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Abstract

The purpose of this paper is to explore the models and forms of reasoning appropriate for analysing the
temporal behaviour of circuits. That leads from various Boolean models appropriate for combinational
and synchronous circuits, to the event model for asynchronous circuits. Circuit behaviour is captured at
each level of abstraction using model-specific operators, whose laws are used to perform algebraic (rather
than semantic) reasoning about transient behaviour. The results have aparticularly satisfying form: for
example the hazards of a conditional are calculated algebraically to be a conditional of hazards. A
method is developed for simulating an asynchronous combinational circuit, that starts with an untimed,
logic-level, specification, passes to a timed refinement and then moves to a simpletimed automaton for
simulation in UPPAAL. Each stage in the method is supported by a projection relating the models at the
various levels, so that correctness can be confirmed.
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Introduction 1

1 Introduction

The purpose of this paper is to consider a hierarchy of models for the temporal behaviour of circuits in an
environment that is either benign (for example in a clocked environment so that input is assured to arrive
conveniently, in which case Boolean-based models suffice) or not (in anasynchronous environment, in
which case an event-based model is relevant). Of interest are the relationships between the models and the
choice of model-specific laws that are sufficient to perform algebraic reasoning about behaviour captured
at the level of abstraction represented by the model (and whose extension would ultimately characterise
the model algebraically). Most of our concern here lies with combinational circuits, for which a method
is developed that starts from an untimed, Boolean, specification of a combinational circuit, refines it to
a temporal, signal-based, specification, translates that to a certain kind of timed automaton and finally
converts that to UPPAAL for simulation.

Use of the laws is demonstrated on results like hazard freedom of basic circuits and choke-refinement
between variant circuits modelled as circuit automata.

1.1 Contents

Circuits (including those with feedback) are defined recursively in Section 2 and the definition accompa-
nied by a (strong) induction principle. The definition distinguishes input signals (or actions) from output
and internal signals (or co-actions).

Section 3 introduces a hierarchy of models: the Boolean, in which a signal isrepresented (if possible)
by a single stable Boolean value; the binary, in which it is represented by a value before and after some
change; the ternary, in which an intermediate transient Boolean value is captured; and the signal model
which captures a Boolean value at each (integral) time point. The models are shown to form a hierarchy
under a sequence of projections taking each (except the first) to its predecessor in the hierarchy. In
each model, a circuit is captured by a collection of named observables (signals) at the relevant level of
abstraction, bound by some constraint, captured as a predicate whose free variables are the observables.

In Section 4 the previous logical operators (used to define combinational circuits) are extended by the
definition of temporal operators for delay and signal change (or differentiation). The assumption is made
that the circuit’s environment is benign: it accepts output whenever the circuit supplies it but delivers
input only when convenient for the circuit (for example not whilst an output is being evaluated). Of
interest here is the derived operators—like that for a transient—and theirlaws that are convenient to give
compact incisive proofs of hazardous circuit behaviour. A collection of such results are given in Section
5. A typical example is the identification of the hazardous behaviour of a conditional gate, here captured
as a conditional of its input behaviours, conditioned on the sign of the inverter delay; and its extension to
both iterative and recursive multiplexors.

In Section 6 the assumption that the environment is benign is removed, by consideration of an event
model here formalised by differentiation and compression of signals. The result is called a multitrace, and
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Circuits 2

the standard notion of ‘choke refinement’ is expressed between multitraces. Each circuit is expressed as
a simple timed automaton, here called a ‘circuit automaton’, and given a multitrace semantics. A method
is developed for simulating a combinational circuit in UPPAAL, starting from a signal specification, and
converting it to a circuit automaton. The method is illustrated on a collection of inverters andandgates.

2 Circuits

2.1 Examples

This section contains examples to motivate the algebraic notation for circuits to beintroduced in the next
section.

Inputs to a circuit are labelled with distinct natural numbers, and writtenin j. Different occurrences of a
gate within a circuit are distinguished similarly (thus:gate i). The output of a gate is identified with the
gate’s name; if that value is used in more than one location (by forking its value) that fact is indicated
by multiple occurrences of the gate’s name; in that way explicit fork gates are avoided and the notation
abbreviated as a result. Since a circuit may have several outputs, each output is identified with a label
(thus:out k).

For instance aconditionalgate in disjunctive normal form

out0 = (in0∧ ¬in2)∨ (in1∧ in2)

can be expressed with the obvious functionality assigned to each gate

out0(or0(and0(in0,not0(in2)),and1(in1, in2))) .

The circuit has a single output (from theor gate),out0, and three inputs,in0, in1 andin2. The fork on
in2 is represented by the repeated occurrence ofin2. That notation can be thought of as short-hand for a
system of mutually recursive equations

out0 = or0(a,b)
a = and0(c,d)
b = and1(e, f )
c = in0
d = not0(f )
e = in1
f = in2.

A circuit with two outputs, one from eachandgate, and three inputs, one shared as above,
(

out0 = in0∧ in1
out1 = in2∧ in1

)
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Circuits 3

is expressed by combining two single-output circuits in parallel

out0(and0(in0, in1)), out1(and1(in1, in2)) .

Circuits at the gate level are subtly different from those at the (CMOS) transistor level; but it is required to
have notation to cover both. In gate-level design ajoin (hard-wiredor) is too dangerous to be used whilst
because of the complementary switching nature of ntype and ptype transistors, that is typical practice at
the transistor level. For example a CMOS inverter is represented using ajoin and two transistors

ptran(x,y) = ¬x⇒ y
ntran(x,y) = x⇒ y
join(a,b) = a∧ b

using 1 to represent power input and 0 ground input

out0(join0(ptran0(1, in0),ntran0(0, in0))) .

Then correctness follows in the standard manner:

out0(join0(ptran0(1, in0),ntran0(0, in0)))
= definitions of output and join

out0 = ptran0(1, in0) ∧ ntran0(0, in0)
= definitions of transistors

out0 = (¬ in0⇒ 1) ∧ (in0⇒ 0)
= calculus

out0 = ¬ in0,

as required for an inverter. Thus the devices appearing in a circuit depend on the design discipline being
followed; with arbitrary delays in the circuit, thejoin0 would be incorrect even at the CMOS level.

Feedback is expressed using repeated occurrence of gate output. For instance a circuit with output from
one of its twoandgates, and having two inputs but with output fed back to the firstandgate, is expressed
inadequately using logic

out0 = in0∧ (in1∧out0)

(inadequate because nothing distinguishes the two occurrences ofout0) and as a circuit

out0(and0(in0,and1(in1,and0)))

wherein it will be the semantics of gates which enables the two occurrences of out0 to be distinguished:
one a delayed instance of the other.

We choose to disqualify syntactically correct circuits that do not have inputs to each of their subcircuits.
For example in this circuit

out0(and0(in0,not0(not0)))
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the and gate has an (external) input but the inverter does not. So although such asubcircuit might be
considered a clock (with period determined by the inverter’s delay) we disqualify it because we are
unable to determine its output value (absolutely) at any time.

2.2 Definition

Definition of circuit. For a given family of inputsin and devicesgate(each of finite arity),
a circuit is defined recursively.

c ::= in | out(c) | c,c | gate(~c)

The base case of a circuit is formed by its inputsin i, assumed to be uniquely identified
by natural number indicesi. If c andc′ are circuits (perhaps with common subcircuits) so
is their parallel compositionc,c′. If ~c is ann-vector of circuits each with one output and
gate j is a device with arityn then bothgate j(~c) andoutk(gate j(~c)) are circuits, for unique
natural-number identifiersj,k.

But since that syntax allows circuits likenot0(not0), we impose a healthiness condition that
each circuit have at least one output and each of the circuit’s subcircuits have a path from at
least one (external) input. 2

That definition is syntactic, using only labels (with arity) for devices, and containing nothing to reflect
semantics. Indeed it is convenient for the definition to be independent of the semantics so that behaviours
at different levels of abstraction can later be considered without changing the notion of circuit. However
care is later needed to ensure that when devices input and output data they do so with some delay to
ensure well-founded recursion.

Examples of gates with arity 2 areand, or, exor, nand, nor, ntran, ptran andjoin gates; examples with
arity 1 are inverter and buffer gates; examples with arity 0 are power and ground. Later (in Section 5.6)
that notation will be used to describe multi-inputand andor gates. Then each gate identifier will be
subscripted with its arity. Thus ak-inputandgate will be writtenand0k(~x) , where~x is a vector of length
k .

The definition ensures that each gate has a unique label (gate name plus natural number) as does—in
particular—each input and each output. Self reference is mediated by an (explicit, external) input which
makes the resulting terms well defined; perhaps that is more evident in the version involving mutual
equations.

2.3 Induction principle

Since a circuit is defined in terms of all of its subcircuits (including perhaps itself), the principle for
establishing a property of circuits is automatically one of ‘strong induction’.
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Circuit induction. Suppose that any circuit satisfies a property under the assumption that
each of its (strict) subcircuits does so. Then every circuit satisfies the property.

The trivial case of that principle requires the property to hold for inputs,with no assumptions. Applica-
tions follow in Section 5.

3 Signals

This section introduces various signal models, with emphasis on the relationship between them and when
it is appropriate to use one model rather than another. Although the most detailed model could be used
throughout, preference is given to using the simplest model appropriate tothe behaviour being studied at
any point. Sometimes that involves just the value of a signal when it stabilises; sometimes it involves the
values before and after stabilisation; sometimes it involves also an intermediate value; and sometimes it
involves values at regular times.

3.1 Boolean model

Under the assumption that a signal value stabilises to a Boolean value, sometimesit is sufficient—for
example in the elementary analysis of combinational circuits—to model each signal with just that stable
value. The result is the ‘Boolean model’ of signals.

