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Abstract

The purpose of this paper is to explore the models and forms of reasqpngpaiate for analysing the
temporal behaviour of circuits. That leads from various Boolean moggisopriate for combinational

and synchronous circuits, to the event model for asynchronoustsir€ircuit behaviour is captured at
each level of abstraction using model-specific operators, whose lawsed to perform algebraic (rather
than semantic) reasoning about transient behaviour. The results pavecalarly satisfying form: for
example the hazards of a conditional are calculated algebraically to bed&icoal of hazards. A
method is developed for simulating an asynchronous combinational circuistéires with an untimed,
logic-level, specification, passes to a timed refinement and then moves to a Simgaeautomaton for
simulation in LPPAAL. Each stage in the method is supported by a projection relating the models at the
various levels, so that correctness can be confirmed.
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Introduction 1

1 Introduction

The purpose of this paper is to consider a hierarchy of models for the tahtg@haviour of circuits in an
environment that is either benign (for example in a clocked environmenasoihut is assured to arrive
conveniently, in which case Boolean-based models suffice) or not @syamchronous environment, in
which case an event-based model is relevant). Of interest are the retagisbetween the models and the
choice of model-specific laws that are sufficient to perform algebrasom@ng about behaviour captured
at the level of abstraction represented by the model (and whose extevsitd ultimately characterise
the model algebraically). Most of our concern here lies with combinatiaralits, for which a method
is developed that starts from an untimed, Boolean, specification of a catmobialecircuit, refines it to

a temporal, signal-based, specification, translates that to a certain kind dfdim@maton and finally
converts that to BrPAAL for simulation.

Use of the laws is demonstrated on results like hazard freedom of basidc@od choke-refinement
between variant circuits modelled as circuit automata.

1.1 Contents

Circuits (including those with feedback) are defined recursively in Seétiend the definition accompa-
nied by a (strong) induction principle. The definition distinguishes inputadgyor actions) from output
and internal signals (or co-actions).

Section 3 introduces a hierarchy of models: the Boolean, in which a sigrgpliesented (if possible)
by a single stable Boolean value; the binary, in which it is represented hlpa kefore and after some
change; the ternary, in which an intermediate transient Boolean valuetigedpand the signal model
which captures a Boolean value at each (integral) time point. The modelsave s form a hierarchy
under a sequence of projections taking each (except the first) to iteqaesbr in the hierarchy. In
each model, a circuit is captured by a collection of named observablesl&ig the relevant level of
abstraction, bound by some constraint, captured as a predicate whesaffiables are the observables.

In Section 4 the previous logical operators (used to define combinationaits) are extended by the
definition of temporal operators for delay and signal change (or diftétion). The assumption is made
that the circuit’'s environment is benign: it accepts output whenever theitcBupplies it but delivers
input only when convenient for the circuit (for example not whilst an outpibeing evaluated). Of
interest here is the derived operators—Ilike that for a transient—andahithat are convenient to give
compact incisive proofs of hazardous circuit behaviour. A collectiuoh results are given in Section
5. A typical example is the identification of the hazardous behaviour of dittonal gate, here captured
as a conditional of its input behaviours, conditioned on the sign of thetengelay; and its extension to
both iterative and recursive multiplexors.

In Section 6 the assumption that the environment is benign is removed, bile@t®n of an event
model here formalised by differentiation and compression of signals.€Budt is called a multitrace, and
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Circuits 2

the standard notion of ‘choke refinement’ is expressed between multittaaek circuit is expressed as
a simple timed automaton, here called a ‘circuit automaton’, and given a multisa@nsics. A method
is developed for simulating a combinational circuit imRAAL, starting from a signal specification, and
converting it to a circuit automaton. The method is illustrated on a collection oftergeandand gates.

2 Circuits

2.1 Examples

This section contains examples to motivate the algebraic notation for circuitsritrdduced in the next
section.

Inputs to a circuit are labelled with distinct natural numbers, and writt¢nDifferent occurrences of a
gate within a circuit are distinguished similarly (thugate ). The output of a gate is identified with the
gate’s name; if that value is used in more than one location (by forking its vddaefact is indicated
by multiple occurrences of the gate’s name; in that way explicit fork gates\aided and the notation
abbreviated as a result. Since a circuit may have several outputs, @act is identified with a label
(thus:out K).

For instance @onditionalgate in disjunctive normal form
outd = (in0A —in2)V (in1 A in2)

can be expressed with the obvious functionality assigned to each gate
out0(or0(ando(in0, not0(in2)),andl(inl,in2))).

The circuit has a single output (from tloe gate),out0, and three inputsnO0, in1 andin2. The fork on
in2 is represented by the repeated occurrenéefThat notation can be thought of as short-hand for a
system of mutually recursive equations

outd = or0(a,b)
= and)(c,d)
andl(e,f)
in0
notO(f)
inl

= in2.

- D QO O T W
Il

A circuit with two outputs, one from eadndgate, and three inputs, one shared as above,

outD = INnOAiInl
outl = in2Ainl

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Circuits 3

is expressed by combining two single-output circuits in parallel

outO(and0(in0,inl)), outl(andl(inl,in2)).

Circuits at the gate level are subtly different from those at the (CMOS$istor level; but it is required to
have notation to cover both. In gate-level desigoia (hard-wiredor) is too dangerous to be used whilst
because of the complementary switching nature of ntype and ptype trassibairis typical practice at
the transistor level. For example a CMOS inverter is represented ugiilgand two transistors

ptran(x,y) = —-x=y
ntran(x,y) = X=y
join(a,b) = aAb

using 1 to represent power input and 0 ground input
outO(joinO(ptran0(1,in0), ntran0(0,in0))) .

