
UNU-IIST
International Institute for
Software Technology

UNU-IIST Report No. 394 R

On Research: incremental semantics

J. W. Sanders

May 2008



UNU-IIST and UNU-IIST Reports

UNU-IIST (United Nations University International Institute for Software Technology) is a Research and Training
Centre of the United Nations University (UNU). It is based inMacao, and was founded in 1991. It started opera-
tions in July 1992.UNU-IIST is jointly funded by the government of Macao and the governments of the People’s
Republic of China and Portugal through a contribution to theUNU Endowment Fund. As well as providing two-
thirds of the endowment fund, the Macao authorities also supply UNU-IIST with its office premises and furniture
and subsidise fellow accommodation.

The mission ofUNU-IIST is to assist developing countries in the application and development of software tech-
nology.

UNU-IIST contributes through its programmatic activities:

1. Advanced development projects, in which software techniques supported by tools are applied,

2. Research projects, in which new techniques for software development are investigated,

3. Curriculum development projects, in which courses of software technology for universities in developing
countries are developed,

4. University development projects, which complement the curriculum development projects by aiming to
strengthen all aspects of computer science teaching in universities in developing countries,

5. Schools and Courses, which typically teach advanced software development techniques,

6. Events, in which conferences and workshops are organised or supported byUNU-IIST, and

7. Dissemination, in which UNU-IIST regularly distributes to developing countries information on interna-
tional progress of software technology.

Fellows, who are young scientists and engineers from developing countries, are invited to actively participate in
all these projects. By doing the projects they are trained.

At present, the technical focus ofUNU-IIST is on formal methods for software development.UNU-IIST is an
internationally recognised center in the area of formal methods. However, no software technique is universally
applicable. We are prepared to choose complementary techniques for our projects, if necessary.

UNU-IIST produces a report series. Reports are either ResearchR , Technical T , CompendiaC or Adminis-

trative A . They are records ofUNU-IIST activities and research and development achievements. Many of the
reports are also published in conference proceedings and journals.

Please write toUNU-IIST at P.O. Box 3058, Macao or visitUNU-IIST’s home page:http://www.iist.unu.edu, if
you would like to know more aboutUNU-IIST and its report series.

G. M. Reed, Director



UNU-IIST
International Institute for
Software Technology

P.O. Box 3058

Macao

On Research: incremental semantics

J. W. Sanders

Abstract

The purpose of the UNU-IIST Research Day (28-ii-2008) was for us to tell each other about our research:
the ideas behind it, why they are important and where they areleading. The ‘metascience’ was as
important as the science and provided UNU-IIST fellows withthe opportunity to be trained in that aspect
of the management of research. Judging by the amount of discussion it provoked, the day was a success.
This paper is an elaboration of the talk given by the author, providing more detail than it was possible to
give in the talk, but which is necessary if the reader is to evaluate the case being made.
The paper makes the case for the incremental approach to program semantics using Galois connections. It
considers a sustained case study, that of sequential programs and their related (specification) commands,
with the final addition of probabilistic choice. ‘Structural’ decisions are discussed throughout and the
conclusion reflects on several issues that arose from the day.
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Introduction 1

1 Introduction

The primary purpose of the UNU-IIST Research Day was to placeemphasis on our research, for a
change. To talk to each other about the things we spend much ofour time thinking about; to explain
the ideas that excite us and why; and to speculate where they are taking us and why that is desirable.
So, far from being a day of standard seminars, it provided an opportunity for fellows to be involved in a
discussion of research that concerned them and to learn about its management: a kind ofmetascience.

Scientists don’t often have cause to reflect in public on the factors underpinning their work. Prize-
acceptance speeches provide one important source. But, grouped with Mathematicians, we Computer
Scientists have been excluded since before the birth of our discipline from giving Nobel acceptance
speeches. Turing award speeches provide a valuable alternative; presumably for that reason the first
twenty years’ speeches have been collected [1].

Typically, a graduate student is expected to learn metascience whilst learning research—not an easy task.
Perhaps that course is typically followed because in the past little attempt has been made to separate
metascience from science; many scientists may even feel unsure about discussing it. The research day
was an attempt to change that. This paper is an elaboration ofa talk presented by the author. Its method
and content are as unusual as its subject of ‘metascience’. An approach to the study of program semantics
is discussed. Thus it is the relationship between results that forms the plot in this brief drama: of why
a certain approach is worth following. The backdrop consists of theories of programs; and the rôle
of protagonist is played by the Galois connection which performs in a succession of acts involving
incrementally more complex languages for sequential programming. Because the spotlight is firmly on
matters of approach, proofs are frequently concealed in thedarkness off stage.

The guiding technical principle of the approach is to model new behaviour by reusing existing wisdom
(as much as possible). We present a sequence of behaviours inorder make a convincing case for that
principle. They are presented in the context of sequential programming and are:

1. firstly (and classically) a property that results from considering the distinction between programs
(i.e. computable or recursive functions) and functions:nontermination;

2. the property that results from the practice of Software Engineering and its consideration of designs
more abstract than code:bounded nondeterminism;

3. the properties that arise in Formal Methods to strengthenthe utility and scope of Software Engi-
neering:unbounded nondeterminism, angelic choiceandenabledness;

4. finally an example of an extension to more specialised but realistic behaviour:probabilism.

With each step in the hierarchy our strategy is the same: to decide informally what new observations
we wish to make of a computation; to capture the essence of thenew behaviour in laws; to show that
the laws are consistent by formulating a semantic model; andto lift as much reasoning as possible from
lower in the hierarchy to the current step.
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Introduction 2

But what kind of object is it that arises at each step? It is a space of programs or their extensions,
commands, partially-ordered under the binary ‘conforms to’ relation ⊑ . That structure provides the
foundation for:

• the notion of an implementation to meet a specification and hence the verification of an implemen-
tation or design against its specification; see for example the texts on VDM [28] and Z [45];

• the stepwise development of an implementation from its specification; see for example the texts
by Dijkstra, [13], Kaldewij [29] and Morgan [32];

• a model to abstract an implementation, and then formodel checkingto confirm that the implemen-
tation satisfies some property; for example see Clarke, Grumberg and Peled’s book [9].

The result of that approach is a ‘machine’: a technique with amathematical foundation and wide ap-
plicability that produces results not easily otherwise obtained. ‘Machines’ are important in academia
and need to be identified, evaluated and understood. That is attempted in this paper for the ‘machine’
which might be called ‘the incremental approach to discretesystems’; or ‘the use of Galois connections
in the theory of programming’; or, more specifically, UTP: ‘unifying theories of programming’ (see the
original text by Hoare and He [22] and the more recent workshop proceedings [15]).

It is hoped that the reader will focus on the topics emphasised in the research-day talk:

• how novel behaviour has at each step been captured (here by laws);

• how details have been accumulated incrementally from step to step (using Galois connections that
preserve further properties); and

• the underlying ‘machine’ (with the prospect of reusing it).

To encourage readers to apply this approach, and make the transition from reader to actor, the last in-
crement in the case study is expressed as an exercise. Furthermore, suggestions are included for new
topics. How, for instance, might the ‘machine’ be applied tomore novel situations, like process algebra,
real-time systems, rCOS, quantum computation, asynchronous systems, and so on?

This seminar has been made into a report so that the reader wishing to make a critical evaluation of its
generalities is able to do so on the basis of the all-important details (for which there was insufficient
time in the talk). Only when the details permit it can an incremental approach be taken:i.e. only when
the features can be ‘teasing out’ and subsequently presented in an accumulative manner. It has not been
easy to decide how much detail to give. Too little is to sell short the technique and render the case
unconvincing; too much risks overwhelming the reader. If there is too much detail, it is hoped that
the ernest reader will take the trouble to be selective and not lose sight of the plot, which is a (formal)
incremental approach to the discovery and exposition of complex (discrete) phenomena.

Good luck in trying this approach on your own work. But more importantly, good luck in learning
something of ‘metascience’ and the management of your own research in your own area!
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2 Our new coffee machine

The level of water in the newreal coffeemachine is monitored by the machine itself. Such a machine
may need to know how much water is in the tank: firstly to know ifit can service the current task
(different tasks require different amounts of water); and secondly to ensure it is not overfilled (when it
may be dangerous to operate). Imagine that the water tank contains a vertical column of equi-distant
water sensors. We represent the sensors as members of an abstract spaceA which we take to be the
integers (well, it saves having to worry about how big the machine is . . .1) with typical membern

A :: n : Z .

But the water level is actually analogue and so is modelled bya real number which we take to have typical
memberr . That space provides more information about water level andso is regarded as ‘concrete’

C :: r : R .

A decision about water level is made on the basis of a reading that compares the actual water levelr : C
with that determined by the sensors,n : A. Since the types ofA andC are distinct, they must first be
related. Fortunately there is a natural embedding

ε : Z → R

that identifies each integern with its whole real number equivalentε.n .

Now the comparison can be made either inA , the integers, orC , the reals. If it is made inC then it is
made on the basis of an inequality in the reals

ε.n ≤ r .

But to make it inA is to make it on the basis of an inequality in the integers

n ≤ π.r

whereπ is someprojection converting a real number to an integer.