Definition of Boolean model. In theBoolean modelan observables is declared

S1 := B

s : S1 .

In this paper the two values are represented 0 (for low, or false) and 1 for its opposite (high,
or true).

Thus a logic gate,gate, taking Boolean inputsa andb and with Boolean outputa⊗b is modelled by a
typed predicate

a,b : S1

gate(a,b) = a⊗b.

Examples are provided by the standard combinational gates. An inverter has only a single input:

a : S1

inv(a) = ¬a,
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whilst an exclusive-or gate has two:

a,b : S1

exor(a,b) = a⊕b

where the operator⊕ denotes exor.

3.2 Binary model

For the analysis of state, again under the assumption that signal values stabilise, two values are required:
the values before (s) and after (s′) stabilisation. This ‘binary model’ is appropriate for the elementary
analysis of sequential circuits.

Definition of binary model. Being informal and denoting an observable in the binary model
by the same symbol as its initial value, thebinary modelof signals is:

S2 := B×B

s : S2 := s,s′ : B .

That model corresponds to the binary-relational model of computation (in which nondeterminism is
captured by multiple valuess′ for a given initials, and non-stabilisation—divergence—by introduction
of a ‘virtual’ final value⊥).

For example a T-latch which toggles its states according to a combinational inputa is modelled

a : S1

s : S2

s′ = a⊕s.
(1)

One connection between the two models is expressed by a projectionπ2 from the more detailed binary
model to the Boolean model, that maps the stabilised value of the sequential modelto the constant value
of the combinational one:

π2 : S2 → S1

π2(s,s′) := s′ .

3.3 Ternary model

By capturing a stabilised signal value the sequential model is unable to express transient, or hazardous,
behaviour. For that an intermediate, transient, value must be observed. Each signal is represented by its
initial value (s), transient value (s′) and stabilised value (s′′). The result is:
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Definition of ternary model. In the ternary modelwe are again informal and use the same
symbol for the ternary observable and its initial value.

S3 := B×B×B

s : S3 := s,s′,s′′ : B

For example a rising transient is expressed

s : S3

¬s∧s′∧¬s′′ .

The more concrete ternary model is connected to the binary model in several ways. Perhaps the most
obvious (for the purpose of hazard analysis) is by a projectionπ3 that relates the initial and final values
in the two models:

π3 : S3 → S2

π3(s,s′,s′′) := (s,s′′) .

Another way is by letting the binary model capture changes of signal in the ternary model

π′
3 : S3 → S2

π′
3(s,s

′,s′′) := (s 6= s′,s′ 6= s′′) .

That relationship underlies the ‘event’ interpretation of signals which formsthe foundation of the vari-
ous disciplines of asynchronous design;π3 will be identified in Section 4.4 as (a restricted version of)
differentiation.

3.4 Signal model

The repeated observation of a signal at regular discrete times is modelled bya countable number of
Boolean values. Use of the integersZ for the time domain abstracts both initialisation (which would
have to be defined explicitly at 0 if instead the natural numbers were used) and number of observations
(which could be insufficient if instead any fixed finite set of times were used). Although in principle
that choice of time domain suffers by not facilitating intermediate observations (possible with either the
rational or real numbers), in this paper that facility is not required and is anyway outweighed by the
advantage of having a unique predecessor for each time.

Definition of signal. A signal has a Boolean value at each time. Thus the set of all signals
is the set of functions from the time domain to the Booleans.

S := Z → B
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For example a clock with period 1 is expressed in the signal model by an alternating function

clock : S

clock(n+1) := ¬clock(n) .

There are two such functions, one withclock(0) and the other with¬clock(0).

The two constant signals will play an important role in analysing circuits. We write them

0,1 : S

0 := λn : Z · 0
1 := λn : Z · 1,

and writeconst(s) iff signal s is constant.

TheHeaviside functionrepresents a signal that is switched on ‘now’ and remains on

heavi : S

heavi(n) := (n≥ 0) .

The more concrete signal model may be connected to the transient model in various ways. One obvious
but stringent way interprets the three observations of the ternary model tobe three consecutive observa-
tions in the signal model: previously (time−1), now (time 0) and next (time 1). In other words a signal
s : S is related to a ternary signalt : S3 iff t = s(−1), t′ = s(0) andt′′ = s(1).

However for the purposes of this paper that is too restrictive, and delays are appropriate between the
three observations (see Theorem 3). The result is a many-to-many relation π between the signal modelS

and the ternary modelS3, defined in infix:

π : S ↔ S3

sπ t := ∃k < l : Z ·





∀n : (−∞,k] · s(n) = t
∀n : (k, l] · s(n) = t′

∀n : (l,∞) · s(n) = t′′



 .

In other words, signals in the domain ofπ are piecewise constant with at most three pieces, whose values
match the three values of the triple. Using the notation of function restriction:t = s↾(−∞,k], t′ = s↾(k, l]
andt′′ = s↾(l,∞) .

If the restrictionk < l is omitted then the case(k, l] = {} is included and two valuest, t′′ may result. This
can also be achieved by composition with the projectionπ2 : S3 → S2 . Indeed that yields an analogous
connection betweenS and the binary modelS2 which abstracts the intermediate, transient, values of the
signal

π′ : S ↔ S2

sπ′ t := ∃k, l : Z ·

(

∀n : (−∞,k] · s(n) = t
∀n : (l,∞) · s(n) = t′

)

.
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Timed behaviour 9

The projectionπ′
3 from Section 3.3, that records signal changes in the ternary model with results in the

binary model, may be realised as the relational composition of signal differentiation and the projections
between signals and those two models.

3.5 Circuits

Any of those signal models can be used to formulate a notion of ‘timed circuit’ for use in the previous,
entirely syntactic, definition of circuit. The following section contains definitionsof the relevant time-
based operations to facilitate such definitions. But in each case the definitionconsists, like those we have
seen so far, of

asignature: declaring the observables and their types, together with

a constraint: a predicate, whose free variables are the observables, which captures the invariant
relationship that holds between the observables.

For example the T-latch of (1) has a signature consisting of two observables, the first a signala : S1 of
Booleans (representing input) and the second a signals : S2 of pairs of Booleans (representing the initial
and final states). Its constraint is this relationship between them: at any time, the second of the final state
equals the exor of the initial state and the inputs′ = a⊕s.

4 Timed behaviour

This section provides the definitions of the various timed behaviours that underlie the temporal behaviour
of circuits.

4.1 Signal delay

The definition of delay, or temporal translation of a signal, exploits the choiceof time domain by using
integer arithmetic. Delays of both sign are useful for specification and design—speedup as well as
slowdown—although only the latter appears in implementations.

Definition of delay. It is convenient to write the value of the delay as a subscript (although
see Law (3)) and to write the delay of signalsby m time units as the signalδms.

δ : Z → S → S

(δms)(n) := s(n−m)
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The unit delayδ1 is abbreviatedδ ; context will resolve any ambiguity with the previous definition. Thus
a clock with period 1 satisfies, by definition,

δclock = ¬clock.

Several laws follow from the laws of arithmetic onZ : successive delays are the same as one compound
delay and so successive delays commute; a delay can be achieved by iterating unit delay; a delay by zero
is no delay; delay has no effect on constant signals; Boolean connectives1 are time invariant (in other
words they commute with delay); an adjunction law holds, and it applies to show that the delay of the
characteristic function of an interval(k,∞) is again an interval of that form. See Figure 1.

δl δm = δl+m = δmδl(2)

δm = δm(3)

δ0 = id(4)

const(s) ⇒ δms= s(5)

δm(⊗(r i)i) = ⊗(δmr i)i(6)

δms= t ⇔ s= δ−mt(7)

δm(λn : Z · (k < n)) = λn : Z · (k−m< n)(8)

Figure 1: Some laws for delay, wherel,m : Z , ⊗ is a Boolean connective with vector(r i)i of arguments,
andk : Z∪{±∞} with the usual arithmetic conventions concerning±∞, so that{n : Z | −∞ < n} = Z

and{n : Z | ∞ < n} = {}.

4.2 Gate delay

A gate with inputson0 andin1 which delays its outputout0(gate(in0, in1)) = in0⊗ in1 (there expressed
by lifting the Boolean connective⊗ to signals) bym time units, is defined

in0, in1,out0 : S

out0(gate(in0, in1)) = δm(in0⊗ in1) .

4.3 Feedback

Care must be taken, in the various timed models, in interpreting circuits with feedback.

1Each connective has an arity. For example the constants (power and ground, or high and low respectively, have arity 0;
inversion has arity 1; conjunction and disjunction have arity 2; and conditional has arity 3.
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In some cases there is no difficulty. For instance the circuit

out0(and0(in0,and0))

has invariant

out0 = in0∧out0.

Thus if input and output are initially high, the circuit is stable. If input then goes low the invariant fails
and the circuit stabilises after some delay with output low. Such behaviour is accurately described in any
of the timed models.

However the same is not true of the circuit

out0(nand0(in0,nand0))

which has invariant

out0 = ¬(in0∧out0) .

If initially input is low and output high, the circuit is stable. But if input then goes high, the invariant
fails and after some delay output goes low (assuming that input does not change meanwhile). But that
also violates the invariant so after some further time (again assuming no input change) output returns
high; and so on. This indefinite oscillation of output is captured in the signal model but not in any of the
models which assume a stable final value for the output signal.

Thus we must take care to choose an appropriate model for the behaviourwe seek to analyse.