Then correctness follows in the standard manner:

outO(joinO(ptran0(1,in0), ntran0(0,in0)))

= definitions of output and join
outd = ptran0(1,in0) A ntran0(0,in0)

= definitions of transistors
outd = (=in0=-1) A (in0=-0)

= calculus

outd = —in0,

as required for an inverter. Thus the devices appearing in a circuendiepn the design discipline being
followed; with arbitrary delays in the circuit, theinO would be incorrect even at the CMOS level.

Feedback is expressed using repeated occurrence of gate outpimst&oce a circuit with output from
one of its twoandgates, and having two inputs but with output fed back to thedindigate, is expressed
inadequately using logic

outd = inOA (in1A out0)
(inadequate because nothing distinguishes the two occurrenoapfind as a circuit
out0(ando(in0,andl(in1,andd)))

wherein it will be the semantics of gates which enables the two occurrehoes0do be distinguished:
one a delayed instance of the other.

We choose to disqualify syntactically correct circuits that do not havesrtpieach of their subcircuits.
For example in this circuit

out0(ando(in0, not0(not0)))
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Circuits 4

the and gate has an (external) input but the inverter does not. So although saditiacuit might be
considered a clock (with period determined by the inverter's delay) weudigy it because we are
unable to determine its output value (absolutely) at any time.

2.2 Definition

Definition of circuit. For a given family of inputsn and devicegjate(each of finite arity),
a circuit is defined recursively.

c = in|out(c) | c,c| gatgT)

The base case of a circuit is formed by its inputg assumed to be uniquely identified
by natural number indiceis If c andc’ are circuits (perhaps with common subcircuits) so
is their parallel compositioe,c’. If € is ann-vector of circuits each with one output and
gatejis a device with arityn then bothgate [ €) andoutk(gatec)) are circuits, for unique
natural-number identifiefjsk.

But since that syntax allows circuits liketO(not0), we impose a healthiness condition that
each circuit have at least one output and each of the circuit's sulisirave a path from at
least one (external) input. |

That definition is syntactic, using only labels (with arity) for devices, amtaiaing nothing to reflect
semantics. Indeed it is convenient for the definition to be independerg e&thantics so that behaviours
at different levels of abstraction can later be considered without ahgitige notion of circuit. However
care is later needed to ensure that when devices input and output datdotke with some delay to
ensure well-founded recursion.

Examples of gates with arity 2 aeand, or, exor, nand nor, ntran, ptran andjoin gates; examples with
arity 1 are inverter and buffer gates; examples with arity 0 are power emohd. Later (in Section 5.6)
that notation will be used to describe multi-inparid and or gates. Then each gate identifier will be
subscripted with its arity. Thuslkainputandgate will be writtenandOy(X) , whereX is a vector of length
K.

The definition ensures that each gate has a unique label (gate name tpiad namber) as does—in
particular—each input and each output. Self reference is mediated lexplicit, external) input which
makes the resulting terms well defined; perhaps that is more evident in thiervamvolving mutual

equations.

2.3 Induction principle

Since a circuit is defined in terms of all of its subcircuits (including perhag#)itghe principle for
establishing a property of circuits is automatically one of ‘strong induction’.
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Signals 5

Circuit induction. Suppose that any circuit satisfies a property under the assumption that
each of its (strict) subcircuits does so. Then every circuit satisfies dpepy.

The trivial case of that principle requires the property to hold for inpuithy no assumptions. Applica-
tions follow in Section 5.

3 Signals

This section introduces various signal models, with emphasis on the relatitretiveen them and when
it is appropriate to use one model rather than another. Although the mos¢detadel could be used

throughout, preference is given to using the simplest model appropritite behaviour being studied at
any point. Sometimes that involves just the value of a signal when it stabil@m®@gtisnes it involves the

values before and after stabilisation; sometimes it involves also an intermedlia¢e and sometimes it
involves values at regular times.

3.1 Boolean model

Under the assumption that a signal value stabilises to a Boolean value, sonieisrasficient—for
example in the elementary analysis of combinational circuits—to model each wigimgust that stable
value. The result is the ‘Boolean model’ of signals.

Definition of Boolean model. In the Boolean modehn observablsis declared

S]_ =B
s: 5.

In this paper the two values are represented 0 (for low, or false) andits bpposite (high,
or true).

Thus a logic gategate taking Boolean inputa andb and with Boolean outpu® b is modelled by a
typed predicate

ab: S
gatga,b) = a®b.

Examples are provided by the standard combinational gates. An investenhaa single input:

a:$;
inv(a) = —a,
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Signals 6

whilst an exclusive-or gate has two:

ab: S
exona,b) = a®b

where the operatap denotes exor.

3.2 Binary model

For the analysis of state, again under the assumption that signal valuésestdko values are required:
the values befores| and after §) stabilisation. This ‘binary model’ is appropriate for the elementary
analysis of sequential circuits.

Definition of binary model. Being informal and denoting an observable in the binary model
by the same symbol as its initial value, thieary modelof signals is:

Sz = BxB
s: S, = 59 : B.

That model corresponds to the binary-relational model of computation lfinlmnondeterminism is
captured by multiple values for a given initials, and non-stabilisation—divergence—by introduction
of a ‘virtual’ final value ).

For example a T-latch which toggles its statccording to a combinational inpatis modelled

a:. Sy
(N S: S
s = a®s.

One connection between the two models is expressed by a projestfoom the more detailed binary
model to the Boolean model, that maps the stabilised value of the sequentialtmtuetonstant value
of the combinational one:

™:So—$
™(sS) (= 9.