It should not matter which of the two levels of abstractionA and C is used for making the decision.
Firstly, measurement might be performed in the reals, inC, using the relationship between the ‘sensed
level’—the embedding of an integer inR—and the actual water level—a real number. Or it might be
performed in the integers, inA, using the relationship there between an integer—the sensed level—and
the projection of the real number—the actual level. The two measurements give consistent decisions
about the water level iff this equivalence holds

ε.n≤ r ≡ n≤ π.r .(1)

1But our interest here is not, of course, in an accurate model but in the principles on which models should be based.
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But what is the projectionπ.r? The most obvious choice, in the context of water level, seems to be the
best (or largest) approximation inZ to r (on the grounds that a sensor covered by water is activated, and
the highest activated sensor is the ‘best’ approximation tothe level):

π.r = ∨{n : C | ε.n≤ r} ,(2)

where∨ denotes maximum (with respect to ordering≤) in Z . For each realr the supremum on the
right-hand side is nonempty and well defined2 in Z.

In other words, the projection is the ‘floor’(or ‘integer part’) function:

π.r = ⌊r⌋ .

But why? That might seem obvious when only rising water is considered. But what if the water level
ebbs? Perhaps, by symmetry, the projection could be the ceiling, π.r = ⌈r⌉ , or the average of the two.
Let us see whyπ in (1) must bethe floor function.

Firstly—and perhaps surprisingly—π is uniquely determined by (1). For ifπ andπ′ are two solutions
andn : Z andr : R are arbitrary then

n ≤ π.r

≡ Equivalence (1) forπ

ε.n ≤ r

≡ Equivalence (1) forπ′

n ≤ π′.r .

By instantiatingn to beπ′.r and generalising overr we inferπ′ ≤ π ; the converse follows by symmetry
or the opposite instantiation.

Now, showing that the projection (2) satisfies (1) will, by that uniqueness, complete our claim that (1)
forces the projection to be the floor function. We establish Equivalence (1) for floor by showing each of
its two implications, that is, by reasoning cyclically.

n ≤ π.r

≡ Definition (2) ofπ

n ≤ ∨{m : Z | ε.m≤ r}

2Nonemptiness is necessary because there is no least integerhence no empty supremum. In the context of the coffee machine
a more accurate model would consist of only finitely many discrete sensors, and if one were placed at the lowest level then it
would act as minimum.
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Our new coffee machine 5

⇛ if ε is monotone

ε.n ≤ ε.∨{m : Z | ε.m≤ r}

≡ if ε preserves such suprema

ε.n ≤ ∨{ε.m : R | ε.m≤ r}

⇛ definition of supremum

ε.n ≤ r

⇛ definition of supremum again

n ≤ ∨{m : Z | ε.m≤ r}

≡ Definition (2) ofπ

n ≤ π.r .

That reasoning uses (a) the existence of (only) the suprema required by Definition (2) ofπ and (b) forε
to preserve them.3 In other words this innocent calculation actually proves anold result:

Theorem 1 Suppose(A,≤) and (C,≤) are partially ordered spaces andε : A → C . Suppose that
suprema∨E exist in A and thatε preserves them. Then (2) defines the unique functionπ : C → A
satisfying (1). 2

In summary, the following (ancient) concept formulated by Ore [38] has been motivated. As we shall see,
it forms the basis for comparing different levels of abstraction when each is endowed with a ‘refinement’
ordering.

Definition 1 If (A,≤) and(C,≤) are partially ordered spaces thenε : A→ C andπ : C → A form a
Galois connectioniff Equivalence (1) holds, in which case we write (when thereis no need to make the
orders explicit)

gc(ε,π; A,C) .

A graphical representation is given in Figure 1. The functions ε and π are calledadjoints (or weak
inverses). If ε is an injection then instead we writege(ε,π; A,C) and call the connection a Galois
embedding. 2

We shall call a functionε under the conditions of Theorem 1Galois, in view of the fact that there is a
unique functionπ forming a Galois connection withε between the underlying partial orders.

The symmetry betweenε andπ reflected in that definition of Galois connection is violatedin the defi-
nition of Galois embedding and, for example, in the case of the coffee machine whereε is injective and

3It is a standard fact—and simple to show—that preserving suprema implies monotonicity (becausem≤ n iff m∨n = n).
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Modelling system development 6

(C,≤)

(A,≤)

ε π

Figure 1: A Galois connectiongc(ε,π; A,C) between abstract and concrete spaces.

π surjective. The equivalence betweenε being injective andπ being surjective, with a justification for
the title ‘weak inverses’, and the fact that the adjoints mapextreme values to extreme values, follow by
elementary reasoning:

Theorem 2 If gc(ε,π; A,C) then

1. ε◦π ≤ idC andπ◦ ε ≥ idA (where idX denotes the identity function onX);

2. ε is injective iff π is surjective, in which caseπ◦ ε = idA ;

3. ε preserves suprema andπ preserves infima; ifA has a minimum then so doesC andε maps the
former to the latter; similarly, ifC has a maximum then so doesA andπ maps the former to the
latter. 2

3 Modelling system development

Apart from their intrinsic interest, models of system development are important for several reasons.

• So a design can be verified against a specification: without anunderstanding of conformance, what
does a specification mean?

• For abstract interpretation and model checking, firstly of the abstract model and secondly of the
property being checked against it.

• For incremental system comprehension by layers of successively finer detail. This approach has
been traditionally used qualitatively to describe complexsoftware (for example operating systems
[31]); our task is now to exploit a quantitative version.

• For stepwise system derivation, of the kind championed over30 years ago by Dijkstra [13] but
now feasible for systems.
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·A

·
L

· C

[ · ]A [ · ]C

ε

Figure 2: Lifting the semantics of a languageL from A to C using a Galois connection.

• For incorporating new behaviours when intuition alone is too risky as a basis for programming.
Examples are provided by concurrency, realtime, probability and machine learning.

• To facilitate program analysis of the usual kinds: data-flow, constraint-based, abstract interpreta-
tion, type systems and effect systems [37].

Common to those situations is a formalism based on a partially-ordered space(X ,⊑) of programs, or
their extensions, based on a notion⊑ of conformance between elements ofX . It is within that space that
stepwise derivations are possible

Specification= Design0 ⊑ Design1 ⊑ . . . ⊑ Designn = Implementation

including algorithmic refinements (over the same state space) and data refinements (by data representa-
tion). The important feature ofX is that it be powerful enough to express specifications as well as code,
thus providing a uniform notation for stepwise system development.

That leads us to extend code (in which the implementation is expressed) in several increments. The
resulting family of languages is summarised in Figure 3. Several of the features are not well known, and
interact in subtle ways with each other (like nondeterminism and sequential composition in the presence
of angelic choice; or like nondeterminism and probabilism). As the languages become more complex, so
does their semantics.

By viewing the various languages hierarchically we are ableto start with the simplest and import the
semantics of each level in the hierarchy to the next. The technique for doing so is of course the Galois
connection. It is because refinement consists of the removalof nondeterminism that each partially or-
dered space(X ,⊑) is amenable to a Galois connection in which the embeddingε automatically preserves
nondeterminism (being universally(⊑,⊑)-junctive). But in lifting the semantics from one level to the
next, it is required thatε preserve further combinators, like sequential composition

ε.(r ◦
9 s) = ε.r ◦

9 ε.s.

For thenε can be used to lift the behaviour of a sequential compositionfrom one level to the next in the
hierarchy; see Figure 2.

It will then be important to characterise the lifted space ran ε as a subset of the new level and furthermore
to determine—if possible—the manner in which it generates the new level. For that determines the
semantics at the new level.
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Case study: sequential systems 8

Language Semantic models Novel feature
Predet P , Q nontermination
Prog D , T nondeterminism
Comm R , T angelic choice
Prob H , J probabilism

Figure 3: The family of languages (over state spaceX) together with their semantic models and novel
features: predeterministic functions; finitely nondeterministic programs; arbitrary (i.e.unboundedly non-
deterministic and angelic) commands; probabilistic programs.

4 Case study: sequential systems

The purpose of this long section is to develop a single case study using the incremental method. Suc-
cessively more complex behaviours are incorporated using the approach outlined in the previous section.
The hope is that by considering a familiar example, that of sequential programs, the student can learn
how to apply the technique to more novel situations (an example of which, probability, is included as the
last increment here).

The first kinds of behaviour, nontermination and nondeterminism, will probably be familiar. But ex-
tensions, to angelic choice, unenabled commands and then toprobablistic choice, are likely to be less
familiar. (The range of behaviours, to be introduced as we go—incrementally—is summarised in Fig-
ure 3.) So after all, this single case study may indeed indicate how to use the incremental technique to
capture novel behaviour.

4.1 Modelling nontermination

The origins of formal methods lie in the work of Cantor with his use of set theory to model the hierarchy
of mathematical concepts. In particular a function—that takes an argument of typeX and returns a result
of typeY—is modelled as a set of pairs satisfying ‘well-definedness’: every argument is associated with
exactly one result. The consequence is the typeX → Y. But with total functions the partial order of
conformance of one function to another degenerates to equality:

f ⊑ f ′ =̂ f = f ′

where the equality is pointwise, as functions.

4.1.1 Behaviour

The theory of Computer Science began in the 1930s with the modelling, by Hilbert, Turing, Kleene,
Church, Markovet al., of the concept of a computation (or of recursiveness). As a consequence of
modelling a ‘mechanism’ (or machine in Turing’s case) it is necessary to allow the possibility that
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Case study: sequential systems 9

abort nontermination
skip no-op

x := e assignment, with expressione
P if b elseQ conditional

P ◦
9 Q sequential composition
µF recursion

Figure 4: Syntax for the spacePredetof predeterministic programs. Assignment is assumed to be prede-
terministic and recursion to be with respect to a continuousfunction.

the mechanism fails to terminate. Contemporary syntax for such computations, calledpredeterminis-
tic programs—each of which is, from any initial state, either nonterminating or deterministic—appears
in Figure 4. The set of all predeterministic programs over state spaceX is writtenPredet.