4.4 Signal change

Definition of derivatives. For a signals, its rising derivativeD+s is defined to be the signal
which is high now iff s is high now but was previously low. The falling derivate,D−s,
is high iff the signal was previously high and is now low. And the derivativeDs is high
iff the signal changes value. Lifting the Boolean operations of negation, conjunction and
disjunction pointwise to signals those conditions are expressed as follows.

D+, D−, D : S → S

D+s := ¬(δs)∧s
D−s := δs∧¬s

Ds := D+s∨D−s

For convenience of bracketing, the delay and differentiation operatorsare assumed to bind
more tightly than the lifted logical operators.

The laws for differentiation follow by routine calculation; see Figure 2. Law(9) connects the two kinds
of differentiation; Law (10) records that the only signals without changeare the two constant signals;

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Timed behaviour 12

Law (11) records that the Heaviside function is the only signal whose rising derivative is high at just 0.
Law (12) shows that the derivative of a signal equals that of its negation. Laws (13) and (14) provide
alternative definitions of derivative using the simple fact that a signal does not rise and fall simultane-
ously. Law (15) gives time invariance of differentiation. Laws (16) to (18) give the discrete version
of the product rule from differential calculus; Laws (19) to (21) do thesame for disjunction; and Laws
(22) to (24) do the same forexor (the last of which is reassuringly simple after its predecessors). Laws
(25) to (28) demonstrate a striking difference with the theory of differential calculus: higher derivatives
simplify. Law (29) records the fact that a signal does not rise (respectively fall) on consecutive intervals.
For further laws we refer to [11].

4.5 Between models

The various connectionsπ between the temporal models facilitate the translation of concepts between
them—though evidently a concept translates to a less rich one in a more abstract model. For example
the three concepts of signal change, defined in the previous section forthe signal model, translate to the
ternary model as introduced in Section 3.3.

Theorem 1 The notions of derivative, lifted from the signal model to the ternary modelusing the
connectionsπ andπ′, simplify

π′(D+(π∼(t, t′, t′′))) = (¬t∧ t′,¬t′∧ t′′)
π′(D−(π∼(t, t′, t′′))) = (t∧¬t′, t′∧¬t′′)

π′(D(π∼(t, t′, t′′))) = (t 6= t′, t′ 6= t′′) .

Proof Consider just the first case. We evaluate the lifting of(t, t′, t′′) : S3 by the relational
compositionπ′ ·D+ ·π∼ starting with those signalss : S for whichsπ(t, t′, t′′). By definition
(Section 3.4),sπ(t, t′, t′′) iff there existk, l : Z such that

s↾(−∞,k] = t
s↾(k, l] = t′

s↾(l,∞) = t′′ .

The rising derivativeD+s of any suchs is low except perhaps at the two times at whichs
changes value, when its value is determined by that of the triple:

D+s↾(−∞,k]∪ (k+1, l]∪ (l +1,∞) = λn : Z · 0
D+s(k+1) = ¬t∧ t′

D+s(l +1) = ¬t′∧ t′′ .

Using π′ (Section 3.4) to translate back to the Boolean modelS2 , the derivativeD+s lies
in the domain ofπ′ iff it changes value at most once: it is low at at least one of those two
discrete points. In either case a related pairu : S2 satisfies

u = ¬t∧ t′

u′ = ¬t′∧ t′′

as claimed. 2
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D+(¬s) = D−s(9)

Ds = 0 ⇔ const(s)(10)

s = heavi ⇔ D+s = λn : Z · (n = 0)(11)

Ds = D(¬s)(12)

= (s 6= δs)(13)

= D+s ⊕ D−s(14)

D(δs) = δ(Ds)(15)

D+(s∧ t) = (D+s∧ t) ∨ (s∧D+t)(16)

D−(s∧ t) = (D−s∧δt) ∨ (δs∧D−t)(17)

D(s∧ t) = (D+s∧ t) ∨ (s∧D+t) ∨ (D−s∧δt) ∨ (δs∧D−t)(18)

D+(s∨ t) = (D+s∧¬δt) ∨ (¬δs∧D+t)(19)

D−(s∨ t) = (D−s∧¬t) ∨ (¬s∧D−t)(20)

D(s∨ t) = (D+s∧¬δt) ∨ (¬δs∧D+t) ∨ (D−s∧¬t) ∨ (¬s∧D−t)(21)

D+(s⊕ t) = (D+s∧¬t∧¬δt) ∨ (D−s∧ t∧δt) ∨ (¬s∧¬δs∧D+t) ∨ (s∧δs∧D−t)(22)

D−(s⊕s′) = (D−s∧¬δt∧¬t) ∨ (D+s∧δt∧ t) ∨ (s∧δs∧D+t) ∨ (¬s∧¬δs∧D−t)(23)

D(s⊕ t) = Ds⊕Dt(24)

D+D+s = D+s(25)

D−D−s = δD−s(26)

D+D−s = D−s(27)

D−D+s = δD+s(28)

D+s ∧ D+δs = 0 = D−s ∧ D−δs(29)

Figure 2: Some laws of differentiation; throughout,s, t : S are signals.
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5 Hazard freedom

A circuit can be modelled, at any of those levels of abstraction, as a set ofobservables satisfying a
constraint. For example an inverter can be modelled by two signals,in andout in which the latter is a
delayed version of the negation of the former:out= δ in . An and gate can be modelled by three signals,
a, b andc ; a andb are inputs andc is output and the latter is a delayed conjunction of the two inputs:
c = δ(a∧b) .

In this section we use the signal view to analyse transient behaviour.

5.1 Constant input

A very simple result is:

Theorem 2 For any circuit, if all its inputs are constant then all its outputs are also constant.

Proof A signals is constant iff its derivative is always low (Law (10)). So the assumption
implies that for each input signalin , D(in) = 0 .

Now for each gate, if its inputs are constant so are its outputs: for inverters, conjunction,
disjunction and exor that follows from Laws (12), (18), (21) and (24); it is readily estab-
lished directly for any combinational gate as follows using Law (10). Suppose thatgate is
a combinational gate with inputss and t satisfyinggate(s, t) = δk (s⊗ t) for somek > 0 ,
where⊗ is some logical connective lifted pointwise to signals. Then

D(gate(s, t)) = 0
= Law (10)

∀n : Z · gate(s, t)(n) = gate(s, t)(n−1)
= definition ofgate

∀n : Z · δk (s⊗ t)(n) = δk (s⊗ t)(n−1)
= change of variable and pointwise lifting of⊗ to signals

∀n : Z · s(n)⊗ t(n) = s(n−1)⊗ t(n−1)
⇐ calculus with Leibniz’s rule

∀n : Z · s(n) = s(n−1) ∧ t(n) = t(n−1)
= Law (10) again

Ds = 0 = Dt .

Finally the result follows by induction over circuits. 2
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It is not assumed there that the circuit is combinational. In view of the nature of the statement being
proved, it would suffice to establish it in the binary model of signals which captures one change of value
(cf. Section 4.3); however the proofs are surprisingly similar given the laws in Figure 2, so the more
general proof has been presented. The assumption that the gate delayk is positive avoids circularity in
the application of induction.

5.2 Single input change

A circuit is calledmonotoneiff it responds to input having at most one change in value with output
having at most one change of value.

Theorem 3 A circuit composed of onlyand, or andfork gates is monotone; in particular, when subject
to a single input change it is hazard free.

Proof By way of proof we establish a little more: if one input undergoes a single change
then each output is either constant or undergoes the same kind of change. Again, we reason
in the signal model, and for simplicity consider the single change in input to be anincrease.

We begin by defining the behaviour we are assuming of each input and which we must
establish for each output:⇑sholds iff signals is either constant or an increasing step function
(that is, the characteristic function of some interval(m,∞))2

⇑ : S → B

⇑s := const(s)
∨
∃m : Z · s= λn : Z · (n > m) .

Then by Law (8),

⇑δs = ⇑s.(30)

By assumption, the desired property holds for each input subcircuit:∀ j · ⇑inj. Suppose that
gateis as in the proof of Theorem 2, but monotone:

(⇑s∧ ⇑t) ⇒ ⇑(s⊗ t) .(31)

To show⇑out0(gate) we calculate

2An alternative, perhaps slightly nicer, definition is⇑s = ∃m : Z∪{±∞} · s= λn : Z · (n > m) . A more sophisticated
alternative, which does not seem to help here, isδs≤ s. Notation which is more expressive and of wider use will appear in the
next section. But this simple notation suffices for the present proof.
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⇑out0(gate)
= definition ofgate

⇑δk (s⊗ t)
= Laws (30) and (3)

⇑(s⊗ t)
⇐ (31)

⇑s∧ ⇑t .

The result follows by induction over circuits. 2

5.3 Transients

We capture transient behaviour by signals that exhibit a rising or falling step for a given length but are
otherwise constant. That restrictive definition suits our current purposes; a more general one would allow
arbitrary behaviour in the distant past and future. Furthermore by separating the definition of transient
from that of a hazard, the latter term can be defined according to context—of what length transient is
considered hazardous—and of the discipline that produces it—single or multiple input change.

Definition of transients. Indicating the length parameterk as a subscript, therising tran-
sientsignalupk is defined to be high on just the interval[0,k) and thefalling hazardsignal
dnk to be low on just that interval.

up, dn : N → S

upk := λn : Z · 0≤ n < k
dnk := ¬upk

A signal is said to exhibit a rising transient of lengthk iff it equalsupk and a falling transient
iff it equalsdnk . For symbolic purposes that is recorded by predicates⊓k and⊔k on signals.

⊓, ⊔ : N → S → B

⊓k s := (s= upk)
⊔k s := (s= dnk)

That notation is more restrictive than might at first be regarded as reasonable, since it requires a transient
to begin at time 0 (rather than at an arbitrary time). We have chosen it for simplicity; as a result we need
this definition.