3.3 Ternary model

By capturing a stabilised signal value the sequential model is unable tosexpaasient, or hazardous,
behaviour. For that an intermediate, transient, value must be obserael sk§nal is represented by its
initial value (), transient valueq) and stabilised values(). The result is:
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Signals 7

Definition of ternary model. In theternary modelwe are again informal and use the same
symbol for the ternary observable and its initial value.

S3 = BxBxB
s:S3 = 58,8 : B

For example a rising transient is expressed

S: Sz
—SAS AT .

The more concrete ternary model is connected to the binary model in bessm Perhaps the most
obvious (for the purpose of hazard analysis) is by a projeatigthat relates the initial and final values
in the two models:

T3 . SgﬂSz
(s, 8,5") = (s,9).

Another way is by letting the binary model capture changes of signal in thariemodel

T[’3 1S3 — S
m(ss,s) = (s£9,9 £").

That relationship underlies the ‘event’ interpretation of signals which fahegoundation of the vari-
ous disciplines of asynchronous desigg;will be identified in Section 4.4 as (a restricted version of)
differentiation.

3.4 Signal model

The repeated observation of a signal at regular discrete times is modell@adyntable number of
Boolean values. Use of the integefsfor the time domain abstracts both initialisation (which would
have to be defined explicitly at O if instead the natural numbers were usddjummber of observations
(which could be insufficient if instead any fixed finite set of times were usédthough in principle
that choice of time domain suffers by not facilitating intermediate observatmmssible with either the
rational or real numbers), in this paper that facility is not required anahysvay outweighed by the
advantage of having a unique predecessor for each time.

Definition of signal. A signal has a Boolean value at each time. Thus the set of all signals
is the set of functions from the time domain to the Booleans.

S =Z—-B
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Signals 8

For example a clock with period 1 is expressed in the signal model by anatlteyfiunction

clock : S
clockin+1) := —clock(n).

There are two such functions, one wilock(0) and the other with~clock(0).

The two constant signals will play an important role in analysing circuits. Ve wrem
1

n:7Z-0

n:7-1

= O O
..
> >

)

and writeconsts) iff signal sis constant.

TheHeaviside functiomepresents a signal that is switched on ‘now’ and remains on

heavi: S
heavin) := (n>0).

The more concrete signal model may be connected to the transient modegbimsvaays. One obvious
but stringent way interprets the three observations of the ternary molelttoee consecutive observa-
tions in the signal model: previously (timel), now (time 0) and next (time 1). In other words a signal
s: Sis related to a ternary signti Sz iff t =s(—1), t' = 5(0) andt” = s(1).

However for the purposes of this paper that is too restrictive, and sl@lsy appropriate between the
three observations (see Theorem 3). The result is a many-to-manymetdteween the signal modsl
and the ternary modé&l, defined in infix:

T: S+ S3
Vn:(—co,k -s(n) =t
stit ;= Ik<1:Z- | ¥Yn:(kl]-s(n)=t
vn:(l,0)-s(n)=t"

In other words, signals in the domaintofire piecewise constant with at most three pieces, whose values
match the three values of the triple. Using the notation of function restridtiers| (—o, k|, t' = s] (k, 1]
andt” =sf(l,0).

If the restrictionk < | is omitted then the cadgi,|] = { } is included and two valuest” may result. This
can also be achieved by composition with the projectipnSz — S, . Indeed that yields an analogous
connection betweef and the binary moded, which abstracts the intermediate, transient, values of the
signal

st = 3k 1:Z- < V:E(—oo,l‘q‘s(n):t )
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Timed behaviour 9

The projectiorTy; from Section 3.3, that records signal changes in the ternary model sitltsén the
binary model, may be realised as the relational composition of signal diffatien and the projections
between signals and those two models.

3.5 Circuits

Any of those signal models can be used to formulate a notion of ‘timed circuitide in the previous,
entirely syntactic, definition of circuit. The following section contains definitiohthe relevant time-
based operations to facilitate such definitions. But in each case the defottisists, like those we have
seen so far, of

asignature declaring the observables and their types, together with

a constraint a predicate, whose free variables are the observables, which espiar invariant
relationship that holds between the observables.

For example the T-latch of (1) has a signature consisting of two obsesydbgefirst a signah : S1 of
Booleans (representing input) and the second a syl of pairs of Booleans (representing the initial
and final states). Its constraint is this relationship between them: at any tersedbnd of the final state
equals the exor of the initial state and the ingut a®s.

4 Timed behaviour

This section provides the definitions of the various timed behaviours thatlisthe temporal behaviour
of circuits.

4.1 Signal delay

The definition of delay, or temporal translation of a signal, exploits the claditene domain by using
integer arithmetic. Delays of both sign are useful for specification andjdespeedup as well as
slowdown—although only the latter appears in implementations.

Definition of delay. Itis convenient to write the value of the delay as a subscript (although
see Law (3)) and to write the delay of sigrsdly mtime units as the sign&i,s.

0:Z—-S—S
(®ms)(n) := s(n—m)
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Timed behaviour 10

The unit delayd; is abbreviated ; context will resolve any ambiguity with the previous definition. Thus
a clock with period 1 satisfies, by definition,

oclock = —clock.

Several laws follow from the laws of arithmetic @ successive delays are the same as one compound
delay and so successive delays commute; a delay can be achievedtiygtend delay; a delay by zero

is no delay; delay has no effect on constant signals; Boolean covegaire time invariant (in other
words they commute with delay); an adjunction law holds, and it applies to staivthid delay of the
characteristic function of an intervélf, «) is again an interval of that form. See Figure 1.

