr from distributions to distributions,

FLE = Syx (Sxx (Fxy) xf.x) x 8y,

and so facilitates a definition of sequential compositiandieterministic programs:
FsG = G'oF.

Of course a further application dfproduces a homogeneous res(@! o F)™.

The second step completes the definition of sequential csitigo by using (a special case of) Law
(49) to express, semantically, a (general) probabilistmgmm as the nondeterministic choice of its
deterministic refinements, using theperation

(FsG).x = {D"f |[feFx A GCeD A De o deterministic .

There the Galois connecti@translated from a deterministic program i to one in# so that it can
be compared witl® in the refinement ordering.
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[skip],, = Ax:X-{dx}
[@bort],, = Ax:X-A
x:=¢, = Ax:X-{0e}
P@Ql,, = M:X-{rxf+(1-r)xg | fec[Pl,,x A ge[Q], X}
PMNQl, = AX:X-UW{[P®Q,x]|0<r<1}
PsQlr = AX:iX-{Fwex FXxge | f€PL X A ge€[Qly X}
[Pif belseQ],, = Ax:X-[P], .xif b.x else[Q],,.x
[UF],, = M:X-n{G:# | F.GXx2Gx}

Figure 16: Distributional probabilistic semantics of coispressioreis assumed to be deterministic.

4.4.3 Distributional semantics

As is to be expected by now, th& semantics oProb is obtained, where possible, by lifting the
semantics witre; see Figure 16. The semantig3, @ Q|,, of the combinator for probabilism is given
by the set of convex combinations (determined by the prdistbiexpressiomn) of distributions from its
two arguments; the result is upclosed.

If [PMQ],, were to be defined by lifting its definition i then Law (43) would fail. So having defined
[Pr@Ql,, we simply defingPrQ],, in order to ensure Law (43).

4.4.4 Transformer model

The calculus of predicate transformers is Boolean. But nowandle probability and the convex com-
binations that result, that must be extended. The Bool&dssandtrue are replaced by the numeric
values 0 and 1 respectively, and each predicate is lifte@ tel-valued:

[ ]:pX—= (X—=R)
[g.x = 1if gxelseO.

An expectations a hon-negative-real-valued function on state spacdt arises in the present context
by closing predicates.€. pre and postconditions) under convex combinations and scom#hought of
as a ‘probabilistic predicate’. The set of all expectati@ns

Q = X—={r:R|r>0}.
The transformer model of probabilistic programs is like ttensformer model of standard programs,

but with conditions i(e. predicates) replaced by expectations. Thus the spage) of expectation
transformers named for Claire Jones but due to Kozen [30], Jones [27] aodjdhet al. [34], is

7 = Q—Q
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with pointwise ordering

JEK = Va:Q - fi.q <[kq.

In translating from# to 7 we must relate distributions and expectations. The exfpieataf a function
(pagainst a distributiom (already used in a special situation in (56)) is defined tdbeadiscrete Stieltjes
integral

Jodf = Fux (@x)x(f.x).

We can recover, from expectations, the ordinary notion afiating a state at a predicate by specialising
to standard expectatidn| and a point-mass distributiorsx:

J a/d(3.x)

= definition of integral

Yxex [0].X x d.x.X

= definition of point mass

[g].X.

In fact for standard expectations and arbitrary distrinutihe above integral calculates the probability
that (with respect to the distribution) the predicate iss§iad.

The translation function between the latti¢es, O) and(s,C) is now formalised

wWp:H — g
wp.h.gx = n{fqdf|f ehx},

for probabilistic relatiorh : 7, expectationg : @, and statex: X. It gives the least expected value of

postexpectation against all final distribution§ achievable by probabilistic commahdrom initial state
X.

The translatiorwp has the following operational interpretation: for a pragta andq a (standard) pred-

icate,wp.h.[g].x represents the greatest guaranteed probabilitygtfssatisfied finally. Not surprisingly,
wpis Galois:

Theorem 7 The functionwp: (#,2) — (7,C)

1. is an injection that preserves suprema: for anyset expectations,

wp.NQ = {wpg | g€ Q};
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2. has adjointp : y — # defined, for expectation transformjes 7 and state € X,
rp.j.x = {f:AX|VQ:Q -j.ax< [;a};
thusge(wp,rp; (7#,2),(7,5));
3. ensures that the latti¢e,C) has least element the constant expectation transfokimer - 0;

4. has range characterised by sublineatity:ranwp iff t is sublinear for all expectations},q and
non-negative reala, b, c,

(57) t.((axgq+bxd)oc)] > (ax[t.q+bx[td])oc,

where the ‘truncated difference’ operatoris defined® on non-negative reals (and lifted poitwise
to expectations) to ensure that difference remains noativegacb = (a—b)U0;

5. when restricted to predeterministic (probabilisticdgnmams is characterised ligearity: t is the
image of a predeterministic distributional prograne.(whose image undewp assigns to each
initial state a single distribution) iffis linear: equality holds in (57).