Definition of transient freedom.To say that signals neverexhibits a rising transient is to
say that no translation ofs equals a rising step of positive length at the origin; the definition
of never exhibiting a falling transient is analogous.

never⊓ : S → B

never⊓(s) := ¬ ∃k, l : Z ·

(

k > 0
⊓k δl s

)

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Hazard freedom 17

Laws for transients are not easy to come by, but some are given in Figure3. The first says that a rising
transient of length 0 reduces to the constant low signal and the second that the signal constant at high
exhibits a transient only of length 0. The third relates rising and falling transients via inversion, whilst
the fourth identifies a rising transient in terms of the locations of its rising and falling derivatives. Laws
(36) and (37) show that a binary conditional distributes transients provided the condition does not refer
to time. The final law identifies the way in which a (rising) transient is affected by delay, so in particular
is important for reasoning aboutnever⊓ .

up0 = 0(32)

⊓k 1 = k = 0(33)

⊓k s = ⊔k¬s(34)

=

(

D+s = λn : Z · n = 0
D−s = λn : Z · n = k

)

(35)

⊓k (s� c � t) = (⊓k s) � c � (⊓k t) if time variablen is not freee inc(36)

⊔k (s� c � t) = (⊔k s) � c � (⊔k t) if time variablen is not freee inc(37)

⊓k δl s = (s = λn : Z · n∈ [−l,k− l))(38)

Figure 3: Some laws for transients, withk : N ands : S .

5.4 Restricted case of a conditional gate

Consider the simplest circuit capable of a race (in which unnecessary labels have been omitted):

out(or(in,not(in))) ,

where thenot gate has delayd : Z but, for simplicity, theor gate has no delay (since it would only shift
the position of a transient, not affect its occurrence; see Corollary 5):

in,out : S

d : Z(39)

out = in∨δd¬in .

Elementary considerations show that with a single input change,out never exhibits a rising tansient, but
exhibits a falling transient if the delay is positive and input falls, or delay is negative and input rises.
More precisely:

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Hazard freedom 18

Theorem 4 For a single input change in the circuit (39), the predicatenever⊓(out) holds, and ifd 6= 0
then the existence of a falling transient on output is determined by a conditional:

∀k : N
+ · ⊔k out ⇔

(

k = d
in = ¬heavi

)

� d > 0 �

(

k = −d
in = δ−d heavi

)

.

Proof A signal with a single change of value is a translation of either the Heaviside
function or its negation (Laws (9), (11) and (15)). Considering the case in = heavi, we
reason

out
= definition of circuit (39)

heavi∨¬δd heavi
= definition ofheaviand Law (6) for¬

(n≥ 0)∨ (n−d < 0)
= calculus

1 � d≥ 0 � n 6∈ [d,0)
= definition ofδd

(δd 1) � d≥ 0 � δd (n 6∈ [0,−d))
= Law (6)

δd (1 � d≥ 0 � n 6∈ [0,−d)) .

In other words,

in = heavi ⇒ out = δd (1 � d≥ 0 � n 6∈ [0,−d)) .

Thus, by translation invariance of the connectives definingout (i.e. disjunction and inver-
sion), Law (6), and by commutativity of delays, Law (2),

in = δ−d heavi ⇒ out = (1 � d≥ 0 � n 6∈ [0,−d)) .

Hence for anyk, l : Z with k > 0 ,

⊓k δl out
= above

⊓k (δl 1 � d≥ 0 � δl (n 6∈ [0,−d)))
= Law (36)

(⊓k δl 1) � d≥ 0 � (⊓k δl (n 6∈ [0,−d)))
= Law (5) and definition ofδl

(⊓k 1) � d≥ 0 � (⊓k n 6∈ [−l,k− l))
= Laws (33) and (38)

0 � d≥ 0 � 0
= calculus

0
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so that the predicatenever⊓(out) holds. Furthermore,

⊔k out
=

⊔k (1 � d≥ 0 � n 6∈ [0,−d))
= Law (36) and definition ofδ

(⊔k 1) � d≥ 0 � (⊔k n 6∈ [0,−d))
= Laws (34) and (38)

0 � d≥ 0 � (k = −d)
= calculus

k = −d > 0.

In this case we conclude

in = δ−d heavi ⇒ ∀k : N
+ · ⊔k out = (k = −d > 0) .

The remaining case,in =¬heavi, follows symmetrically: againnever⊓(out) holds, but now

in = ¬heavi ⇒ ∀k : N
+ · ⊔k out = (k = d > 0) .

which completes the proof. 2

In order to apply Theorem 4 in a more realistic context, in the next section it willbe convenient to use
the following intermediate result concerning circuit (39) augmented by a further delay:

in,out : S

a,d : Z

out = δa(in∨δd¬in) .(40)

Corollary 5 The output of circuit (40) never exhibits a rising transient but, ford 6= 0 , exhibits a falling
transient (by definition, it must be recalled, starting at the origin) of lengthk > 0 iff

(

k = d
in = ¬δaheavi

)

� d > 0 �

(

k = −d
in = δa−d heavi

)

.

2

5.5 Conditional gate

The real interest in circuit (39) is that it embodies the transient behaviourof this circuit

out(or(and0(in0,not(in2)),and1(in1, in2)))(41)
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implementing a conditional gate whose Boolean behaviour is

in0, in1, in2,out : B

out = (in1 � in2 � in0) = (in0∧¬in2)∨ (in1∧ in2)

and whose timed (signal) behaviour we represent

in0, in1, in2,out : S

out = δa(δb(in0∧δd¬in2)∨δc(in1∧δe in2)) ,(42)

where the delaysa,b,c,d come respectively from theor, and0,and1 andnotgates and delaye is incurred
by the path of the signalin2.

The transient behaviour derives entirely from the simpler circuit (39):

Theorem 6 For a single input change in the circuit (42), output never exhibits a risingtransient but,
for b+d−c−e 6= 0 , exhibits a falling transient of lengthk > 0 iff

(in0 = 1) ∧ (in1 = 1) ∧ (

(

k = y
in2 = ¬δxheavi

)

� y > 0 �

(

k = −y
in2 = δx−yheavi

)

) ,

wherex := a+c+eandy := b+d−c−e.

Proof If the single input change occurs on eitherin0 or in1 , so that no race occurs, then
Laws (2) and (5) show that output is a translation of the changing input andhence transient
free. So it remains to consider the case in which the single changing input isin2.

If either in0 or in1 is low then the same reasoning involving Laws (2) and (5) shows that no
transient occurs. So we are left with(in0 = 1)∧ (in1 = 1) in which case (42) simplifies

out
= calculus

δa(δb(δd¬in2)∨δc(δe in2))
= Laws (7), (6), (2) and (4)

δa+c+e((δb+d−c−e¬in2)∨ in2)
= takingx := a+c+eandy := b+d−c−e

δx ((δy¬in2)∨ in2) .

Thus, by Corollary 5,never⊓(out) holds and, continuing with those values forx andy ,
output exhibits a falling transient iff

(

k = y
in2 = ¬δxheavi

)

� y > 0 �

(

k = −y
in2 = δx−yheavi

)

.

2
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5.6 Iterative multiplexor

Definition of multiplexor. A multiplexor of sizen : N containsn control inputs, 2n Boolean
data inputs and a single Boolean data output which equals the data input addressed by con-
trol. We choose to give its Boolean specification in terms of the bijectionbin : B

n → [0,2n)
which converts a bit string to a natural number by binary expansion (withx0 least significant
andxn−1 most significant).

n : N

con : B
n

in : [0,2n) → B

out : B

mux(n,con, in,out) := out= in(bin(con))

where

bin : B
n → [0,2n)

bin(x) := ∑0≤i<n xi2i

A multiplexor of size 0 has no controls and simply outputs its single Boolean input; amultiplexor of size
1 forms a conditional.

That (iterative, rather than recursive) definition ofbin leads (well, following a formal derivation it does)
to the standard circuit that is based on disjunctive normal form to ‘decode’ control and hence select an
input. Its description involves the parametern and hence a variable number of components, dependent
on n . It will thus be helpful to adopt the convention, proposed in Section 2.2, of subscripting each gate
identifier with its arity.

The Boolean description of the iterative multiplexor circuit contains a single output from its single 2n-
inputor gate which inputs from 2n-many(n+1)-inputandgates

out(or2n((and in+1(
−→
x i))0≤i<2n)(43)

where then+1 elements of vector
−→
x i contain one input,in i , andn controls, half of which are inverted

according to the usual binary pattern: if indexi : [0,2n) then

−→
x i := (in i,B(i, j)0≤j<n)(44)

where the ‘binary pattern’ is captured by the presence or absence of an inverter on controlconj at gate
and i:

B(i, j) := not(i, j)(conj) � i mod 2j = 0 � conj.
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There the various inverters have been distinguished by identifier(i, j), enabling us to assume each has its
own delay.

The timed (signal) behaviour we consider incorporates delays at just the inverters (since, as we have
already seen, other delays do not affect the existence of a transient, just its location). Suppose that the
inverternot(i, j) has delayd(i, j) . The timed behaviour is described by reinterpreting (43) and (44) with
signals, and replacing the previous binary pattern with this timed version

B(i, j) := δd(i,j) (¬conj) � i mod 2j = 0 � conj.(45)

The presence of transients in that circuit follows the pattern which has by now become standard:out
never exhibits a rising transient but exhibits a falling transient as determinedby Theorem 6. The two
inputs that must be high to provide the race leading to a transient are determined by the values of the
control bits together with the two values of the changing control bitconj. We calculate their indices
using the list-processing functions3 take, drop and the functionbin, and—in an attempt to abbreviate
already-complex notation—leave implicit the dependency onj :

as0 := (take j con)++[0]++(drop (j +1) con)
as1 := (take j con)++[1]++(drop (j +1) con)
a0 := bin(as0)
a1 := bin(as1)

so that the required inputs areina0 and ina1 . Since exactly one of(a0 mod 2j) and(a1 mod 2j) is 0,
exactly one ofB(a0, j) andB(a1, j) results in an inverter; suppose the value of eithera0 or a1 that gives
the inverter isa . Having reduced the situation to a conditional gate, the following theorem follows from
Theorem 6.