(2) 00m = O.m = Omd

3) oy = &"

(4) % = id

(5) consfs) = OmS=sS

(6) O (®(ri)i) = &@(dmri)i

7) OmS=t & s=0_npt

8) dm(An:Z-(k<n)) = An:Z-(k—m<n)

Figure 1: Some laws for delay, whdren: Z , ® is a Boolean connective with vectar); of arguments,
andk : Z U {+e} with the usual arithmetic conventions concerniag, so that{n:7Z | —co <n} =7
and{n:Z|e <n}={}.

4.2 Gate delay

A gate with inputson0 andinl which delays its outpudutO(gatgin0,inl)) = in0®inl (there expressed
by lifting the Boolean connective to signals) bymtime units, is defined

in0,inl,out0 : S
outO(gatgin0,inl)) = Oy (iN0®iNl).

4.3 Feedback

Care must be taken, in the various timed models, in interpreting circuits withdekdb

1Each connective has an arity. For example the constants (power amadgror high and low respectively, have arity 0;
inversion has arity 1; conjunction and disjunction have arity 2; and condittwas arity 3.
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Timed behaviour 11

In some cases there is no difficulty. For instance the circuit
outO(and0(in0,and0))

has invariant
out0 = in0A out0.

Thus if input and output are initially high, the circuit is stable. If input therglow the invariant fails
and the circuit stabilises after some delay with output low. Such behavioceusaely described in any
of the timed models.

However the same is not true of the circuit
outO(nandd(in0, nandd))

which has invariant
outd = —(in0Aout0).

If initially input is low and output high, the circuit is stable. But if input then gdegh, the invariant
fails and after some delay output goes low (assuming that input does axgemeanwhile). But that
also violates the invariant so after some further time (again assuming no ingoge) output returns
high; and so on. This indefinite oscillation of output is captured in the signdehtmut not in any of the
models which assume a stable final value for the output signal.

Thus we must take care to choose an appropriate model for the behad@aek to analyse.

4.4 Signal change

Definition of derivatives. For a signak, its rising derivativeD " s is defined to be the signal
which is high now iffs is high now but was previously low. The falling derivat@; s,
is high iff the signal was previously high and is now low. And the derivabgs high
iff the signal changes value. Lifting the Boolean operations of negatimmunction and
disjunction pointwise to signals those conditions are expressed as follows.

D*,D-,D:S—S§S

Dfs = —(3d)AsS
D s = OJsA—s
Ds := DtsvD"s

For convenience of bracketing, the delay and differentiation operaterassumed to bind
more tightly than the lifted logical operators.

The laws for differentiation follow by routine calculation; see Figure 2. I(8)xconnects the two kinds
of differentiation; Law (10) records that the only signals without chasgethe two constant signals;
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Law (11) records that the Heaviside function is the only signal whosegrigémivative is high at just 0.
Law (12) shows that the derivative of a signal equals that of its negatiaws (13) and (14) provide
alternative definitions of derivative using the simple fact that a signad doérise and fall simultane-
ously. Law (15) gives time invariance of differentiation. Laws (16) to)(d®e the discrete version

of the product rule from differential calculus; Laws (19) to (21) do shene for disjunction; and Laws
(22) to (24) do the same faxor (the last of which is reassuringly simple after its predecessors). Laws
(25) to (28) demonstrate a striking difference with the theory of differeoéiulus: higher derivatives
simplify. Law (29) records the fact that a signal does not rise (reésedcfall) on consecutive intervals.
For further laws we refer to [11].

45 Between models

The various connections between the temporal models facilitate the translation of concepts between
them—though evidently a concept translates to a less rich one in a more abstdad. For example

the three concepts of sighal change, defined in the previous sectithrefsignal model, translate to the
ternary model as introduced in Section 3.3.

Theorem 1  The notions of derivative, lifted from the signal model to the ternary mogeig the
connectionstandTt, simplify

(DH (o (t,t,t7)) = (=tAt, -t At")

(D (o (t,t,t")) = (At At

(D((t,t,t7))) = (t#AU VA,

Proof  Consider just the first case. We evaluate the liftindtdf,t”) : S3 by the relational
compositionr’ - Dt - 1t starting with those signaks: S for which si(t,t',t”). By definition
(Section 3.4)sm(t,t',t") iff there existk, | : Z such that

S (—oo,k] = t
sikl] =t
s/ (l,0) = t".

The rising derivativeD s of any suchs is low except perhaps at the two times at which
changes value, when its value is determined by that of the triple:

DFs| (—oo,kjU(k+1,JUu(l+1,0) = An:Z-0
Dfsk+1) = —tat
Dts(l+1) = —t'At".
Using 7 (Section 3.4) to translate back to the Boolean mdtelthe derivativeD™s lies

in the domain offt iff it changes value at most once: it is low at at least one of those two
discrete points. In either case a related paifS, satisfies

u = —tAt
v = —t'At
as claimed. O

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Timed behaviour

13

9) D+(—| ) = D°s

(10) Ds = 0 < consts)

(11) s=heavi & Dfs=An:Z-(n=0)
(12) Ds = D(-9)

(13) = (S#09)

(14) = D's® D's

(15) D(d) = 0o(Ds)

(16) D™ (sAt
(17) D (sAt

DfsAt) vV (sAD™t)
D sAdt) vV (dsAD™t)

(
(
(18) D(sAt) = (D'sAt) VvV (sAD™t) v
(19) Df(svt) = (D'sA=dt) Vv (-3sAD™t)
(20) D (svt) = (D sA-t) vV (-sAD™t)
(21) D(svt) = (D*'sA-ot) vV (=8sAD*t) v