The interaction between nontermination and sequential composition is important. If a nonterminating
program precedes or follows another (enabled) program the result remains nontermination. In particular,
for eachP : Predet,

abort ◦
9 P = abort(3)

P ◦
9 abort = abort .(4)

We have concentrated on recursion, which includes tail recursion and hence iteration

do g → P od = µF
where F.X = (P ◦

9 X) if g else skip.

4.1.2 Model

In the standard theory, the semantic model of predeterministic programs consists of a countable subset of
partial functions ofN → N; a typical treatment is Cutland’s text [12]. A function’s argument represents
a program’s initial state and its result represents the program’s final state; an element lies in the domain
of the function iff the program terminates when started at that initial state. The partial order of ‘confor-
mance’ corresponds to: ‘yields the same result when terminating (but may terminate from more initial
states)’. In terms of partial functions, their domains and restriction:

f ⊑ f ′ ≡ (f = f ′ ↾domf )(5)

which implies that(domf ⊆ domf ′) .
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Case study: sequential systems 10

Typically these days we ignore, for the purposes of abstractdescription languages in Computer Science,
the ‘constructively generated’ aspect because it will be ensured anyway by the form of the implemen-
tation (a program!). Also often we ‘compute with types’ invoking a procedure (or ‘oracle’) to perform
actions that in the standard theory would have to be computable by construction, but now need not be
even computable (e.g. the test(x = 0) for real x). Throughout most of the paper the underlying state
space for computations is assumed to beX.

We letP denote the set of partial functions onX . With the relationship (5) of conformance, the resulting
partial order is denoted(P ,⊆) . It is a domain4 with least element{}, with maximal elements the total
functions and with compact elements the partial functions having finite domains.

In Recursive Function courses there is a tendency not to distinguish between computations (as in Figure
4) and the semantic space of partial functions. For us that distinction is crucial. Programs are expressed in
the syntax of Figure 4 but their meaning is given in the space of partial functions. Without that distinction
high-level programming would make little sense and the study of further languages would be impeded.

4.1.3 Semantics

The P semantics of predeterministic programs,Predet, is given in Figure 5. Programabort, ‘pure’
nontermination, is represented by the empty function. Program skip leaves every state unchanged and
so is represented by the identity function. Assignment, to an expression which pointwise is either non-
terminating or single-valued, is represented directly by that expression being used as a partial function
to update state. A conditional program is, pointwise, a conditional with the same guard. Sequential
composition is composition of functions (in the reverse order). Recursion is given, as usual, by Kleene’s
recursion theorem.

Now Law (3) follows trivially

[abort ◦
9 P]P

= semantics of◦9 , Figure 5

[P]P ◦ [abort]P

= semantics ofabort, Figure 5

[P]P ◦{}

= set theory

{}

= semantics ofabort again

4 By ‘domain’ here is meant a complete partial order in which each element is the supremum of its compact approximations.
Recall that an elementk is compactmeans that any directed setE that exceeds it contains an element which does so: ifk⊑⊔E
then∃e : E · k⊑ e. In the case of partial functions, the domain conditions means:∀ f : P · f =∩{k : P | #(domk) < ∞ ∧ k⊑
f } . Indeed without loss of generality therek ranges over singleton partial functions: #(domk) = 1 .
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Case study: sequential systems 11

[abort]P = {}
[skip]P = λx : X · x

[x := e]P = λx : X · e
[P if b elseQ]P = λx : X · [P]P .x if b.x else [Q]P .x

[P ◦
9 Q]P = [Q]P ◦ [P]P

[µF]P = ∪{ f : P | F.f ⊆ f }

Figure 5: TheP semantics of predeterministic programs, in which programP is denoted by a partial
function [P]P and variablex is used for both its argument and the state of the program. Recursion is
the least fixed point ofF, as given by the first recursion theorem of Kleene (for instance [12], Theorem
10.3.1).

[abort]P .

Of course (the proof of) Law (4) is similar.

The embedding of total functions(X → X,=) in (P ,⊆) is not Galois (since refinement of total functions
is equality, Equivalence (1) would imply that the projection be defined only forf : P with pref = X ;
alternatively,ε is not universally(⊆,⊆)-junctive since∪{} 6∈ X → X).

In view of models soon to be presented, it is convenient to replace the model of partial functions with an
equivalent. Each partial function is made total by mapping an element outside its domain to the ‘virtual’
element⊥. Let

X⊥ =̂ X∪{⊥} .

Then the translation function is

ε : P → (X⊥ → X⊥)
ε.f =̂ f ∪{(x,⊥) | x∈ X⊥ \domf } .

For the new model to be closed under sequential composition,it must be ‘homogeneous’: the virtual
state⊥ must also belong to the domain.

Then for Laws (3) and (4) to hold, each functionf : X⊥ → X⊥ must bestrict:

f .⊥ = ⊥ .(6)

Writing pref for the set of elements ofX not mapped by the extensionf to⊥,

pref =̂ {x:X | f .x 6= ⊥} ,(7)
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·P

·

· Q

[ · ]P [ · ]Q

ε

Figure 6: Usingε to translate the semantics of predeterministic programs from P to Q .

in order forε to be isotone, the partial order of conformance must translate in the new model to:

f ⊑ f ′ ≡ (f ↾pref = f ′ ↾pref ) .

Let us call that model(Q ,⊑) :

Q =̂ {f : X⊥ → X⊥ | f .⊥=⊥} .

Theorem 3 The translation functionε : P → Q

1. is an isotone bijection from(P ,⊆) to (Q ,⊑) , so that in particular ranε = Q ;

2. ensures that the domain(Q ,⊑) has least element the constant function⊥, maximal elements the
functionsf with pref = X and compact elements the functionsf with pref finite;

3. preserves total functions (i.e. assignment): iff is total then(ε.f )↾X = f ;

4. preserves composition:ε.(f ◦g) = (ε.f )◦ (ε.g) . 2

Now theQ semantics ofPredet is obtained by translating theP semantics with the embeddingε as
indicated in Figure 6. Theorem 3 ensures accuracy of the result and preservation of the laws; the result
is given in Figure 7. For example, considering again Law (3),but this time in theQ semantics:

[abort ◦
9 P]Q

= definition ofQ semantics, Figure 6

ε.[abort ◦
9 P]P

= previous reasoning

ε.[abort]P

= definition ofQ semantics again

[abort]Q .
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[abort]Q = λx : X · ⊥
[skip]Q = ε.(λx : X · x)

[x := e]Q = ε.(λx : X · e)
[P if b elseQ]Q = λx : X · [P]Q .x if b.x else [Q]Q .x

[P ◦
9 Q]Q = [Q]Q ◦ [P]Q

[µF]Q = ⊔{ f : Q | F.f ⊑ f }

Figure 7: TheQ semantics of predeterministic programs, inferred from theP semantics (Figure 5) using
the technique of Figure 6.

4.2 Modelling nondeterminism

The advent of Software Engineering forced theoreticians (Dijkstra, Hoare, Milneret al.) to model non-
determinism. Nondeterminism arises for several reasons. Firstly, it might simply be inherent in the
functionality being specified. For example: locatex in an array (wherex may occur more than once);
find a minimum spanning tree (where there may be several), a shortest path, a Hamiltonian circuit, . . . .
Secondly, it might be the result of abstracting the mechanism determining a choice made at a lower level
of abstraction. An example is provided by a random-number generator whose seed and mechanism of
generation are concealed. Thirdly, it might be assumed in order to ensure that reasoning is local. For
example, a choice determined by testing a global variable might be assumed to be a nondeterministic
choice in order to avoid global reasoning.

4.2.1 Behaviour

Predeterministic programs are extended to be finitely5 nondeterministic by augmenting the language of
Figure 4 with a binary combinator for nondeterministic choice; see Figure 8. The set of such programs
over state spaceX is written Prog. The relationship of conformance is still written⊑ . Its connection
with nondeterminism is:

P⊑ P′ ≡ P⊓P′ = P.(8)

Important laws involving programs and nondeterminism include:

abort ⊑ P (i.e. P⊓abort = abort)(9)

(P⊓Q) ◦
9 R = (P ◦

9 R)⊓ (Q ◦
9 R)(10)

P ◦
9 (Q⊓R) = (P ◦

9 Q)⊓ (P ◦
9 R) .(11)

5More precisely, the nondeterministic choice is now considered of any nonempty finite set of programs. That is equivalent
to the nondeterministic choice of two programs, by induction and the laws of associativity, idempotence and commutativity of
binary nondeterministic choice.
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P⊓Q nondeterministic choice

Figure 8: Syntax introducing binary nondeterministic choice between programs to complete the defini-
tion of the spaceProg of programs.

The first, (9), is characteristic of the Dijkstra-Hoare approach: in order to guarantee entirely correct
implementations, our calculus must ensure that the (nondeterministic) possibility of an error is identified
with certain error. In (10) the demonic choice responsible for the nondeterminism is made first on both
sides, which are therefore indistinguishable. Law (11) is more subtle because the choice is made first
on the right, but on the left only afterP ; nonetheless, we expect the two programs to have identical
behaviour (becauseP on the left-hand side is a program and so offers no behaviour which the later
demonic choice can exploit).