Theorem 7 For a single input change in the circuit given by (43), (44) and (45), output never exhibits
a rising transient but exhibits a falling transient iff the change occurs in some control input,conj with
ina0 = 1 andina1 = 1 andd(a, j) 6= 0 , in which case the transient is given by

(

k = d(a, j)
in2 = ¬heavi

)

� d(a, j) > 0 �

(

k = −d(a, j)
in2 = δd(a,j) heavi

)

.

5.7 Recursive multiplexor

A recursive recasting of the functionbin leads instead to a recursive design based on a binary tree of
conditionals. The recursive functionbins takes an arbitrary nonempty sequence of Booleans to a natural

3The functionstake,drop : N → seqT → seqT are defined so thattake n tsreturns the firstn elements of sequencets, and
drop n tsreturns the remaining tail. See [4].
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number by binary expansion. Using++ for sequence catenation, and seq•
B for the set of nonempty

sequences of Booleans,

bins: seq•B → N

bins([0]) := 0
bins([1]) := 1

bins(xs++[x]) := bin(xs)+2x.

The restriction ofbinsto sequences of lengthn is readily checked to coincide with the functionbin.

The recursive design is described, writing seqk B for the set of sequences ofB of lengthk , in terms of
the top and bottom half of the input sequence and a conditional gate.

n : N

cons : seqn B

ins : seq2n B

out : B

muxs(0,cons, ins,out) := out= ins
muxs(n+1, [c]++cons, ins,out) := muxs(n,cons,bot(ins),out) � c � muxs(n,cons, top(ins),out)

where the two halves of the input list (which correspond to the restrictionsin↾ [0,2n−1) andin↾ [2n−1,2n)
respectively in the iterative design) are conveniently defined bytakeanddrop: for list xsof (even) length
2k,

top(xs) := take k xs
bot(xs) := drop k xs.

That design is converted to a circuit by implementing the conditional as in (41) but, for simplicity as in
the previous section, with delays at only the inverters. Although the resultingcircuit appears markedly
different from the iterative multiplexor, its transient behaviour is the same: from Theorem 7 we have

Corollary 8 The output of the recursive multiplexor exhibits the same transient behaviour as that of
the iterative multiplexor.

6 Events

So far, a circuit has been modelled as a collection of observables—corresponding at some level of ab-
straction to values on wires (input, output or internal)—subject to a constraint reflecting the circuit’s
functionality. In order to focus on that functionality we have made strong assumptions about the circuit’s
environment: that it is always ready to accept output but delivers inputonly when convenient for the
circuit. That suffices, as our results have shown, for a simple hazard analysis of circuits in isolation.
But unfortunately that assumption is not ‘compositional’: a single input change may be conveyed (in
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our model) by an isochronic fork to a component two of whose inputs change simultaneously as a re-
sult. Compositionality requires us to strengthen the theory to allow more generalinput changes. What,
for instance, if the environment provides a second input change, whilstthe circuit is in the process of
producing output in response to the previous input change?

In this section we introduce a model for discussing such questions: the event modelE . We assume, as
before, that the environment is always prepared to accept output from the circuit, but also that it may
provide input to the circuit at any time.

6.1 Introducing events

So far we have been concerned entirely with models of signals in which the value of a signal is defined
explicitly at each time. Thus if a signals is to be low until time 0, high for the next four time units and
thereafter low, it is described

s : S

s(n) := (1≤ n < 5) .

By contrast the event model describes only changes in value. Thus the signal s above has two changes,
one at time 1 and the other at time 5, expressed by differentiation (recall the differentiation operator
D := D+∨D− introduced in Section 4.4):

s,Ds : S

(Ds)(n) := n∈ {1,5} .

However boths and¬s share the same derivative. So if a signal is to be determined uniquely then as
well as its times of change, its value at some time must be known. For some signals itis convenient for
that time to be ‘initially’, or at−∞ , though of course that concept is not defined for all signals (it is not
defined, for instance, for a clock). For example signals above is conveniently described as being low
initially. Signals for which an initial value are defined, are described as follows.

Definition of initial value. A signals : S has aninitial value c: B, written lim−∞ s= c , iff
there is some integern0 : Z such that∀n < n0 · s(n) = c . In other words the limit at−∞
equalsc in the discrete topology onB (in which convergence is eventual equality). Similarly
it has afinal value c, lim∞ s= c , iff there is some integern0 : Z such that∀n> n0 · s(n) = c .

Our final decision in definingE is to restrict a signalDs to just the times at which it is high, thus
abstracting the times at which no change occurs. NowDs is represented by its ‘compression’,s′ :

s′ := compress(Ds) ,
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where the functioncompressmaps a signal to the relation consisting just of those pairs whose result is
high but with the high value replaced by the signal name

compress: S → (Z ↔ A+)

compress(s) := {(n,s) : Z×A+ | s(n)} .(46)

In this example,s′ = {(1,s),(5,s)} in which the pair(n,s) is called an ‘event’ and interpreted to mean
thats changes value at timen . Thus, in both the signal and event models a signal takes Boolean values.
Interpreted as a member ofS, a signal’s values are given explicitly at each time; but interpreted as a
member of the event modelE, only the times of a signal’s changes are given.

In relaxing the assumptions on a circuit’s environment we must first clarify whether a signal change is
determined by the circuit or its environment. Anaction is a change determined by the environment,
like a change in input. Aco-actionis a change determined by the circuit, like an output change or the
change of an internal signal produced as an output from some subcircuit. Our assumption now becomes
symmetrical: the environment always allows co-actions and the circuit always allows actions. We thus
describe an environment by the way in which it schedules actions, and a circuit by the way in which it
schedules co-actions in the context of an environment.

If a circuit is ‘unstable’ (i.e. in a state preparing an output change required by previous input changes)
then an input event that causes an error (by acting before the output event to make the state stable and
thus ‘losing’ the output) is called achoke. We model that by extending the normal model of a circuit
to contain the extra signalchoke, which is high iff one of the actions causes the circuit to choke. (The
alternative, of extending signal values fromB to B∪{choke}, would require elaboration of the calculus
of signals.) The new signalchokesatisfies an invariant: ifchokechanges value at timen then some action
changes value atn . Of course in a particular circuit that invariant is strengthened to contain knowledge
of which action causes the choke.

6.2 The event model

That discussion motivates the following definition, extended from one signal to a circuit (i.e.a signature
declaring a set of signals, together with an invariant). It has been simplifiedin order to deal, in the
remainder of this paper, with combinational circuits.

Definition of event model.Given a setA of signal names, letA+ := A∪{choke} . The
typeE(A) consists of all relations from the time domainZ to the setA+

E(A) := Z ↔ A+ .

The memberst : E(A) are calledmultitracesand the pairs(n,s) ∈ t are calledevents. For
each multitracet : E(A), (n,a) ∈ t iff a ∈ A and at timen the signala changes value, or
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a = chokeand at timen some action causes a choke (notation for which will be introduced
in Section 6.3).

For the study of circuits which are considered to have an initial state we letE
◦(A) denote

the set of multitracest that are either empty or such that the times int are well founded (sot
contains an event whose time is minimal).

A multitrace is a relation—rather than a partial function in either direction—because different events
may occur at the same time and one signal may change at different times; examples are provided by the
running example of the inverter begun just below and by theandgate in Section 6.5. It is sufficient for a
multitrace to be asetof events—rather than a bag—because each signal can change value at most once
at any time. Thus the type of a multitrace implicitly provides it with that healthiness condition. We have
imposed no other healthiness conditions (not even nonemptiness). Perhaps the most tempting would be
that any output arises from a matching input, a property we must certainly consider. But it is not satisfied
by a crystal oscillator (i.e.clock) and so is not imposed in general.

Let us consider an example, to be extended in the remaining subsections of this section.

Example. Recall that in the signal model an inverter with a delay of two time units func-
tioning in a ‘benign’ environment (i.e. which alternates the supply of input events and the
acceptance of output events, starting with an input, and hence which schedules no chokes)
is specified simply

in,out : S

out := ¬δ2 in

(and that, by Law (6), it makes no difference, whether the negation is placed before or after
the delay operator). The choice of delay 2 there allows invalid ‘hasty’ input (though a unit
integer delay does not) which we wish to analyse.

Taking derivatives we find,

D(out)(n)
= definition of circuit

D(¬δ2 in)(n)
= Laws (12) and (15)

δ2D(in)(n) .

Thus in the event model, the inverter in a benign environment is representedby a multitrace
t in which each input event engenders an output event two time units later

t : E({in,out})

∀n : Z · (n, in) ∈ t ⇔ (n+2,out) ∈ t .(47)
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Notice that no inversion is apparent there, so that the description for a buffer would be
the same: if at some time input is low and output high, orvice versa, then an inverter is
described; otherwise a buffer results.

It is possible that for some timen0 both (n0, in) ∈ t and (n0,out) ∈ t : the environment
produces the next input just as the circuit responds to the previous input. That is why a
multitrace need not be a partial function even in this restricted circuit having just one input
and one output. (That differs from the view taken in process algebra where simultaneous
events can be observed only in succession in either order. We return to this point in the
example of a two-inputandgate in Section 6.5.)