(22) DT (st

(
(
(
(
(
(
(
(23) D (s@¥ (

(24) D(s@&t) = DsaDt

(25) D'Dfs = DT's

(26) D Ds = oDs

(27) D'D's = Ds

(28) D D's = &D's

(29) D'sAD'® = 0 = D sAD s

DFsA—-tA-dt) V (D SAtAS) V
D sA-8tA-t) V (DTSABtAL) V

(=sA-8sADTt) v
(sAdsAD™t) v

(sANOSADt)

(-SA—=8sAD™t)

Figure 2: Some laws of differentiation; throughosit,: S are signals.
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5 Hazard freedom

A circuit can be modelled, at any of those levels of abstraction, as a sisafvables satisfying a
constraint. For example an inverter can be modelled by two sigimagsidout in which the latter is a
delayed version of the negation of the formeut= din. An and gate can be modelled by three signals,
a, bandc; aandb are inputs and is output and the latter is a delayed conjunction of the two inputs:
c=20(aAb).

In this section we use the signal view to analyse transient behaviour.

5.1 Constantinput

A very simple result is:
Theorem 2  For any circuit, if all its inputs are constant then all its outputs are also aunsta

Proof  Asignalsis constant iff its derivative is always low (Law (10)). So the assumption
implies that for each input signai, D(in) =0 .

Now for each gate, if its inputs are constant so are its outputs: for ingeenjunction,
disjunction and exor that follows from Laws (12), (18), (21) and (2di)s readily estab-
lished directly for any combinational gate as follows using Law (10). Sseplatgateis
a combinational gate with inputsandt satisfyinggatgs,t) = & (s®t) for somek > 0,
where® is some logical connective lifted pointwise to signals. Then

D(gatgs,t)) = 0

= Law (10)
Vn:Z - gatgst)(n) = gates,t)(n—1)

= definition ofgate
vn:Z- & (s®t)(n) = &(s®t)(n—1)

= change of variable and pointwise lifting af to signals
vn:Z-s(n)®t(n) = s(n—1)®t(n—1)

= calculus with Leibniz’s rule
vn:Z-s(n)=s(n—-1) A t(n)=t(n—1)

= Law (10) again
Ds = 0 = Dt.

Finally the result follows by induction over circuits. O
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It is not assumed there that the circuit is combinational. In view of the nafuifeecstatement being

proved, it would suffice to establish it in the binary model of signals whighuwras one change of value
(cf. Section 4.3); however the proofs are surprisingly similar given the lawsguar& 2, so the more

general proof has been presented. The assumption that the gatd defaysitive avoids circularity in

the application of induction.

5.2 Single input change

A circuit is calledmonotoneiff it responds to input having at most one change in value with output
having at most one change of value.

Theorem 3 A circuit composed of onlgnd or andfork gates is monotone; in particular, when subject
to a single input change it is hazard free.

Proof By way of proof we establish a little more: if one input undergoes a singlegsha
then each output is either constant or undergoes the same kind of chayaie, we reason
in the signal model, and for simplicity consider the single change in input to besrase.

We begin by defining the behaviour we are assuming of each input andh wt@anust
establish for each outputsholds iff signalsis either constant or an increasing step function
(that is, the characteristic function of some interfral «))?

Tt:S—B
{s := consts)
V

dm:Z-s=An:Z-(n>m).
Then by Law (8),

(30) ftés = 1s.

By assumption, the desired property holds for each input subcii¢pitinj. Suppose that
gateis as in the proof of Theorem 2, but monotone:

(31) (IsAMt) = f(s®t).

To showfroutO(gate) we calculate

2An alternative, perhaps slightly nicer, definitionfis = 3m: ZU{+®} -s=An:Z - (n>m). A more sophisticated
alternative, which does not seem to help herésis. s. Notation which is more expressive and of wider use will appear in the
next section. But this simple notation suffices for the present proof.
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frout0(gate)
= definition ofgate
10k (s®t)
= Laws (30) and (3)
T(s®t)
= (32)
s A1t.

The result follows by induction over circuits. O

5.3 Transients

We capture transient behaviour by signals that exhibit a rising or fallingfstea given length but are
otherwise constant. That restrictive definition suits our current pegp@smore general one would allow
arbitrary behaviour in the distant past and future. Furthermore byasmathe definition of transient
from that of a hazard, the latter term can be defined according to contéxttrat length transient is
considered hazardous—and of the discipline that produces it—singleltpleinput change.

Definition of transients. Indicating the length paramet&ras a subscript, thesing tran-
sientsignalup is defined to be high on just the interyal k) and thefalling hazardsignal
dry to be low on just that interval.

up, dn: N—S§
ux = An:Z-0<n<k
dnge = -up

A signal is said to exhibit a rising transient of lendtHf it equalsupy and a falling transient
iff it equalsdny . For symbolic purposes that is recorded by predicatesndLik on signals.

MmuUu:N->S—B
MkS = (S=up)
Lks = (s=dny)

That notation is more restrictive than might at first be regarded as r&laleosince it requires a transient
to begin at time 0 (rather than at an arbitrary time). We have chosen it for sitypdis a result we need
this definition.

Definition of transient freedom.To say that signas neverexhibits a rising transient is to
say that no translation afequals a rising step of positive length at the origin; the definition
of never exhibiting a falling transient is analogous.

neverl : S— B

neveri(s) := - 3k,1:7Z- ( ||f|k>6|os>
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Laws for transients are not easy to come by, but some are given in RBgUitee first says that a rising
transient of length O reduces to the constant low signal and the secdrtietsignal constant at high
exhibits a transient only of length 0. The third relates rising and falling tratssiga inversion, whilst
the fourth identifies a rising transient in terms of the locations of its rising dhddgfaerivatives. Laws
(386) and (37) show that a binary conditional distributes transients prdwtite condition does not refer
to time. The final law identifies the way in which a (rising) transient is affecieddbay, so in particular
is important for reasoning abongever.