What is the relationship betweenProgandPredet, i.e.between programs and predeterministic programs?
The following law ‘quantifies’ the relationship by expressing each program as the nondeterministic com-
bination of its predeterministic refinements.

∀P : Prog · P = ⊓{Q : Predet | P⊑ Q} .(12)

A ‘dual’ law, extended from predeterministic programs to programs and hence analogous to the ‘domain
law’ in Footnote 4, expresses each program (and so in particular, each predeterministic program) as the
supremum of the compact programs (defined in that footnote, and to be characterised semantically in
Theorem 4) it refines:

∀Q : Prog · Q = ⊔{K : Prog | K ⊑ Q, K compact} .(13)

4.2.2 Model

One compelling model of nondeterministic programs (Hoareet al. [21]) consists of the obvious ex-
tension of the modelQ to relations, capturing nontermination with value⊥ and nondeterminism as
multi-valueness of the relation. A relationr on X⊥ represents a (possibly nonterminating, possibly non-
deterministic but always enabled) program iffr is

1. atotal relation onX
(just as for modelP , from each initial state the computation either terminatesor fails to terminate):

∀x : X · ∃x′ : X⊥ · xrx′(14)
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2. strict and pointwiseupclosedwith the flat ordering onX⊥

(strictness is the relational version of (6) and so, as before, ensures Law (3); Condition (15) ensures
Law (9) since refinement is containment):

⊥ r⊥

xr⊥ ⇒ ∀x′ : X⊥ · xrx′(15)

3. pointwisefinitary: the image at each initial state is either all ofX⊥ or nonempty and finite
(which captures just the nonzero finite nondeterminism we seek to express; being nonempty su-
persedes totality (Condition (14))):

∀x:X · {x′ : X⊥ | xrx′ } 6= X⊥ ⇒ 0 < #{x′ : X⊥ | xrx′ } < ∞ .(16)

Those conditions can be abbreviated using the notationX↔X for the type of all relations onX andr.(| x |)
for the forwards relational image ofr at x

r.(| x |) =̂ {x′ : X⊥ | xrx′ } .

The partial order of conformance is ‘at least as deterministic as’ between such relations

r ⊑ s ≡ r ⊇ s,

where inclusion between relations is their inclusion as sets. Let us call that model(D ,⊇) :

D =̂ {r : X⊥ ↔ X⊥ |




⊥ r⊥

∀x : X⊥ ·

(
xr⊥ ⇒ r.(| x |) = X⊥

r.(| x |) 6= X⊥ ⇒ 0 < #r.(| x |) < ∞

)


} .

There is a Galois connection from the modelQ for predeterministic programs to the modelD , whose
embedding is

ε : Q → D

ε.f = f ∪ (X⊥\pref )×X⊥ .(17)

In other words,

x(ε.f )x′ ≡ (x∈ pref ⇒ f .x = x′ ) .

Its adjointπ.r denotes the largest partial function inr which ‘accounts for all ofr ’s results at its argu-
ments’. It may be thought of as the largest partial function which approximates, inQ , total relationr.
Indeed that is the form forπ expected by Theorem 1:

π.r = ∪{ f :Q | ε.f ⊇ r } .

We have:
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Theorem 4 The functionε : Q → D

1. is an injection that preserves arbitrary suprema from(Q ,⊑) to (D ,⊇) : more generally, Definition
(17) of ε makes sense if its argument is merely a relation, and then forany F⊆ Q (not just those
having a well-defined supremum⊔F ∈ Q ),

ε.∪F = ∩{ε.f | f ∈ F} ;

2. has adjointπ : D → Q , thusgc(ε,π; (Q ,⊑),(D ,⊇)), where

π.r =̂ {(x,y) : r | y 6=⊥ ∧ ∀x′ 6=⊥ · xrx′ ⇒ x′ = y}(18)

which is(⊇,⊑)-continuous: ifR is a⊇-directed subset ofD then

π.∩R = ⊔{π.r | r ∈ R} ;(19)

3. has range which generatesD under nonempty finite unions:

D = {∪F | F ⊆ ranε is nonempty and finite} ;

4. ensures that the domain(D ,⊇) has least element the universal relation onX⊥, maximal elements
the (total) functions and compact elements the relationsr with prer finite (extending Definition
(7) from functions to relations); thus eachr : D is the supremum of compact elements which it
refines (a fact which is weaker than 3 since each compact element ofD is a nonempty finite union
of elements of ranε);

5. preserves sequential composition:ε.(idX) = (idX)⊥ andε.(f ◦g) = (ε.g) ◦
9 (ε.f ) . 2

It is convenient to define an embedding from relationsonX to those onX⊥ to capture that part of the
healthiness conditions relating to initial virtual state:

( )⊥ : (X ↔ X) → (X⊥ ↔ X⊥)
(r)⊥ =̂ r ∪ {⊥}×X⊥ .

Since( )⊥ preserves arbitrary intersections (though only nonempty unions) it is Galois from(X↔ X,⊇)
to (X⊥ ↔ X⊥,⊇) . Its adjoint is restriction toX :

π : (X⊥ ↔ X⊥) → (X ↔ X)
π.s =̂ s∩ (X×X) ,

a projection that preserves arbitrary intersections (as well as arbitrary unions as expected from Theorem
2, Part 3) and is surjective. The embedding( )⊥ is injective (as expected from Theorem 2, Part 2) and
preserves sequential composition:

(r ◦
9 s)⊥ = (r)⊥ ◦

9 (s)⊥ .(20)

Report No. 394, May 2008 UNU-IIST, P.O. Box 3058, Macao
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[P]D = ∪{ε.[Q]P | Q∈ Predet∧ P⊑ Q}

Figure 9: Relational semantics forProg, lifted from that ofPredet(Figure 7) using the Galois connection
from Theorem 4 together with union for nondeterminism.

4.2.3 Semantics

The semantic spaceD is comprehensively more complex thanP . Our task, then, is to define the se-
mantics ofProg in D in such a way that the simplicity of theP semantics is not obscured. That is
achieved—of course—by lifting usingε via Q .

For eachP : Prog its relational semantics[P]D is defined by Law (12) using union for nondeterministic
choice and the lifting (Figure 6), under the Galois connection of Theorem 4, of theQ semantics ofP’s
predeterministic refinements. See see Figure 9.

In particular, ifP is itself predeterministic then

[P]D = ε.[P]Q

For exampleskip, because it is deterministic, has semantics

[skip]D

= definition ofD semantics

ε.[skip]Q

= Q semantics

ε.(λx : X · x)

= definition ofε

(λx : X · x)⊥ .

A similar argument works forabort; as does the fact that[abort]Q is the least element ofQ and ε
preserves minima (Theorem 2, Part 3).

Thus theD semantics ofProg is defined by lifting onPredetand otherwise by union. Now the properties,
that before were a matter of definition in theP semantics of Figure 5, are simply inferred, though with a
little more work than theQ semantics was inferred in Figure 7. See Figure 10.

Consider, for example, sequential composition. The proof relies on predeterministic computations whose
P semantics consists of a singleton partial function (recallFootnote 4); thus the computation terminates
from just a single state. We writePredet1(X) for the set of such computations. Now, forP,P′ : Prog,
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[abort]D = X⊥×X⊥

[skip]D = (λx : X · x)⊥
[x := e]D = (λx : X · e)⊥

[P if b elseQ]D = {(x,x′) | x[P]D x′ if b.x elsex[Q]D x′ }
[P ◦

9 Q]D = [P]D ◦
9 [Q]D

[µF]D = ∩{d:D | F.d⊇ d}
[P⊓Q]D = [P]D ∪ [Q]D

Figure 10: Important properties of the relational semantics forProg. FunctionF is monotone onD .

[P ◦
9 P′]D

= Figure 9

∪{ε.[R]Q | R∈ Predet∧ P ◦
9 P′ ⊑ R}

= Footnote 4 and set theory

∪{ε.[R]Q | R∈ Predet1(X) ∧ P ◦
9 P′ ⊑ R}

= property ofPredet1(X)

∪{ε.[R]Q | ∃Q,Q′ ∈ Predet1(X) ∧ P⊑ Q ∧ P′ ⊑ Q′ ∧ R= Q ◦
9 Q′ }

= 1-point law

∪{ε.[Q ◦
9 Q′]Q | Q,Q′ ∈ Predet1(X) ∧ P⊑ Q ∧ P′ ⊑ Q′ }

= ε preserves sequential composition (Theorem 4, Part 5)

∪{ε.[Q]Q ◦
9 ε.[Q′]Q | Q,Q′ ∈ Predet1(X) ∧ P⊑ Q ∧ P′ ⊑ Q′ }

= set theory

∪{ε.[Q]Q | Q∈ Predet1(X) ∧ P⊑ Q} ◦
9 ∪{ε.[Q′]Q | Q′ ∈ Predet1(X) ∧ P′ ⊑ Q′ }

= Footnote 4 again

∪{ε.[Q]Q | Q∈ Predet∧ P⊑ Q} ◦
9 ∪{ε.[Q′]Q | Q′ ∈ Predet∧ P′ ⊑ Q′ }

= Figure 9

[P]D ◦
9 [P′]D .

The case of nondeterminism,[P⊓Q]D = [P]D ∪ [Q]D , is similar using instead (in the third step) the
property that, forQ : Predet1(X) ,

P⊓P′ ⊑ Q ≡ P⊑ Q ∨ P′ ⊑ Q.