This simple example is thus choke free. Its extension to environments that result in choke is
considered in the next section. 2

Refinement between multitraces,t ⊑ t′ , is defined to ensure thatt′ implementst but perhaps in more
environments.

Definition of refinement. For multitracest, t′ : E(A) we say thatt is refined by t′ , t ⊑ t′ , iff
(a) t chokes whent′ does, (b)t performs a co-action whent′ does, and (c) ift does not choke
then it performs an action whent′ does. Assumings denotes an action ands′ a co-action:

t ⊑ t′ :=





(n,choke) ∈ t′ ⇒ (n,choke) ∈ t
(n,s′) ∈ t′ ⇒ (n,s′) ∈ t

(n,s) ∈ t′ ∧ (n,choke) 6∈ t ⇒ (n,s) ∈ t



 .(48)

Using a standard technique, refinement is simplified to set containment at the expense of replacing each
multitracet by its ‘choke-strict expansion’,t∗, which is t when t does not choke, but arbitrary when it
does:

t∗ := t ∪ {(m,a) : Z×A+ | m≥ n ∧ (n,choke) ∈ t} .

For then

t ⊑ t′ ⇔ t∗ ⊇ t′∗ .

Either way, choke corresponds to⊑-minimal behaviour:

{(n,choke)} ⊑ {(m,a) | m≥ n ∧ a : A+} .(49)

In the event model a circuit is represented by a multitracet : E(A). The connection with the signal model
is given, as we have seen in the previous section, by differentiation and compression of each signal inA .
A Galois connection is formulated as follows.
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Consider a circuit having a setA of labels partitioned into its inputs, internal wires and outputs. LetSbe a
signal-level description, where the signature ofSconsists of the signalsaσ (for a : A+) and the constraint
of S is given by predicates (whose free variables are theaσ ). Define thechoke-strict constraints∗ (by
analogy witht∗)

s∗ := ∀n : Z · s∨ (Dchokeσ)(n) .

The representation functionπ from the signal model to the event model takesS to a multitraceπ(S)
consisting of those events arising from changes of the signalsaσ subject to the constraints:

π(S) : E(A)
π(S) := {(n,a) : Z×A+ | s∧ (Daσ)(n)}

(whereinDaσ meansD(aσ)). It satisfies a Galois equivalence

π(S) ⊑ t
⇔ definition ofπ

{(n,a) : Z×A+ | s∧ (Daσ)(n)} ⊑ t
⇔ definition of⊑
(

(n,choke) ∈ t ⇒ s∧ (Dchokeσ)(n)
∀a : A · (n,a) ∈ t ∧ ¬(s∧ (Dchokeσ)(n)) ⇒ s∧ (Daσ)(n)

)

⇔ by definition ofs∗
(

(n,choke) ∈ t ⇒ s∗∧ (Dchokeσ)(n)
∀a : A · (n,a) ∈ t ⇒ s∗∧ (Daσ)(n)

)

⇔ calculus

∀a : A+ · (n,a) ∈ t ⇒ s∗∧ (Daσ)(n)
⇔ definition ofε below

ε(t) ⇒ s∗

whereε(t) hassignaturethe signalsaσ whose compressed derivates lie int andconstraintthe fact that
those compressed derivatives exhaustt∗ ; recalling Definition (46), ofcompress, that yields

ε(t) :=
{aσ : S | a∈ A+}
t∗ = ∪{compress(Daσ) | a∈ A+} .

The embeddingε is injective (different multitraces differ in at least one event hence giverise to different
embeddings) hence, by a simple result of Galois connections,π is surjective. Howeverπ is not injective
(the inverter and buffer have the same projection), nor (therefore) isε surjective.

6.3 Timed automata

Thetimed automata[1] used in this section to express circuits have, as a result of our assumptions about
environments, a special form. From any stable state (i.e. one in which the circuit invariant holds), each
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action is possible. From any unstable state, the co-actions that would returnit to a stable state with a
certain delayk are also accompanied by all actions with delays less thank , each returning it to another
unstable state or resulting in choke. The former condition we callaction completeness, the second
co-action completenessand a timed automaton having this form we call a ‘circuit automaton’ (defined
below).

However we follow the standard notation of timed automata. We consider a vector (integer) clockx
which is reset after each transition (action or co-action). Each coordinatec of the vector clock constraint
accompanying each transition,a

c
−→ T, lies in the propositional closure of constraints of the formx ⊲⊳ m

for constant timem : Z and operator⊲⊳ : {<,≤,=, 6=,≥,>} . In fact the clock constraints we consider
are severely restricted, as given by the definition below. For vectorm of integers having the same length
as vectorx , we writex ⊲⊳ m := ∀ i · xi ⊲⊳ mi . For details of timed automata in general we refer to [1].

To indicate that actiona chokes the circuit under clock constraintc we write a
c

−→ ⊥ (which can be
thought of, for semantic purposes, aschoke

c
−→⊥ ). That notation is slightly unusual because the guard,

c , appears after the action,a , which it enables; it is justified by UPPAAL syntax. We adopt the convention
a→ P := a

true
−→ P .

Example. The naive inverter considered in the previous section can be expressed by this
timed automaton

Inv = in → out′
x=2
−→ Inv

that fails to satisfy co-action completeness (although an inverterInv1 with unit output delay,
k = 1 , doessatisfy it). The relevant completion is

Inv2 = in −→ J

J = out′
x=2
−→ Inv2 2 in

x<2
−→⊥

which can be thought of operationally as follows. The first (input) eventoccurs at a time
determined by the environment at which point the clockx is reset (to 0). In the unstable state
J, occurrence of a further input event beforex = 2 causes a choke; otherwise whenx = 2 an
output event occurs andx is reset. 2

The simple timed automata we consider are defined as follows.

Definition of CA. A circuit automaton(CA), with a setA partitioned into actionsai and
co-actionsa′j , and a vector clockx , is expressed by mutual recursion from an initial stateT0

T0 = 2i ai → Ti
...

= (2j a′j
x=k
−→ T′

j ) 2 (2i ai
x<k
−→ Ti)

...

(50)
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where the state updatesTi andT′
j reflect the logic-level specification of the circuit and the

delayk reflects its signal-level specification. The first block in the mutual recursion contains
stable states whilst the second block contains unstable states (each containing at least one
co-action). Let the set of such automata beCA(A) . 2

Example. The circuitBuf2 consisting of two unit-delay inverters in sequence:

Inv1 := in → (out′
x=1
−→ Inv1)

Buf2 := ∃u : S · Inv1[u/out′] ∧ Inv1[u/in] .

As a CA, the simplification ofBuf2 is:

Buf2 = in → B

B = out′
x=2
−→ Buf2 2 in

x≤2
−→ (out

x=2
−→ B) ,

(51)

which is of interest because it exemplifies that the sequencing of two one-place ‘buffers’
is not amenable to the same kind of choking as a general two-place buffer (in which the

term(out
x=2
−→ B) is replaced by⊥ ): sequencing isolates the effect of the input action on the

output co-action. 2

A combinational example more typical than the inverter (which has only one input) is the two-inputand
gate of Section 6.5.

6.4 Multitrace semantics

The regularity of circuit automata is reflected in their semantics. For our purposes the following ‘multi-
trace’ semantics suffices, to be compared with the semantics of general timed automata [2, 1] and general
circuits [5].

Themultitrace semanticsof a circuit automatonT : CA(A) is given in the context of an environmentE :
E
◦(A) which schedules the actions ofT (recall the definition ofE◦(A) from Section 6.2). The semantics

has type

mt : E
◦(A)×CA(A) → E

◦(A) .

To describe it, some notation is convenient.

For nonempty environmentE : E
◦(A) , t0 denotes the smallest time inE :

t0 := ⊓{t : Z | ∃a : A · (t,a) ∈ E} ,

and t00 denotes its previous value (the environmentE is updated in the following recursive definition,
so this convention eliminates a parameter that would be explicit in an implementation, like a functional
program).
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From (50), for the case of stable states,

mt(E,2i ai → Ti)

:= {(t0,ai) | (t0,ai) ∈ E∧ Ti 6= ⊥} ∪
S

{mt(E\{(t0,ai)},Ti) | (t0,ai) ∈ E∧ Ti 6= ⊥} .
(52)

In particular, from a stable state if the environment offers no events (i.e. is empty), then no event occurs.
But otherwise each event inE with least time matches one of the inputs of the circuit (by the assumption
of action completeness); one of them is scheduled and the circuit moves to therelevant state.

The case of unstable states is more involved:

mt(E,(2j a′j
x=k
−→ T′

j ) 2 (2i ai
x<k
−→ Ti))

:=

{(t0,ai),(t0,choke) | (t0,ai) ∈ E ∧ 0≤ t0− t00 < k ∧ Ti = ⊥} ∪
{(t0,ai) | (t0,ai) ∈ E ∧ 0≤ t0− t00 < k ∧ Ti 6= ⊥} ∪
S

{mt(E\{(t0,ai)},Ti) | (t0,ai) ∈ E ∧ 0≤ t0− t00 < k ∧ Ti 6= ⊥} ∪
{(t0 +k,a′j) | ¬∃ i · (t0,ai) ∈ E ∧ 0≤ t0− t00 < k} ∪
S

{mt(E\{(t0,ai)},Ti) | ¬∃ i · (t0,ai) ∈ E ∧ 0≤ t0− t00 < k} .

(53)

Thus an action scheduled to choke the circuit (as encoded in the automaton by Ti = ⊥) suppresses its
pending co-actions. Otherwise, a scheduled action transforms the state—as encoded by the automaton—
and the environment is updated. In the last case, no action is scheduled before the pending co-actions,
which occur; this case includesE = {} in which just the pending co-action occurs.