(32) up = O
(33) Ml = k=0
(34) NS = LUk—S
Dfs=An:Z-n=0
(35) - (D‘s:An:Z-n:k)
(36) Mk(s<cr>t) = (Mks) <cp (Mgt) if time variablen is not freee irc
(37) Wk(s<wct) = (Lks) <c> (Lkt) if time variablenis not freee irc
(38) Mkds = (s=An:Z-ne[-Lk=1)

Figure 3: Some laws for transients, wkh N ands: S.

5.4 Restricted case of a conditional gate

Consider the simplest circuit capable of a race (in which unnecessaig ladve been omitted):

out(or(in,not(in))),

where thenot gate has delag : Z but, for simplicity, theor gate has no delay (since it would only shift
the position of a transient, not affect its occurrence; see Corollary 5):

inout : S
(39) d: Z
out = inV dy—in.

Elementary considerations show that with a single input chamgeaever exhibits a rising tansient, but
exhibits a falling transient if the delay is positive and input falls, or delay gatiee and input rises.
More precisely:
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Theorem 4  For a single input change in the circuit (39), the predicegeer(out) holds, and ifd # 0
then the existence of a falling transient on output is determined by a condtitiona

k=d k=-d
. + .
VKINT - Lcout < (in:ﬁheavi><]d>0>(in:édheavi>'

Proof A signal with a single change of value is a translation of either the Heaviside
function or its negation (Laws (9), (11) and (15)). Considering the aas= heavi we
reason

out
= definition of circuit (39)

heaviv =04 heavi
= definition ofheaviand Law (6) for—

n>0)Vv(n—d<O0)

—

calculus

1<xd>0r>n¢][d0)
= definition of &4

(641) <d>0>34(n¢ [0,—d))
- Law (6)

0(1l<d>0>n¢g[0,—d)).
In other words,
in = heavi = out=984(1<d>0>n¢[0,—d)).

Thus, by translation invariance of the connectives defimingy(i.e. disjunction and inver-
sion), Law (6), and by commutativity of delays, Law (2),

in = d_gheavi = out= (1<xd>0>n¢[0,—d)).
Hence for ank,| : Z withk > 0,

Mk & out
= above

Mk(®dl<ad>0r 9 (ng[0,—d)))

Law (36)
(Mkd11) <d>0 (Mkd (n¢ [0,—d)))

= Law (5) and definition o
Ml) <d>0p (Mkné¢ [—1,k—1))

= Laws (33) and (38)

O<«d>0r0
= calculus
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so that the predicateeveri(out) holds. Furthermore,

Lixout

Lk(l<d>0>n¢[0,—d))

Law (36) and definition 0d

—~

Lk1l) <d>0p (Lkn ¢ [0,—d))

Laws (34) and (38)

0<gd>0p> (k=—d)
= calculus

k=-d>0.
In this case we conclude
in = d_gheavi = Vk:NT.Lkout= (k=-d>0).
The remaining cas& = —heavi, follows symmetrically: againeveri(out) holds, but now
in = —heavi = Vk:NT.Lout= (k=d>0).
which completes the proof. |

In order to apply Theorem 4 in a more realistic context, in the next section ibeilonvenient to use
the following intermediate result concerning circuit (39) augmented bythdudelay:

inout : S
ad: Z
(40) out = d4(inVdy—in).

Corollary 5  The output of circuit (40) never exhibits a rising transient butdfes0 , exhibits a falling
transient (by definition, it must be recalled, starting at the origin) of lekgtO iff

k=d ad>op | K=
in = —d;heavi in = 0a_gheavi /-

5.5 Conditional gate
The real interest in circuit (39) is that it embodies the transient behawfdtis circuit

(41) out(or(ando(in0,not(in2)),andL(inl,in2)))
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implementing a conditional gate whose Boolean behaviour is
in0,inl,in2,out : B
out = (in1<in2>in0) = (iNOA=In2) V (in1Ain2)

and whose timed (signal) behaviour we represent

in0,inl,in2,out : S
(42) out = &3(0,(iNOASg—IN2) VO (IN1Aein2)),

where the delaya, b, c,d come respectively from thar, and), andl andnotgates and delagis incurred
by the path of the signah2.

The transient behaviour derives entirely from the simpler circuit (39):

Theorem 6  For a single input change in the circuit (42), output never exhibits a risamgient but,
forb+d—c—e# 0, exhibits a falling transient of length> O iff

. . k= k=—
(IN0=1) A (inl=1) A (< in2 y: ﬂéxheavi> <y>0p < in2 :yéxyheavi>)’

wherex := a+c+eandy := b+d—c—e.

Proof  If the single input change occurs on eitle®d orinl, so that no race occurs, then
Laws (2) and (5) show that output is a translation of the changing inpulh@nck transient
free. So it remains to consider the case in which the single changing inpat is

If eitherin0 orinl is low then the same reasoning involving Laws (2) and (5) shows that no
transient occurs. So we are left witim0 = 1) A (in1 = 1) in which case (42) simplifies

out

= calculus

0a (0p (8g —in2) V O (dein2))
= Laws (7), (6), (2) and (4)

aa+c+e(( 6b+d_c_e_‘in2) \/ |n2)
= takingx := a+c+eandy := b+d—-c—e

O ((dy—in2) vin2).