Now the proofs of Laws (9) to (11) are immediate from basic settheory. For example, for Law (11),

[P ◦
9 (Q⊓R)]D
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= Figure 10

[P]D ◦
9 ([Q]D ∪ [R]D )

= set theory

([P]D ◦
9 [Q]D ) ∪ ([P]D ◦

9 [R]D )

= Figure 10 again

[(P ◦
9 Q) ⊓ (P ◦

9 R)]D .

There is an alternative to our approach to the semantics ofProg based on Law (12) with∪ for nondeter-
minism. It is assigns semantics by structural induction onP : Prog, ‘building in’ the equations of Figure
9 at each step. But then Law (12) must be checked and so the amount of work is equivalent. We have
chosen the former approach because it is closer to that required in the probabilistic domains to follow.

4.3 Modelling angelic choice and enabledness

Just as Software Engineering brought to light (demonic) nondeterminism, so the formal development
process discussed in Section 3 revealed the utility of ‘partially enabled’ computations and ‘angelic’
choice. We call such computations, which extend programs,commands.

An example of a partially-enabled command is choice of an element from a set which happens to be
empty; computation cannot be started—is not enabled—in a manner that is dual to a computation that
fails to terminate. This situation arises because a procedure for choosing an element from a set may be
used in a context which ensures the set is nonempty. But when developed ‘in isolation’, the empty case
must be considered.

Angelic choice is simply supremum⊔, the dual of nondeterminism⊓ . A simple example is provided by
the angelic choice of two consistent commands. The first,R, choosesx nondeterministically between 0
and 1 whilst the second,S, chooses nondeterministically between 1 and 2. Their angelic choiceR⊔S is
the weakest program stronger than both:x := 1.

If R andShad not been consistent in that example then their angelic choice, their supremum, would not
have been a program. The supremum of an inconsistent set of commands is a command (though not a
program) that is never enabled. Notation for the command that is never enabled and for angelic choice
are introduced in Figure 11, as is our last ingredient of command space: arbitrary (rather than just binary)
nondeterminism. The set of commands is writtenComm. As usual, the relation of conformance is⊑ ,
satisfying (8). Of course equivalently we now have

P⊑ P′ ≡ P⊔P′ = P′ .(21)
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magic the command that is never enabled
⊓F nondeterminstic choice overF
⊔F angelic choice overF

Figure 11: Syntax completing the spaceCommof commands over state spaceX: the unenabled com-
mand, and arbitrary nondeterministic and angelic choices.F is an arbitrary set of commands.

4.3.1 Behaviour

With the extension from programs to commands, the previous laws must be revisited for correctness.
Law (10) remains valid: the nondeterministic choice is madeinitially on both sides and so the demon
resolving the nondeterminism, confronted with the same choices, produces the same behaviours. But for
just that reason its partner (11) does not remain valid, and must be weakened: forR,S,T : Comm,

R ◦
9 (S⊓T) ⊑ (R ◦

9 S)⊓ (R ◦
9 T) .(22)

Refinement there must of course hold by monotonicity. But equality may fail since the demon (having
memory but not prescience), has more choices the later it acts. There are thus fewer choices on the right
and so fewer behaviours than on the left. The choices coincide if execution ofR results in no angelic
choice by which the demon might profit: ifR is free of angelic choice. An example of strict refinement
is given in Section 4.4.1.

Important laws involving the new combinators include:

R ⊑ magic (i.e. R⊔magic = magic)(23)

magic ◦
9 R = magic(24)

(R⊔S) ◦
9 T = (R ◦

9 T)⊔ (S◦
9 T)(25)

R ◦
9 (S⊔T) ⊒ (R ◦

9 S)⊔ (R ◦
9 T) .(26)

The first, (23), says thatmagic is indeed dual toabort and so is the greatest (or ‘most refined’) com-
mand (and thus equals the empty angelic choice⊓{} ). The second says that an unenabled command
cannot be enabled by any sequential successor (evenabort). In (25) the choice is made initially on both
sides so, reasoning as above (with the angel in place of the demon), equality holds. But (26) is dual
to (22): on the right the angel acts early and—having prescience but not memory—has more choices
and so produces more behaviours; alternatively, the refinement follows by monotonicity. The choices
coincide if execution ofR results in no nondeterministic choices by which the angel might profit: if R is
predeterministic.

The relationship between commands and programs is given by the law analogous to (13) (evidently the
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analogue of (12) fails): for any commandR

R = ⊔{P : Prog | P⊑ R} .(27)

In fact the domain property holds: without loss of generality, programP can be assumed to be compact.

4.3.2 Relational model

In the relational model, angelic choice must be intersection and partial enabledness must therefore be
captured by partial-ness of a relation. But that means the healthiness condition of totality, (14), no longer
holds. Because nondeterminism is now arbitrary, the finitary condition (16) also fails (at both ends of
the inequality, in view of lack of totality). Thus all that remains is strictness and upclosure (15). The
extension toD consisting of relations satisfying just strictness and upclosure, but with the same criterion
of conformance, we call(R ,⊇) .

The space(R ,⊇) is a domain and a complete lattice with same least element asD but greatest element
({})⊥ and compact elements the cofinite subsets ofX⊥×X⊥ . Moreover it is a Boolean algebra under the
complementr 7→ (X⊥×X⊥ \ r)⊥ . However the natural embedding ofD in R is not Galois. Otherwise
its adjointπ would map the greatest element inR to a greatest element ofD (by Theorem 2, Part 3); but
no such element exists.6

Nonetheless the injection ofD in R does generateR under arbitrary intersections, reflecting Law (27)
(recall that from Theorem 4 nonempty finite unions were used to generateD from Q , reflecting Law
(12)):

R = {∩F | F ⊆ D } .

4.3.3 Relational semantics

The relational semantics ofCommmay be thought of—like the semantics forProg—as follows.

1. Firstly, theR semantics equals theD semantics for commands that are code (likeskip). In other
words theR semanticsextendstheD semantics.

2. Secondly, theR semantics is inferred from theD semantics by extending the combinators of
code to commands (as in the case of sequential composition, or even arbitrary nondeterministic
choice, onProg from Predet). This is possible because the natural embedding preservesthose
combinators.

6Since the natural embedding fromD toR preserves arbitrary unions, why is it not Galois by Theorem 1? Because suprema
in R (arbitrary unions) are not the same as suprema inD (consider for example the empty union).
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[magic]R = ({})⊥
[⊓F ]R = ∪{ [P]R | P∈ F }
[⊔F ]R = ∩{ [P]R | P∈ F }

Figure 12: Relational semantics forComm; this augments the extension of the semantics in Figure 9
from D to R using the natural embedding.

3. Thirdly, it is defined for the (new) combinator of angelic choice by edict, to be intersection.

Thus theR semantics ofCommis provided by Figures 9 (thus extended) and 12 (which also includes
arbitrary nondeterminism and its empty case,magic).

The proofs of Laws (23), (24) and (26) are now straightforward using basic set theory. For example, for
Law (26),

[P ◦
9 (Q⊔R)]R

= R semantics of⊔ and◦
9 from Figure 12

[P]R ◦
9 ([Q]R ∩ [R]R )

⊆ set theory

([P]R ◦
9 [Q]R ) ∩ ([P]R ◦

9 [R]R )

= R semantics of◦9 and⊔ again

[(P ◦
9 Q) ⊔ (P ◦

9 R)]R .

Moreover equality holds in the middle step if, pointwise, the relation[P]R either maps to⊥ (and hence
to all of X⊥) or is single valued; in other words, the commandP is predeterministic, as required.

Unfortunately, for Identity (25) the analogous argument establishes only⊒ , unless relation[R]R is a total
function; in other words, commandR is deterministic. Furthermore in Law (22) equality always holds
(the existential quantification of◦9 distributing the∪ of nondeterminism). We infer that the relational
modelR does not fully capture angelic behaviour.

Thus stretching the relational modelR from programs to commands reveals deficiencies. The situation
is analogous to the introduction of nondeterminism: the model P was simply not expressive enough and
so was extended toD . Now with the introduction of angelic choice, the relational model is in turn not
expressive enough and must be extended.
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4.3.4 Transformer model

The predicate-transformermodel (Dijkstra [13]) views each command as transforming postconditions
(predicates on final states) to preconditions (predicates on initial states). For commandP, the operational
interpretation of its transformer semantics[P]T is: for any postconditionq and any initial statex

[P].q.x holds iff computation ofP terminates fromx in a state satisfyingq.

Of course that is sufficient to motivate a formal definition ofthe semantics. But our interest here lies in
reusing the relational semantics to infer the transformer semantics, as far as that is possible.

Let (pX,≤) denote the space of all predicates (i.e.conditions) onX partially ordered by implication. The
predicate-transformermodel,(T ,≤), of commands (Dijkstra [13], Nelson [36], Back [4] and Morgan
[33]) consists of the space of predicate transformers ordered under the lifting of the ordering on predicates

t ≤ t′ =̂ ∀q : pX · t.q≤ t′.q

that satisfy just one healthiness property, that of monotonicity

q≤ q′ ⇒ t.q≤ t.q′ .

Then (T ,≤) is a domain and complete lattice with least and greatest elements the constant functions
falseandtrue respectively. Its compact elements are the transformerst for which there is a finite subset
F ⊆ X such that

∀q:pX · t.q = ∨{q.x | x∈ F} .(28)

The spaceT is endowed with an involution (see Back and von Wright [3])

t∗.q =̂ ¬t.¬q

that preserves sequential composition but interchanges nondeterministic and angelic choice, enabledness
and termination andmagic andabort.