It may be helpful to specialise that to a circuit with a single co-action and an environment that at any
time schedules at most one event:

mt(E,a′
x=k
−→ T′

2 2i ai
x<k
−→ Ti)

=







{(t0,ai),(t0,choke)} if (t0,ai) ∈ E ∧ 0≤ t0− t00 < k ∧ Ti = ⊥
{(t0,ai)} ∪ mt(E\{(t0,ai)},Ti) if (t0,ai) ∈ E ∧ 0≤ t0− t00 < k ∧ Ti 6= ⊥
{(t0 +k,a′)} ∪ mt(E\{(t0,ai)},Ti) if ¬∃ i · (t0,ai) ∈ E ∧ 0≤ t0− t00 < k.

(54)

Example. Continuing from the previous section the example of the inverter, considerfirst
the simple case ofInv1 , an inverter with unit output delay. The multitraces are calculated,
for any environmentE : E

◦(A) ,

mt(E, Inv1)
= by (52)

{(t0, in)} ∪ mt(E\{(t0, in)},out
x=1
−→ Inv1)

= by (54), last line
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{(t0, in),(t0 +1,out)} ∪ mt(E\{(t0, in)}, Inv1)

which, by calculus, has solution

mt(E, Inv1) = {(t, in) | (t, in) ∈ E} ∪ {(t+1,out) | (t, in) ∈ E}
= E ∪ {(t+1,out) | (t, in) ∈ E} .

(55)

But the identification of the multitraces ofInv2 , an inverter with output delay 2, requires
extra notation. For a subsetF ⊆ Z andm : Z , let F<m := {j : F | j < m} . The predicate
ch(m) holds iff m is the time of a choke input: in this case, bothm−1 andm belong toF

ch(m) :=

(

m−1∈ F
m∈ F

)

.

The predicatefstch(m) holds iff m is the time of the first choke input:m is the first member
of F for whichch(m) holds:

fstch(m) :=

(

ch(m)
∀ j : F<m · ¬ch(j)

)

.

Then if the environment supplies input events at timesF ⊆Z , F either contains a choke time
mor it does not. If it does, the events of the inverter consist of those normal input and output
events beforem−1 with the input event atm−1 not matched by output and the input event
atmmatched by achokeevent atm; otherwise the events are as in (55). Thus the circuit has
multitrace given by the following conditional, whereF is the set of times appearing in the
environmentE :

t : E
◦({in,out})

fstch(m) ∧ t = {(n, in) | n∈ F<m+1}∪{(n+2,out) | n∈ F<m−2}∪{(m,choke)}
� ∃m : F · ch(m) �

t = {(n, in) | n∈ F}∪{(n+2,out) | n∈ F} .

(56)

That, then, is the extension we seek of (55) to a general environment.

Noticing in particular that, for the environmentE := N×{in} ,

{(0, in),(1, in),(1,choke)} ⊆ mt(E, Inv2)\mt(E, Inv1)

whilst

{(0, in),(1,out)} ⊆ mt(E, Inv1)\mt(E, Inv2) ,

we observe that neither ofInv1 nor Inv2 refines the other. 2

In converting a timed automaton to the form of a CA it is convenient to use laws. Examples appear in
Figure 4 and an application of their use appears in Section 6.5.
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2 is associative, commutative and idempotent(57)

2 is monotone: T ⊑ T′ ⇒ a
c

−→ T ⊑ a
c

−→ T′(58)

2 has zero the choke action: for any co-actionb′ , b′
c

−→ T 2 a
true
−→⊥ = a

true
−→ ⊥(59)

for any co-actionb′ , a
true
−→⊥ ⊑ b′

c
−→ T(60)

a
true
−→ T = a→ T(61)

a
c

−→ T 2 a
c′

−→ T = a
c∨c′
−→ T(62)

a
true
−→ T 2 a

x=k
−→ T′ = a

x≤k
−→ T 2 a

x=k
−→ T′(63)

Figure 4: Laws for simple timed automata and circuit automata.
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The multitrace semantics of a CA combines several threads of behaviour. Actions are combined with
the result that the environment is able to choose from a selection of behaviours. But also co-actions are
combined, which corresponds to nondeterminism. We do not consider herethe use of priority between
events; but to handle that it is convenient to replace the external choice2 with a prioritised version like
the operator� in CSP [10].

The inverter example illustrates a method for describing circuits: the signal specification is used as the
basis for construction of a CA whose multitrace semantics is, by action and co-action completeness, the
multitrace semantics of the signal specification extended to general environments. But furthermore the
CA serves as the basis for simulation (in our case in UPPAAL [3]). However the inverter is restricted by
having only a single action—its input. We now consider a two-inputand gate, and the possibility that
the environment supplies both inputs simultaneously.

6.5 An and gate

Recall that in the signal model anandgate with double unit delay, functioning in a benign environment,
is specified

a,b,c : S

c := δ2(a∧b) .

Let us assume that the initial states of all signalsa, b and c are low (which is stable because, as a
consequence, the three signals are simultaneously low before some time and so the gate invariantc= a∧b
holds and so no output event is required). Determining the output events from the signal specification
is slightly more involved than in the inverter example. After initialisation one input maychange any
number of times without changing output, provided the other input does not change (by definition of
andgate and our supposed initialisation). However as soon as each input haschanged an odd number of
times, output changes. And so on.

To infer the event behaviour from the signal specification we use Law (18) (recalling the convention that
the differentiation operator binds tighter than the logical connectives):

Dc
= definition

D(δ2(a∧b))
= Law (15)

δ2D(a∧b)
= Law (18)

δ2((D+a∧b) ∨ (a∧D+b) ∨ (D−a∧δb) ∨ (δa∧D−b)) .

From initialisation, because it is stable, the circuit is ready to respond to an input event supplied by
the environment: eithera or b increases after which one of the first two terms applies to place it in an
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unstable state. In that state a further input event leads to choke; but otherwise an output event ensues
two time units later. Then, with all three signals high, the circuit is again stable andso ready to respond
to an input event; one of the last two disjuncts applies as eithera or b decreases, which leads to another
unstable state. A further input event leads to choke; but otherwise a further output event occurs two time
units later. Then the circuit returns to its state just after initialisation.

Such behaviour is conveniently formalised as a CA,A , which is in stateA(i, j,k) when signalsa, b and
c have Boolean valuesi, j andk respectively. Initially all three signals are low, so the circuit is in state
A = A(0,0,0) . A stateA(i, j,k) is stable iff it satisfies the invariantk = i ∧ j . In an unstable state a
responding output event is required and so any input event leads immediately to choke, again expressed
by the error state⊥. Thus:

A(0,0,0) = a→ A(1,0,0) 2 b→ A(0,1,0)
A(1,0,0) = a→ A(0,0,0) 2 b→ A(1,1,0)
A(0,1,0) = a→ A(1,1,0) 2 b→ A(0,0,0)
A(1,1,1) = a→ A(0,1,1) 2 b→ A(1,0,1)

A(1,1,0) = a
x<2
−→⊥ 2 b

x<2
−→⊥ 2 c

x=2
−→ A(1,1,1)

A(0,0,1) = a
x<2
−→ A(1,0,1) 2 b

x<2
−→ A(0,1,1) 2 c

x=2
−→ A(0,0,0)

A(0,1,1) = a
x<2
−→⊥ 2 b

x<2
−→ A(0,0,1) 2 c

x=2
−→ A(0,1,0)

A(1,0,1) = a
x<2
−→ A(0,0,1) 2 b

x<2
−→ ⊥ 2 c

x=2
−→ A(1,0,0) .

(64)

The first four states are stable and the last four unstable. Hence the automaton is often depicted as a cube
(which in our case has a state in the centre to represent⊥ ). In a benign environment, always ready to
accept output events and delivering input events not simultaneously buttogether in alternation with the
acceptance of output,A is deterministic, deadlock-free, divergence-free and choke-free.

Now let us consider the possibility that the environment schedules the two input eventsa andb simulta-
neously. For comparison, we begin by modelling that as an eventabdenoting the single event consisting
of the simultaneous occurrence ofa andb . But that simple abstraction needs qualification, to reflect re-
ality. In a real circuit it cannot be guaranteed that the events occur trulysimultaneously (hence use of the
abstraction ‘isochronic fork’ above). So we interpret it to mean that the result is the same regardless of
which ordering of the two events occurred; otherwiseab is not a safe abstraction and so not well defined.

If ab occurs in either of the stable statesA(0,0,0) or A(1,1,1), a quick check shows its effect to be the
same, regardless of the ordering of its constituents; in both cases the result is stable. From the stable
stateA(1,0,0) the eventsa thenb drive the circuit into the stable stateA(0,1,0), whilst in the reverse
order they yield choke; and so, in the absence of any way to distinguish thetwo, the result forabmust be
choke. Similarly fromA(0,1,0) the results are either choke orA(1,0,0), so the result forab must again
be choke. From the unstable stateA(1,1,0) both orderings result in choke, as they do fromA(0,0,1).
From the unstable statesA(0,1,1) andA(1,0,1) one ordering results in choke and the other in an unstable
state; so in each case the result must be choke.