Thus, by Corollary 5,neveri(out) holds and, continuing with those values foandy,
output exhibits a falling transient iff

k:y k:_y
< in2 = ﬁéxheavi) <Jy>0e ( in2 = 6X_yheavi> '

Report No. 397, May 2008 UNU-IIST, P.O. Box 3058, Macao



Hazard freedom 21

5.6 Iterative multiplexor

Definition of multiplexor. A multiplexor of sizen: N containsn control inputs, 2 Boolean
data inputs and a single Boolean data output which equals the data inpesseltiby con-
trol. We choose to give its Boolean specification in terms of the bijedtionB" — [0,2")
which converts a bit string to a natural number by binary expansion gyitmast significant
andx,_1 most significant).

n:N

con: B"

in:[0,2") —B

out: B

muxn,conin,out) := out=in(bin(con))

where
bin : B"—[0,2")
bin(x) = Yo<icn X2

A multiplexor of size 0 has no controls and simply outputs its single Boolean inputjtgplexor of size
1 forms a conditional.

That (iterative, rather than recursive) definitionbarf leads (well, following a formal derivation it does)

to the standard circuit that is based on disjunctive normal form to ‘décmaérol and hence select an
input. Its description involves the parameteand hence a variable number of components, dependent
onn. It will thus be helpful to adopt the convention, proposed in Section 2.Jlescripting each gate
identifier with its arity.

The Boolean description of the iterative multiplexor circuit contains a singlleubdrom its single 2-
inputor gate which inputs from™many(n+ 1)-inputand gates

(43) out(orxn((andiny1(Xi))o<i<2n)

where then+ 1 elements of vectoxi contain one inputini, andn controls, half of which are inverted
according to the usual binary pattern: if index0,2") then

(44) Xi := (ini,B(i,])oj<n)
where the ‘binary pattern’ is captured by the presence or absenceifexrter on controtonjat gate

andi:

B(i,j) := not(i,j) (conj) <i mod 2 = 0> conj.
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There the various inverters have been distinguished by iderfiifj¢renabling us to assume each has its
own delay.

The timed (signal) behaviour we consider incorporates delays at justubgérs (since, as we have
already seen, other delays do not affect the existence of a transritsjlocation). Suppose that the
inverternot(i,j) has delayd(i,j) . The timed behaviour is described by reinterpreting (43) and (44) with
signals, and replacing the previous binary pattern with this timed version

(45) B(i,j) == &g (—conj) <ti mod 2 =0 conj.

The presence of transients in that circuit follows the pattern which haowybecome standardut
never exhibits a rising transient but exhibits a falling transient as deterrbyddheorem 6. The two
inputs that must be high to provide the race leading to a transient are detérnyiribe values of the
control bits together with the two values of the changing controtoitj. We calculate their indices
using the list-processing functiochtake drop and the functiorbin, and—in an attempt to abbreviate
already-complex notation—leave implicit the dependency:on

ag := (takejcon +-+[0] ++ (drop(j+1) con)
as, := (takejcor ++[1] ++ (drop(j+1) con)
ap = bin(ay)
a; = bin(as)

so that the required inputs aireay andina; . Since exactly one ofap mod 2) and (a; mod 2) is 0,
exactly one oB(ap,j) andB(ay,j) results in an inverter; suppose the value of eithgor a; that gives
the inverter isa. Having reduced the situation to a conditional gate, the following theorenwi®liom
Theorem 6.

Theorem 7  For a single input change in the circuit given by (43), (44) and (4%pwut never exhibits
a rising transient but exhibits a falling transient iff the change occursnmesmontrol inputconjwith
inag =1 andina; = 1andd(a,j) # 0, in which case the transient is given by

< k=d(a,j) > <daj) >0 < k= —d(aj) ) .

in2 = —heavi iN2 = Jy(aj) heavi

5.7 Recursive multiplexor

A recursive recasting of the functidrin leads instead to a recursive design based on a binary tree of
conditionals. The recursive functidninstakes an arbitrary nonempty sequence of Booleans to a natural

3The functionstake drop: N — seqT — seqT are defined so thaake n tsreturns the firsh elements of sequendg and
drop n tsreturns the remaining tail. See [4].
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number by binary expansion. Using- for sequence catenation, and $Bcfor the set of nonempty
sequences of Booleans,

bins: sed B — N

bing[0]) = O

bing[1]) = 1
bins(xs++[x]) := bin(xs)+ 2x.

The restriction obinsto sequences of lengthis readily checked to coincide with the functibm.

The recursive design is described, writing ,sBcdfor the set of sequences Bfof lengthk, in terms of
the top and bottom half of the input sequence and a conditional gate.

n:N

cons: seq B

ins : segn B

out: B

muxg0,consins,out) = out=ins

muxgn+1, [c] ++consins,out) = muxgn,consbot(ins),out) < ¢ > muxgn,constop(ins),out)

where the two halves of the input list (which correspond to the restrictigri@, 2"~1) andin| [2"~1,2")
respectively in the iterative design) are conveniently definethkganddrop: for list xsof (even) length
2k,

top(xs) := take k xs
bot(xs) := drop k xs

That design is converted to a circuit by implementing the conditional as in (#1jdy simplicity as in
the previous section, with delays at only the inverters. Although the resuitiogit appears markedly
different from the iterative multiplexor, its transient behaviour is the sanoen Theorem 7 we have

Corollary 8  The output of the recursive multiplexor exhibits the same transient behraagaihat of
the iterative multiplexor.