The embedding from relationsR to transformersT is traditionally called theweakest precondition

wp : R → T
wp.r.q.x =̂ ∀x′ : X⊥ · xrx′ ⇒ (x′ 6=⊥∧ q.x′) .

It is Galois, but with orders reversed.

Theorem 5 The functionwp : R → T

1. is an injection that preserves arbitrary suprema from(R ,⊆) to (T ,≥) : for any subsetR⊆ R ,

wp.∪R = ∧{wp.r | r ∈ R} ;(29)
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2. has adjoint therelational projection, rp : T → R so thatgc(wp, rp; (R ,⊆),(T ,≥)), where

x(rp.t)x′ =̂ x =⊥ ∨ ∀q : pX · t.q.x⇒ q.x′(30)

which of course preserves infima (Theorem 2, part 3): for any subsetT ⊆ T ,

rp.∨T = ∩{ rp.t | t ∈ T}(31)

but moreover preserves suprema:

rp.∧T = ∪{ rp.t | t ∈ T} ;(32)

3. satisfies merely

wp.(r ∩s) ≥ (wp.r)∨ (wp.s)(33)

rather than equality (in contrast to the identities (29), (31) and (32));

4. has range ranwpconsisting of the conjunctive transformers,

t ∈ ranwp ≡ ∀q,q′ : pX · t.(q∧q′) = t.q∧ t.q′ ,(34)

and that generatesT under angelic choice:7

T = {∨F | F ⊆ ranwp} ;(35)

5. ensures that the domain(T ,≥) has least element the constant functionλq : pX · true, greatest ele-
ment the constant functionλq : pX · falseand with compact elements the transformers analogous
(because of the reversal of orders) to those described in (28);

6. preserves sequential composition:wp.(idX)⊥ = id
pX andwp.(r ◦

9 s) = (wp.r)◦ (wp.s), as does its
adjoint rp in the reverse direction. 2

As expected from Theorem 1, the projectionrp.t defined by (30) is the largest relation that approximates
t underwp.

7The spaceT is also generated by the composition ofwp with its involution [3]—∀ t : T · ∃u,v : ranwp · t = u∗ ◦ v—but
that fact appears less useful here because the transformer involution is not the lifting of an involution on relations [39].
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[abort]T = false
[magic]T = true

[skip]T = λq : pX · q
[x := e]T = λq : pX · q[e/x]

[P if b elseQ]T = [P]T if b else [Q]T
[P ◦

9 Q]T = [P]T ◦ [Q]T
[µF]T = ∨{ t : T | F.t ≤ t}
[⊓F ]T = ∧{ [P]T | P∈ F }
[⊔F ]T = ∨{ [P]T | P∈ F }

Figure 13: Transformer semantics for commands, inferred from Figure 12 using thewp Galois connec-
tion.

4.3.5 Transformer semantics

Now we find that the semantic spaceT appears deceptively simple but the manner of expressing a
computation is radically different from that in relations.Naturally we use the Galois connection to
bridge the gap.

The Galois connection can be used to lift much of the relational semantics to transformers following our
standard approach of Figure 2. As usual (Theorem 2 part 3), itmaps the least element({})⊥ in (R ,⊆)
to the least element, the constant transformertrue in (T ,≥), thus providing the semantics ofmagic. For
sequential composition, we find

[P ◦
9 Q]T

= definition ofT semantics

wp.[P ◦
9 Q]R

= definition ofR semantics, Figures 9 and 12

wp.([P]R ◦
9 [Q]R )

= property ofwp, Theorem 5.6

(wp.[P]R )◦ (wp.[Q]R )

= definition ofT semantics again

[P]T ◦ [Q]T .

It maps arbitrary unions inR to arbitrary conjunctions inT , by (29), thus providing the semantics of
arbitrary nondeterminism. But the lack of equality in (33) means thatwp can not be used to lift angelic
choice fromR to T . That must simply be defined to be disjunction. The resultingtransformer semantics
is given in Figure 13.

The proofs of Laws (23), (24) and (25) are now straightforward using elementary logic. For Law (26),
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P r⊕Q equals

{
P with probability r
Q with probability 1−r

Figure 14: The probabilistic combinator chooses between its two arguments with probabilities that sum
to 1. The expressionr is a function of state.

we find

[P ◦
9 (Q⊔R)]T

= T semantics of⊔ and◦
9 from Figure 13

[P]T ◦ ([Q]T ∨ [R]T )

≥ monotonicity

([P]T ◦ [Q]T ) ∨ ([P]T ◦ [R]T )

= T semantics of◦9 and⊔ again

[(P ◦
9 Q) ⊔ (P ◦

9 R)]T .

Moreover equality holds in the middle step if the transformer [P]T is disjunctive; in other words, the
commandP is predeterministic as required.

Thus the transformer modelT derives from the relational modelR but does not exhibit its deficiencies
discussed in the previous section.

4.4 Modelling probability

Our treatment of programs and their extension to commands has indicated how the incremental method
works. But what about more complex, novel, functionality? Here, as an example, we consider proba-
bilistic choice of the sort that is achieved by use of a random-number generator to select between alter-
natives. Since any (nonvoid finite) multi-way probabilistic choice is obtained by nested binary choices,
binary choice is by itself sufficiently expressive. Syntax is introduced in Figure 14. The spaceProg of
programs extended by such probabilism we denoteProb. For a thorough study ofProb (and alsoComm
similarly extended) we refer to Morgan and McIver’s carefuland entertaining text [34].

4.4.1 Behaviour

Laws characteristic of programs with probabilism are contained in Figure 15.

We have already considered Law (48) in Section 4.3 as Law (22). There we reasoned that equality (which
held for nondeterministic code) was violated by commands more general than code (angelic choice in
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P1⊕Q = P(36)

P r⊕Q = (Q1−r⊕P)(37)

P r⊕P = P(38)

(Pa⊕Q) b⊕R = Pc⊕ (Qd⊕R) where c = a×b,
d = ((1−a)×b)/(1−a×b)

(P r⊕Q) ◦
9 R = (P ◦

9 R) r⊕ (Q ◦
9 R)(39)

(P ◦
9 Q) r⊕ (P ◦

9 R) ⊑ P ◦
9 (Q r⊕R)(40)

P if b elseQ = Pb⊕Q(41)

P r⊕ (Q if b elseR) = (P r⊕Q) if b else(P r⊕R)(42)

P⊓Q = ⊓0≤r≤1 P r⊕Q(43)

P⊓Q ⊑ P r⊕Q(44)

(P⊓Q) r⊕R = (P r⊕R)⊓ (Q r⊕R)(45)

(P⊓R) r⊕ (Q⊓R) ⊑ (P r⊕Q)⊓R(46)

(P⊓Q) ◦
9 R = (P ◦

9 R)⊓ (Q ◦
9 R)(47)

P ◦
9 (Q⊓R) ⊑ (P ◦

9 Q)⊓ (P ◦
9 R)(48)

Figure 15: Some laws for probabilism. In Law (41)b is treated on the left as a Boolean and on the right
numerically. In (44)r is, as usual, an expression on state with values in the unit interval.

particular). Now we see that equality is violated by (probabilistic) code. Again the (weak) refinement
follows by monotonicity, so we focus on showing inequality.Consider

P =̂ x := 0 1
2
⊕x := 1

Q =̂ y := 0
R =̂ y := 1,

and consider the probability with which each side in (22) achieves the postconditionx= y . The left-hand
side

(x := 0 1
2
⊕x := 1) ◦

9 (y := 0⊓y := 1)

does so with probability 0: the demon chooses after the probabilistic choice has been made and so can
choosey to ensurey 6= x . But the right-hand side

(x := 0 1
2
⊕x := 1) ◦

9 y := 0 ⊓ (x := 0 1
2
⊕x := 1) ◦

9 y := 1

does so with probability12: the demon’s initial choice is one of the two sequential compositions, each of
which has probability1

2 of establishingx = y . Remember: the demon is not prescient and so is unable
to take advantage of the probabilistic choice still to be made.

From that informal argument it is clear that the definition ofrefinement must be revised, to make it
numerical. The revision must of course be consistent with previous definitions. The effectof the new
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version of refinementP ⊑ Q is that if P satisfies a postcondition with some probability thenQ will
satisfy it with a probability at least as great; and the probability that Q terminates is at least as great as
the probability thatP does.

The programx := 0 1
2
⊕ x := 1 is, in spite of popular notation to the contrary (particularly in quantum

computing where ‘nondeterministic’ is synonymous with ‘probabilistic’) deterministic: it has no proper
refinements. ThusProbhas more maximal elements thanProg in the refinement ordering.

The equivalent for probabilistic programs of Law (12) is

P = ⊓{Q : Prob | P⊑ Q ∧ Q predeterministic} ,(49)

whereQ is predeterministic means that it is expressed in the sublanguagePredetextended by the com-
binator for probabilism. Thus from each initial state it either aborts or its behaviour is maximal in the
refinement ordering.

4.4.2 Distributional model

The result of executing adeterministicprobabilistic program from a given initial state is a probability
distribution over its state space. (A deterministic program with no probabilism results in a distribution
whose mass is concentrated at its single final state.) That view is extended to allow the program to be
predeterministicby allowing the distribution to sum to less than 1. In this model no virtual state⊥ is
required: the probability of nontermination is given by thedifference from 1 of the total mass of the
distribution. In a refinement that probability is diminished by increasing the probabilities of some final
states.

We can then view the result of executing anondeterministicprobabilistic program from a given initial
state as a set of (such) distributions, one member for each resolution of the nondeterminism. This intu-
ition is of course captured by Law (49). A probabilistic program can therefore be thought of as a function
from its initial state to a set of distributions over final state. The result is a model formalised as follows.