The restriction ofp to ranwpis well defined, butp need not otherwise be defined (recall that relations
in # are non-empty).

4.45 Transformer semantics

The expectation-transformer semantic$obb is given in Figure 17. This section, the end of the techni-
cal material of the paper, consists of two training exesise

1. First, simple practice in this last incremejutstify each definition intuitively

2. Second, practice in the central theme of this pagdefine the semantics of Figure 17 as a lifting
using the Galois connection just defined

5 Research agenda

Here are just a few areas in which the approach of this papensassured of making progress.

10A typical use ofS in our context is to translate between addition of bits amirtminimum:arib = (a+b)o1.
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[abort], = Aq:Q -0
[skip, = Ag:Q-q
x:=¢€;, = Ag:Q-qe

PsQl, = [P,o[Q]

[Pif belseQl, = [b]x[P],+[=b]x[Q],
PrQL, = [P, N[Ql
Pr@Ql;, = Aq:Q-rx[Pl,.q+(1-r)x[Q],.q
[UF];, = leastfixed pointoF:7 — 7.

Figure 17: Expectation-transformer semanticsHab.

1. Concurrent systems: Process algebra

Perhaps the cleanest area of program semantics in whichptyg #y@ incremental approach is
that of process algebra, and in particular Communicatirgu&etial Processes, CSP (see Hoare’s
reflection [23]). Since its inception, CSP’s semantic medelve been presented incrementally:
first, traces to capture safety information; then failuesdpture deadlock and so distinguish in-
ternal and external choice; and finally divergences tordjsiish livelock from deadlock. But only
relatively recently has that hierarchy been presente&mentally with its three levels connected
by Galois connections; see Seidel and Morgan [43] (whictaat &chieves more: the addition of
probabilism at each increment).

But much remains. The last section of [43] contains a disonssf the way in which (real) time
is incorporated incrementally. But other behaviours seipm fior consideration: probability and
time together, angelic choice (alone or with probabilitgl&m time), the violation of atomicity, or
even time reversal, and the incorporation of behavioutineEnt to long-running transactions.

2. Ensemble engineering

The working group WG1, under the coordination action ‘Ititde (see the interim report of Holtzl
and Wirsing [24]), have been considering a call for propogathe area o$oftware intensive sys-
tems and new computing paradign@®ne area of interest is the engineering of large and complex
systems—uwhich they have namedsemblesEnsembles, complex by definition, provide the per-
fect opportunity for an incremental approach; or do theythdfy are complex enough to exhibit
emergent behaviour, how can Formal Methods apply? For byeiimition, emergent behaviour
lies beyond the scope of a description of the system compenétowever a proposal has been
made by Huet al. [26] to reconcile that apparent contradiction and so forapglication of incre-
mental methods.

Ensembles are of particular interest because, althoughatieecomposed of discrete components,
they typically embody statistical behaviour. Thus it ismtierest to see how the incremental meth-
ods apply in that situation; the techniques of the presgmipshould suffice. Special cases include
hybrid systems and multiagent systems that adapt.
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3. Hardware systems

There is a well-established hierarchy of models for harévemvices driven synchronously. How-
ever for asynchronous timing, the models and handshakiogqwls are not usually thought of
hierarchically. There seems therefore to be an opportuaigxploit the incremental approach.
The details are certainly not trivial but the reward wortk &ffort. Timed automata appear to
provide an appropriate vehicle; see UPAAL [6]. For a studyiving simulation in UPAAL and
first thoughts of a hierarchical approach, see Bounehza [7].

4. Quantum systems

Formal Methods have not played a large part in quantum caatipnt Indeed most of the proposed
‘quantum programming languages’ do not even have formabséos, let alone a statement of
laws. The two languages supported by semantics and lawisig8es language [44] and that
based on the languadob of this paper, gGCL [41], fail to capture all the behavioumwadays
required in expressing and reasoning about quantum cotiguta

Firstly, some kind of quantum process algebra would be @elsrfor expressing and reasoning
about quantum cryptographic protocols. Secondly, thentease of traditional concepts from
Mathematical Physics—completely positive operators—du2'Hondt and Panangaden [25] pro-
vides an enticing formalism for quantum semantics. It wdaddnteresting to use it for quantum
process algebra as well as quantum algorithms, and to iiekate Galois connections to the se-
mantic models of the two languages above.