For the purpose of action and co-action completeness of the CA,ab is considered the same as any other

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Events 36

action. Thus:

A0(0,0,0) = a→ A0(1,0,0) 2 b→ A0(0,1,0) 2 ab→ A0(1,1,0)
A0(1,0,0) = a→ A0(0,0,0) 2 b→ A0(1,1,0) 2 ab→⊥
A0(0,1,0) = a→ A0(1,1,0) 2 b→ A0(0,0,0) 2 ab→⊥
A0(1,1,1) = a→ A0(0,1,1) 2 b→ A0(1,0,1) 2 ab→ A0(0,0,1)

A0(1,1,0) = a
x<2
−→⊥ 2 b

x<2
−→⊥ 2 ab

x<2
−→⊥ 2 c

x=2
−→ A0(1,1,1)

A0(0,0,1) = a
x<2
−→ A0(1,0,1) 2 b

x<2
−→ A0(0,1,1) 2 ab

x<2
−→⊥ 2 c

x=2
−→ A0(0,0,0)

A0(0,1,1) = a
x<2
−→⊥ 2 b

x<2
−→ A0(0,0,1) 2 ab

x<2
−→⊥ 2 c

x=2
−→ A0(0,1,0)

A0(1,0,1) = a
x<2
−→ A0(0,0,1) 2 b

x<2
−→⊥ 2 ab

x<2
−→⊥ 2 c

x=2
−→ A0(1,0,0) .

(65)

However a CA is able to express the more detailed effect of the various orderings ofab that have been
abstracted above. So now we return to the more typical method of modelling the effect of ab with only
single events, by allowing each single event to transform the circuit to a statefrom which one alternative
is that the other occurs immediately: with guardx = 0. That relies on the assumption that an event with
guardx = 0 is enabled only by the second of a simultaneous pair of events, and not bya ‘quick normal’
event (the results differ, for example, in stateA1(1,0,0) for actiona, as indicated in (66)); the latter are
enabled via the guardx > 0 . Of course the result must be consistent with the automaton above in the
sense that its multitrace semantics refines that of the previous automaton.

The implementation, using the ‘guardx= 0’ technique mentioned above, is justified as follows. Consider
the eventab in stateA(1,0,0) . If it occurs as the result of ana event as the first component ofab then it
must next allow an immediateb event, as well as a ‘normal’b event and ‘normal’a event. Thus:

A(1,0,0)
= modelling assumption

a→ A(0,0,0) 2 b
x=0
−→ A(1,1,0) 2 b

x>0
−→ A(1,1,0)

= Law (62)

a→ A(0,0,0) 2 b
x≥0
−→ A(1,1,0)

= Convention (61)

a→ A(0,0,0) 2 b→ A(1,1,0) .

The result of such simplifications, with the explicit encoding of the output delay, is the following CA.
We suppose that the unstable states (the last four) satisfy, in preparationfor simulation in UPPAAL, the
state invariantx≤ 2 .
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A1(0,0,0) = a→ A1(1,0,0) 2 b→ A1(0,1,0)

A1(1,0,0) = a
x=0
−→⊥ 2 a

x>0
−→ A1(0,0,0) 2 b

x=0
−→⊥ 2 b

x>0
−→ A1(1,1,0)

A1(0,1,0) = a
x=0
−→⊥ 2 a

x>0
−→ A1(1,1,0) 2 b

x=0
−→⊥ 2 b

x>0
−→ A1(0,0,0)

A1(1,1,1) = a→ A1(0,1,1) 2 b→ A1(1,0,1)

A1(1,1,0) = a
x=0
−→ A1(0,1,0) 2 a

x>0
−→⊥ 2 b

x=0
−→ A1(1,0,0) 2 b

x>0
−→ ⊥

2 c
x=2
−→ A1(1,1,1)

A1(0,0,1) = a
x=0
−→⊥ 2 a

x>0
−→ A1(1,0,1) 2 b

x=0
−→⊥ 2 b

x>0
−→ A1(0,1,1)

2 c
x=2
−→ A1(0,0,0)

A1(0,1,1) = a→⊥ 2 b
x=0
−→⊥ 2 b

x>0
−→ A1(0,0,1) 2 c

x=2
−→ A1(0,1,0)

A1(1,0,1) = a
x=0
−→⊥ 2 a

x>0
−→ A1(0,0,1) 2 b→⊥ 2 c

x=2
−→ A1(1,0,0)

(66)

Consider, for example, theb transition fromA1(0,1,1) with guardx = 0 . Previously ana event has
occurred from stateA1(1,1,1) (recall the assumption of the environment that the guardx = 0 is satisfied
only by the second event in a concurrent pair) and now the accompanying b event is possible. Were it to
succeed, it would drive the state toA1(0,0,1) which indeed preserves instability. But overall, it would
mean thatab drives the circuit from stateA1(1,1,1) to stateA1(0,0,1) which is from a stable state to an
unstable one and hence would enable an incorrect output event. So the result must be choke.

Thus by design the CAA1 chokes in the same situations asA0 and so, in terms of multitrace semantics,
A0 = A1 . However a simple modification provides a strict refinement. For example in bothA0(0,1,1)
andA1(0,1,1) the simultaneous eventab results in choke because one ordering of the two events does
so. But the two orderings can be separated, so that just one leads to choke, by revising (66) along the
lines

A2(0,1,1) = a→⊥ 2 b→ A2(0,0,1) 2 c
x=2
−→ A2(0,1,0)

A2(0,0,1) = a
x=0
−→ A2(1,0,1) 2 . . .

Then, sinceA2 chokes in fewer situations thanA1, in the multitrace semanticsA1 ⊏ A2 . In fact the equal-
ity A0 = A1 and the refinementA1 ⊏ A2 are more easily established, rather than calculating multitraces
directly, by using laws sound in the multitrace semantics.

The authors have executed (66) (and various variations of it) using UPPAAL’s graphical interface, re-
placing the state invariantx ≤ 2 by making each unstable stateurgent. Under the assumption that the
environment supplies only one input event when the circuit is stable, but may change both simultaneously
in the same direction when it is unstable, the CA is deterministic and deadlock free.

We have also used the method described above (of constructing an UPPAAL automaton starting from the
signal specification and using action and co-action completeness) for the other combinational circuits in
this paper (as well as several others, including sequential circuits: a C-element, T-element, arbiter and
dual-rail false variable [15]) to obtain simulations in a reasonably systematic manner.
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7 Conclusion

The kind of hazard analysis studied in undergraduate courses in Computer Science, and in the corre-
sponding texts (e.g.[7, 13]), is restricted to informal reasoning about benign environments:they never
block output and provide input only when convenient for the circuit. What are the reasons for restrict-
ing to benign environments? Can those be weakened and simple rigorous methods still used to analyse
transient behaviour in more realistic environments? Can such analysis be supported by simple rigorous
reasoning and, if so, to what advantage and at what expense? Is there a sound methodology that can be
followed that leads stepwise from simple specification to simulation?

In this paper we have taken an approach sufficient to answer those questions. The restriction to benign
environments is shown not to be compositional, and so to be useful only for very simple circuits in
isolation. It must ultimately be a matter of taste how much formalism is used in teaching.But the
laws of the signal calculus considered here are no more complex than thoseof predicate calculus. In
particular they are readily automated. And the simple multitrace semantics appearsto be sufficient for
demonstrating soundness of the manipulation of combinational circuits as considered here.

The form of the results concerning hazardous behaviour of combinational circuits is rewarding. For
example, the usual hazard analysis of a conditional gate is itself expressed as a conditional. Thus the two
cases (of rising or falling input) considered when analysing hazards informally are here combined into
one result, which stems from a systematic algebraic analysis.

The various models are sufficiently simple to be related via simple functional projections (rather than say
more general Galois connections), here the variousπ’s.

However the major contribution has been the method for proceeding systematically and in a sound man-
ner from logic to signal to circuit automaton and hence to simulation of combinational circuits in UP-
PAAL. The range of examples on which we have used this method is so far limited, butencouraging.
For combinational circuits the multitrace semantics suffices, but for sequential circuits a more detailed
semantics reflecting input history is needed. Fortunately the timed automata whicharise still have a
restricted form (‘elastic timed automata’), sufficient to enable them to be replaced by deterministic se-
mantic equivalents, their ‘determinisation’ [17].

7.1 Further work

We have lacked time to extend the method proposed here to sequential circuits.In order to do so, our
simple multitrace semantics must extended to include action history. Fortunately thatis established terri-
tory, using the process-algebra and traces approach of the Eindhoven/Dutch school (van de Snepscheut,
Udding, Ebergen, Schols, Rem, Verhoof, van Birkel) and of Dill. The semantic models, each with the
choke-refinement ordering, must be related (by Galois connection) thusensuring correctness of the move
between the varioius formalisms for circuits, timed automata and in particular UPPAAL.
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Process algebra has been very much just behind the scenes in Section 6.A compelling piece of work
would be to make the connection explicit by using say CSP to express and simplify a combination of
CAs, using the combinator‖ of parallel composition, and to simulate the result in the CSP model-
checker, FDR. It would then be of interest to compile a table comparing the results of the UPPAAL

simulations resulting from application of our method, with results obtained using other (for example
FDR) simulations.

A more extended project consists of performing the step—in which the simultaneous eventab is re-
placed by its single constituents—by ‘action refinement’, using a formalism of which this is a particular
application. Indeed this application appear to be an interesting test of any formalism of action refinement.

Finally, important remaining work lies in the clarification and the connection of thecurrent approach
with related work, including:

Dill’s success/failures structures [5]. We have chosen to express event semantics using a parameter
E for the environment. But that can of course be related to a form more standard in process algebra,
by considering traces that lead to choke (Dill’s ‘failures’) and those thatdo not (his ‘successes’);

timed process algebra [9, 12, 16, 15] and the connection between choke-refinement and mirroring
[5, 18, 19] in the multitrace semantics;

Kahn processes and the reactive processes of Joesphs [6, 8] (because our ‘processes’, by being
prepared always to engage in an action, are reactive);

models having (many) more than two signal values; see for example the elegant approach in [14].
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