We write(∆,⊑) for the space of distributions8 overX, with pointwise order

∆ =̂ { f : X → [0,1] | ∑x:X f .x ≤ 1}
f ⊑ f ′ =̂ ∀x:X · f .x≤ f ′.x.

In order for refinement to be containment, each setF of distributions must be closed under refinement of
its elements: it must beupclosedin the sense that it contains any distribution that dominates a member:

upc(F ) =̂ ∀ f , f ′ :∆ · (f ∈ F ∧ f ⊑ f ′) ⇒ f ′ ∈ F .

8Throughout we consider only functions onX with mass at most 1 and so do not introduce notation to distinguish that case
from the more traditional one in which mass equals 1.
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A setF of distributions is calledconvexif it contains all convex combinations of its member distributions:

cvx(F ) =̂ ∀ f , f ′ :F · 0≤ r ≤ 1 ⇒ r×f +(1− r)×f ′ ∈ F .

Finally a setF of distributions isclosed, cld(F ), if it is topologically closed as a subset of the product
topological space[0,1]X with the usual topology on the real interval[0,1] and the discrete topology on
X .

The distributional model(H ,⊑) of Prob consists of the functions fromX to sets of distributions that,
pointwise, are nonempty and are upclosed, convex and closed:

H =̂ {F : X → P.∆ | ∀x:X · F.x 6= {} ∧ upc(F.x) ∧ cvx(F.x) ∧ cld(F.x)}

F ⊑ F′ =̂ ∀x∈ X · F.x⊇ F′.x.

Although not complete,(H ,⊑) has least element the constant functionλx · ∆ and maximal elements the
functions whose values are singletons of distributions having mass 1.

The relational modelD is embedded in the distributional modelH as follows. Firstly, the state spaceX
is embedded in the space∆ of distributions onX via point-masses: forx : X its point massδ.x:∆ assigns
1 to x and 0 to any other state

δ : X → ∆
δ.x.y = (x = y) .

Then an embeddingε is defined as follows. Supposer : D andx : X . If r represents a nonterminating
command,xr ⊥, then the embeddingε.r at x equals the set of all distributions:ε.r.x = ∆. Otherwise
ε.r.x consists of the closure, with respect to the three properties above9 of the set of point masses of final
states:

ε : D → H

ε.r.x =̂ ∆ if xr⊥ elseclosure{δ.y | xry} .(50)

The functionε is Galois from(D ,⊑) to (H ,⊑), but also preserves unions.

Theorem 6 Recall that state spaceX is assumed to be finite. The functionε : D → H

1. is a bijection that preservesarbitrary suprema and infima from(D ,⊇) to (H ,⊇) : for anyR⊆ D ,

ε.∩R = ∩{ε.r | r ∈ R}(51)

ε.∪R = ∪{ε.r | r ∈ R} ;(52)

9If D is a set of distributions itsclosure, closure(D), means the smallest set containingD which is upclosed, convex and
(topologically) closed.
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2. in particular has an adjointπ : H → D so thatgc(ε,π; (D ,⊇),(H ,⊇)) ;

3. preserves sequential composition of total functions in this sense (contorted by the fact that the
members ofH have different types for source and target): omitting the set parentheses in Defini-
tion (50), if g,g′ : D are total functions then

ε.g = δ◦g so that(53)

ε.(idX)⊥ = δ(54)

ε.(g ◦
9 g′) = δ◦g′ ◦g = (ε.g′)◦g.(55)

2

Sequential composition is clearly more complicated in thisthan in previous models. It is treated more
fully as follows. The first step is to consider deterministic(probabilistic) programs: commands repre-
sented inH by functions whose value at each initial state is a single distribution (and so we elide the set
containing it). For such commandsF, the model is readily made homogeneous by:

(a) replacing each initial statex by its point massδ.x and lifting F to δ.x in the obvious way

F.(δ.x) = F.x

(b) extendingF from point masses to distributionsf (i.e. to linear combinations of point masses that
aresubconvexin the sense that their positive coefficients sum to at most 1 (rather than to exactly 1)) by
averaging (or convolution); we call the resultF† :

F†. f .y =̂ ∑
x:X

(F.x.y)× f .x.(56)

In other words, representing a distribution as a subconvex combination of point masses, the first step has
resulted in a liftingF† from distributions to distributions,

F†. f = ∑y:X (∑x:X (F.x.y)× f .x)×δ.y,

and so facilitates a definition of sequential composition for deterministic programs:

F ◦
9 G =̂ G†◦F .

Of course a further application of† produces a homogeneous result,(G†◦F)†.

The second step completes the definition of sequential composition by using (a special case of) Law
(49) to express, semantically, a (general) probabilistic program as the nondeterministic choice of its
deterministic refinements, using the† operation

(F ◦
9 G).x =̂ {D†. f | f ∈ F.x ∧ G⊑ ε.D ∧ D ∈ D deterministic} .

There the Galois connectionε translatesD from a deterministic program inD to one inH so that it can
be compared withG in the refinement ordering.
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[skip]H =̂ λx : X · {δ.x}
[abort]H =̂ λx : X · ∆
[x := e]H =̂ λx : X · {δ.e}

[P r⊕Q]H =̂ λx : X · { r×f +(1−r)×g | f ∈ [P]H .x ∧ g∈ [Q]H .x}
[P⊓Q]H =̂ λx : X · ∪{ [P r⊕Q]H .x | 0≤ r ≤ 1}
[P ◦

9 Q]H =̂ λx : X · {∑x′∈X f .x′×gx′ | f ∈ [P]H .x ∧ gx′ ∈ [Q]H .x′ }
[P if b elseQ]H =̂ λx : X · [P]H .x if b.x else [Q]H .x

[µF]H =̂ λx : X · ∩{G : H | F.G.x⊇ G.x}

Figure 16: Distributional probabilistic semantics of code. Expressione is assumed to be deterministic.

4.4.3 Distributional semantics

As is to be expected by now, theH semantics ofProb is obtained, where possible, by lifting theD
semantics withε ; see Figure 16. The semantics[P r⊕Q]H of the combinator for probabilism is given
by the set of convex combinations (determined by the probabilistic expressionr) of distributions from its
two arguments; the result is upclosed.

If [P⊓Q]H were to be defined by lifting its definition inD then Law (43) would fail. So having defined
[P r⊕Q]H we simply define[P⊓Q]H in order to ensure Law (43).

4.4.4 Transformer model

The calculus of predicate transformers is Boolean. But now,to handle probability and the convex com-
binations that result, that must be extended. The Booleansfalseand true are replaced by the numeric
values 0 and 1 respectively, and each predicate is lifted to be real-valued:

[ ] : pX → (X → R)
[q].x =̂ 1 if q.x else0.

An expectationis a non-negative-real-valued function on state spaceX . It arises in the present context
by closing predicates (i.e. pre and postconditions) under convex combinations and so may be thought of
as a ‘probabilistic predicate’. The set of all expectationsis

Q =̂ X →{r : R | r ≥ 0} .

The transformer model of probabilistic programs is like thetransformer model of standard programs,
but with conditions (i.e. predicates) replaced by expectations. Thus the space(J ,⊑) of expectation
transformers, named for Claire Jones but due to Kozen [30], Jones [27] and Morganet al. [34], is

J =̂ Q → Q
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with pointwise ordering

j ⊑ k =̂ ∀q:Q · [j.q] ≤ [k.q] .

In translating fromH to J we must relate distributions and expectations. The expectation of a function
φ against a distributionf (already used in a special situation in (56)) is defined to be the discrete Stieltjes
integral

R

φdf =̂ ∑x:X (φ.x)×(f .x) .

We can recover, from expectations, the ordinary notion of evaluating a state at a predicate by specialising
to standard expectation[q] and a point-mass distributionsδ.x:

R

[q]d(δ.x)

≡ definition of integral

∑x′∈X [q].x′×δ.x.x′

≡ definition of point mass

[q].x.

In fact for standard expectations and arbitrary distribution the above integral calculates the probability
that (with respect to the distribution) the predicate is satisfied.

The translation function between the lattices(H ,⊇) and(J ,⊑) is now formalised

wp : H → J
wp.h.q.x =̂ ⊓{

R

qdf | f ∈ h.x} ,

for probabilistic relationh : H , expectationq : Q , and statex : X . It gives the least expected value of
postexpectationq against all final distributionsf achievable by probabilistic commandh from initial state
x .

The translationwphas the following operational interpretation: for a program h, andq a (standard) pred-
icate,wp.h.[q].x represents the greatest guaranteed probability thatq is satisfied finally. Not surprisingly,
wp is Galois:

Theorem 7 The functionwp : (H ,⊇) → (J ,⊑)

1. is an injection that preserves suprema: for any setQ of expectations,

wp.∩Q = ⊔{wp.q | q∈ Q} ;
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2. has adjointrp : J → H defined, for expectation transformerj ∈ J and statex∈ X,

rp.j.x =̂ {f :∆.X | ∀q:Q · j.q.x≤
R

f q} ;

thusge(wp, rp; (H ,⊇),(J ,⊑)) ;

3. ensures that the lattice(J ,⊑) has least element the constant expectation transformerλq : Q · 0 ;

4. has range characterised by sublinearity:t ∈ ranwp iff t is sublinear: for all expectationsq,q′ and
non-negative realsa,b,c ,

[t.((a×q+b×q′)⊖c)] ≥ (a×[t.q]+b×[t.q′])⊖c,(57)

where the ‘truncated difference’ operator⊖ is defined10 on non-negative reals (and lifted poitwise
to expectations) to ensure that difference remains non-negative: a⊖b =̂ (a−b)⊔0 ;

5. when restricted to predeterministic (probabilistic) programs is characterised bylinearity: t is the
image of a predeterministic distributional program (i.e. whose image underwp assigns to each
initial state a single distribution) ifft is linear: equality holds in (57).