5. Component-based systems: rCOS

Perhaps the most obvious extension to the ideas of this fiagarthe direction of object orien-
tation. The relational calculus of object systems, rCOS, lieen proposed by Hat al. [19]. Its
semantics is described relationally, following the UTHestyf Hoare and He [22]. However with
more recent extensions to rCOS, due to ktwal [8], it would be interesting and informative to
consider an incremental account of the semantics of cur@@S. Either the UTP approach, or
the more general one promoted here, could be taken.

6 Conclusion

Systems are inherently complicated so theories must bergdeshas possible. Since detail cannot ulti-
mately be avoided, the simplicity must come from the methodthe areas of traditional engineering,
where relationships between entities are assumed to leratitfable, the method is based on approxi-
mation by simpler behaviours whose outcome approximatgetiahat of the real system. In the case
of discrete systems such approximation is of little use (dowou approximate a bit?), and the method
must describe the complexiigxactlybut stepwise. That can be done in two ‘orthogonal’ ways—by
modularisation at givenlevel of abstraction or incrementalbcrosslevels of abstraction. The former
approach is reasonably well understood and much pracfitespurpose of this paper is to promote the
latter, in the guise of Galois connections.

A potted history of Galois connections in Computer Scierscgiven by Backhouse [5]. Particularly
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worthy of mention are their use for ‘abstract interpretatiby Cousot and Cousot [11]; their use in
automata theory, via the related concept of ‘pair algebydiartmanis and Stearns [18], and via ‘factors
by Conway [10]; and in program semantics: see for examplésdlie Nielsen and Hankin [37], Chapter
4, and Scotet al’s use of embedding-projection pairs [17].

We have presented a single sustained case for the incrdna@pi@ach, moving from predeterminis-
tic (i.e. computable) computations through finitely nondetermimiptograms to angelic and arbitrary
nondeterministic commands and finally to probabilisticgreans. At most of the increments the seman-
tic intuition and laws have been able to be lifted by Galoiarazxtions. Where that has not been the
case, valuable insight has been provided by the propertyfdiia (for example failure ofvp to map
intersections to disjunctions).

But much has been omitted. We have not dealt with data refingmer properly with recursion. In
overlooking data refinement we have neglected the impotémhinique of ‘spans’ an alternative elab-
oration of the construction af from functions via relations (see Gardirgtral’s [16]). Nor have we
systematically used laws to determine healthiness camditias is typical of the UTP approach. The cur-
rent approach—by comparison with UTP, more ‘back to basiesay as a result be more flexible in use.
We have also not considered the use of Galois connectiomdati® the various languages algebraically.
Where we have done so semantically, an alternative would have defined them directly between the
languages. This remains future work.

Two questions arose from the UNU-IIST research day. Theilgssesting one isWhat constitutes
research?’Evidently not all work is research. But a definition of ‘resga must remain elusive: at the
very least it is area dependent. What is research for a te@nninay not be research for an engineer;
and research for an engineer may not be research for a stigbtie purpose of the UNU-IIST research
day was to celebrate the range of research we do.

A more interesting question that aroséWghat constitutes use of formal method€idently such use
forms a spectrum. At the light end, it is realised by use of ranfd notation, provided some degree
of reasoning is performed. Just to use some formal notasiaf course not necessarily to use Formal
Methods. The easiest way to achieve some reasoning is lynfated) type checking of a specification,
which confers some (mild) degree of confidence in the cootmu of the specification. Of course it
ensures nothing about the functionality of the specificafiet alone an implementation)!

A more substantial way in which some form of reasoning maydteeaed is by model checking; then
somefunctionality of the specification can be confirmed. Agaittlel can be said about a (putative)
implementation except in trivial cases where the specifinas the implementation. Prototyping has its
uses, but does not confer correctness of the final impleriemta

The only way to infer that a putative implementation behas@sectly {.e. that it is in fact an imple-
mentation) is to prove that it conforms to the specificatiéor. realistic systems that involves an amount
of work which is prohibitive unless the system is criticalsiome way. One compromise is to verify the
design to a level of increment that balances the tradeoifidxt confidence and expense. For that the
techniques considered here apply.
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Thus we conclude that the degree of use of formal methods gemeral captured by the degree of
reasoning performed. To perform no reasoning is not to usediomethods.

The process of reflecting on ‘his’ work is something each gadel student must learn. The reasoning
that forms part of Formal Methods provides one way for thetising Software Engineer to do so. The
content of this paper provides an example: if the work casg$ constructing a semantics then the
process of reflecting on the work consists of thinking how Hganantics can be explained/introduced
as simply and elegantly as possible. The importance of tefteties far beyond the specific topics

discussed here and is perhaps the most vital skill a begjmeisearch student can learn.
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