The restriction ofrp to ranwp is well defined, butrp need not otherwise be defined (recall that relations
in H are non-empty).

4.4.5 Transformer semantics

The expectation-transformer semantics ofProb is given in Figure 17. This section, the end of the techni-
cal material of the paper, consists of two training exercises.

1. First, simple practice in this last increment:justify each definition intuitively.

2. Second, practice in the central theme of this paper:define the semantics of Figure 17 as a lifting
using the Galois connection just defined.

5 Research agenda

Here are just a few areas in which the approach of this paper seems assured of making progress.

10A typical use of⊖ in our context is to translate between addition of bits and their minimum:a⊓b = (a+b)⊖1 .
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[abort]J =̂ λq : Q · 0

[skip]J =̂ λq : Q · q

[x := e]J =̂ λq : Q · q.e

[P ◦
9 Q]J =̂ [P]J ◦ [Q]J

[P if b elseQ]J =̂ [b]×[P]J +[¬b]×[Q]J

[P⊓Q]J =̂ [P]J ⊓ [Q]J

[P r⊕Q]J =̂ λq : Q · r×[P]J .q+(1−r)×[Q]J .q

[µF]J =̂ least fixed point ofF :J → J .

Figure 17: Expectation-transformer semantics forProb.

1. Concurrent systems: Process algebra.

Perhaps the cleanest area of program semantics in which to apply the incremental approach is
that of process algebra, and in particular Communicating Sequential Processes, CSP (see Hoare’s
reflection [23]). Since its inception, CSP’s semantic models have been presented incrementally:
first, traces to capture safety information; then failures to capture deadlock and so distinguish in-
ternal and external choice; and finally divergences to distinguish livelock from deadlock. But only
relatively recently has that hierarchy been presented incrementally with its three levels connected
by Galois connections; see Seidel and Morgan [43] (which in fact achieves more: the addition of
probabilism at each increment).

But much remains. The last section of [43] contains a discussion of the way in which (real) time
is incorporated incrementally. But other behaviours seem ripe for consideration: probability and
time together, angelic choice (alone or with probability and/or time), the violation of atomicity, or
even time reversal, and the incorporation of behaviour pertinent to long-running transactions.

2. Ensemble engineering.

The working group WG1, under the coordination action ‘Interlink’ (see the interim report of Höltzl
and Wirsing [24]), have been considering a call for proposals in the area ofsoftware intensive sys-
tems and new computing paradigms. One area of interest is the engineering of large and complex
systems—which they have namedensembles. Ensembles, complex by definition, provide the per-
fect opportunity for an incremental approach; or do they? Ifthey are complex enough to exhibit
emergent behaviour, how can Formal Methods apply? For by itsdefinition, emergent behaviour
lies beyond the scope of a description of the system components. However a proposal has been
made by Huet al. [26] to reconcile that apparent contradiction and so for theapplication of incre-
mental methods.

Ensembles are of particular interest because, although they are composed of discrete components,
they typically embody statistical behaviour. Thus it is of interest to see how the incremental meth-
ods apply in that situation; the techniques of the present paper should suffice. Special cases include
hybrid systems and multiagent systems that adapt.
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3. Hardware systems.

There is a well-established hierarchy of models for hardware devices driven synchronously. How-
ever for asynchronous timing, the models and handshaking protocols are not usually thought of
hierarchically. There seems therefore to be an opportunityto exploit the incremental approach.
The details are certainly not trivial but the reward worth the effort. Timed automata appear to
provide an appropriate vehicle; see UPAAL [6]. For a study involving simulation in UPAAL and
first thoughts of a hierarchical approach, see Boumazaet al. [7].

4. Quantum systems.

Formal Methods have not played a large part in quantum computation. Indeed most of the proposed
‘quantum programming languages’ do not even have formal semantics, let alone a statement of
laws. The two languages supported by semantics and laws, Selinger’s language [44] and that
based on the languageProb of this paper, qGCL [41], fail to capture all the behaviour nowadays
required in expressing and reasoning about quantum computation.

Firstly, some kind of quantum process algebra would be desirable for expressing and reasoning
about quantum cryptographic protocols. Secondly, the recent use of traditional concepts from
Mathematical Physics—completely positive operators—dueto D’Hondt and Panangaden [25] pro-
vides an enticing formalism for quantum semantics. It wouldbe interesting to use it for quantum
process algebra as well as quantum algorithms, and to relateit via Galois connections to the se-
mantic models of the two languages above.

5. Component-based systems: rCOS.

Perhaps the most obvious extension to the ideas of this paperlie in the direction of object orien-
tation. The relational calculus of object systems, rCOS, has been proposed by Heet al. [19]. Its
semantics is described relationally, following the UTP style of Hoare and He [22]. However with
more recent extensions to rCOS, due to Liuet al. [8], it would be interesting and informative to
consider an incremental account of the semantics of currentrCOS. Either the UTP approach, or
the more general one promoted here, could be taken.

6 Conclusion

Systems are inherently complicated so theories must be as simple as possible. Since detail cannot ulti-
mately be avoided, the simplicity must come from the method.In the areas of traditional engineering,
where relationships between entities are assumed to be differentiable, the method is based on approxi-
mation by simpler behaviours whose outcome approximate closely that of the real system. In the case
of discrete systems such approximation is of little use (howdo you approximate a bit?), and the method
must describe the complexityexactlybut stepwise. That can be done in two ‘orthogonal’ ways—by
modularisation at agiven level of abstraction or incrementallyacrosslevels of abstraction. The former
approach is reasonably well understood and much practices.The purpose of this paper is to promote the
latter, in the guise of Galois connections.

A potted history of Galois connections in Computer Science is given by Backhouse [5]. Particularly
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worthy of mention are their use for ‘abstract interpretation’ by Cousot and Cousot [11]; their use in
automata theory, via the related concept of ‘pair algebra’ by Hartmanis and Stearns [18], and via ‘factors’
by Conway [10]; and in program semantics: see for example Nielsen, Nielsen and Hankin [37], Chapter
4, and Scottet al.’s use of embedding-projection pairs [17].

We have presented a single sustained case for the incremental approach, moving from predeterminis-
tic (i.e. computable) computations through finitely nondeterministic programs to angelic and arbitrary
nondeterministic commands and finally to probabilistic programs. At most of the increments the seman-
tic intuition and laws have been able to be lifted by Galois connections. Where that has not been the
case, valuable insight has been provided by the property that fails (for example failure ofwp to map
intersections to disjunctions).

But much has been omitted. We have not dealt with data refinement, nor properly with recursion. In
overlooking data refinement we have neglected the importanttechnique of ‘spans’ an alternative elab-
oration of the construction ofT from functions via relations (see Gardineret al.’s [16]). Nor have we
systematically used laws to determine healthiness conditions, as is typical of the UTP approach. The cur-
rent approach—by comparison with UTP, more ‘back to basics’—may as a result be more flexible in use.
We have also not considered the use of Galois connections to relate the various languages algebraically.
Where we have done so semantically, an alternative would be to have defined them directly between the
languages. This remains future work.

Two questions arose from the UNU-IIST research day. The lessinteresting one is‘What constitutes
research?’Evidently not all work is research. But a definition of ‘research’ must remain elusive: at the
very least it is area dependent. What is research for a technician may not be research for an engineer;
and research for an engineer may not be research for a scientist. One purpose of the UNU-IIST research
day was to celebrate the range of research we do.

A more interesting question that arose is‘What constitutes use of formal methods?’Evidently such use
forms a spectrum. At the light end, it is realised by use of a formal notation, provided some degree
of reasoning is performed. Just to use some formal notation is of course not necessarily to use Formal
Methods. The easiest way to achieve some reasoning is by (automated) type checking of a specification,
which confers some (mild) degree of confidence in the construction of the specification. Of course it
ensures nothing about the functionality of the specification (let alone an implementation)!

A more substantial way in which some form of reasoning may be achieved is by model checking; then
somefunctionality of the specification can be confirmed. Again, little can be said about a (putative)
implementation except in trivial cases where the specification is the implementation. Prototyping has its
uses, but does not confer correctness of the final implementation.

The only way to infer that a putative implementation behavescorrectly (i.e. that it is in fact an imple-
mentation) is to prove that it conforms to the specification.For realistic systems that involves an amount
of work which is prohibitive unless the system is critical insome way. One compromise is to verify the
design to a level of increment that balances the tradeoff between confidence and expense. For that the
techniques considered here apply.
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Thus we conclude that the degree of use of formal methods is ingeneral captured by the degree of
reasoning performed. To perform no reasoning is not to use formal methods.

The process of reflecting on ‘his’ work is something each graduate student must learn. The reasoning
that forms part of Formal Methods provides one way for the practising Software Engineer to do so. The
content of this paper provides an example: if the work consists of constructing a semantics then the
process of reflecting on the work consists of thinking how that semantics can be explained/introduced
as simply and elegantly as possible. The importance of reflection lies far beyond the specific topics
discussed here and is perhaps the most vital skill a beginning research student can learn.
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