6 Events

So far, a circuit has been modelled as a collection of observables—sporging at some level of ab-
straction to values on wires (input, output or internal)—subject to a cansteflecting the circuit’s
functionality. In order to focus on that functionality we have made stroagraptions about the circuit’'s
environment: that it is always ready to accept output but delivers ioplyt when convenient for the
circuit. That suffices, as our results have shown, for a simple hareigisés of circuits in isolation.
But unfortunately that assumption is not ‘compositional’: a single input gaanay be conveyed (in
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our model) by an isochronic fork to a component two of whose inputs ehaimgultaneously as a re-
sult. Compositionality requires us to strengthen the theory to allow more geneuadichanges. What,
for instance, if the environment provides a second input change, wvilndstircuit is in the process of
producing output in response to the previous input change?

In this section we introduce a model for discussing such questions: thereeelelE. We assume, as
before, that the environment is always prepared to accept outputtfre circuit, but also that it may
provide input to the circuit at any time.

6.1 Introducing events

So far we have been concerned entirely with models of signals in which bhe ofa signal is defined
explicitly at each time. Thus if a signalis to be low until time 0, high for the next four time units and
thereafter low, it is described

s:S
s(n) := (1<n<5b).

By contrast the event model describes only changes in value. Thugtta sabove has two changes,
one at time 1 and the other at time 5, expressed by differentiation (recaliffegentiation operator
D := D" v D~ introduced in Section 4.4):

s,Ds:S
(Ds)(n) := ne {1,5}.

However boths and —s share the same derivative. So if a signal is to be determined uniquely then as
well as its times of change, its value at some time must be known. For some sigaaisrivenient for

that time to be ‘initially’, or at—o , though of course that concept is not defined for all signals (it is not
defined, for instance, for a clock). For example signabove is conveniently described as being low
initially. Signals for which an initial value are defined, are described as/sllo

Definition of initial value. A signals: S has annitial value c: B, written lim_,, s= ¢, iff
there is some intege, : Z such thatvn < ng - s(n) = c. In other words the limit at-c
equalscin the discrete topology df (in which convergence is eventual equality). Similarly
it has dfinal value ¢ lim., s= c, iff there is some integet, : Z such that/n > ng - s(h) =c.

Our final decision in definindgE is to restrict a signaDs to just the times at which it is high, thus
abstracting the times at which no change occurs. Bsus represented by its ‘compressios’;

s := compresfDs),
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where the functiocompressnaps a signal to the relation consisting just of those pairs whose result is
high but with the high value replaced by the signal name

compress S — (Z < A")
(46) compresgs) = {(n,s):Zx A" |s(n)}.

In this examples' = {(1,s),(5,s)} in which the pair(n,s) is called an ‘event’ and interpreted to mean
thats changes value at time. Thus, in both the signal and event models a signal takes Boolean values.
Interpreted as a member 8f a signal’s values are given explicitly at each time; but interpreted as a
member of the event modEl, only the times of a signal's changes are given.

In relaxing the assumptions on a circuit's environment we must first claffifgther a signal change is
determined by the circuit or its environment. Actionis a change determined by the environment,
like a change in input. Ao-actionis a change determined by the circuit, like an output change or the
change of an internal signal produced as an output from some suibcor assumption now becomes
symmetrical: the environment always allows co-actions and the circuit alalkyws actions. We thus
describe an environment by the way in which it schedules actions, anduét ¢y the way in which it
schedules co-actions in the context of an environment.

If a circuit is ‘unstable’ {.e. in a state preparing an output change required by previous input ekang
then an input event that causes an error (by acting before the owgnitte make the state stable and
thus ‘losing’ the output) is called ehoke We model that by extending the normal model of a circuit
to contain the extra signahoke which is high iff one of the actions causes the circuit to choke. (The
alternative, of extending signal values frdo B U {chokg, would require elaboration of the calculus
of signals.) The new signahokesatisfies an invariant: #hokechanges value at timethen some action
changes value at. Of course in a particular circuit that invariant is strengthened to contewledge

of which action causes the choke.

6.2 The event model

That discussion motivates the following definition, extended from one kigrecircuit (.e. a signature
declaring a set of signals, together with an invariant). It has been simpiifiedder to deal, in the
remainder of this paper, with combinational circuits.

Definition of event model. Given a sefA of signal names, leA* := AuU{chokg . The
typeE(A) consists of all relations from the time domdirto the setA™

E(A) = Z «— A".

The members : E(A) are calledmultitracesand the pairgn,s) € t are calledevents For
each multitrace : E(A), (n,a) € tiff a< A and at timen the signala changes value, or
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a = chokeand at timen some action causes a choke (notation for which will be introduced
in Section 6.3).

For the study of circuits which are considered to have an initial state We* (&) denote
the set of multitracesthat are either empty or such that the timesame well founded (sb
contains an event whose time is minimal).

A multitrace is a relation—rather than a partial function in either direction—lsedifferent events
may occur at the same time and one signal may change at different times;lesamgprovided by the
running example of the inverter begun just below and byatteigate in Section 6.5. It is sufficient for a
multitrace to be &etof events—rather than a bag—because each signal can changetvalost ance
at any time. Thus the type of a multitrace implicitly provides it with that healthinesditon. We have
imposed no other healthiness conditions (not even nonemptiness). #rkapost tempting would be
that any output arises from a matching input, a property we must certaingyd=r. But it is not satisfied
by a crystal oscillatori(e. clock) and so is not imposed in general.

Let us consider an example, to be extended in the remaining subsectiorssgdtion.

Example Recall that in the signal model an inverter with a delay of two time units func-
tioning in a ‘benign’ environmenti.¢. which alternates the supply of input events and the
acceptance of output events, starting with an input, and hence whictidehao chokes)

is specified simply

in,out: S
out := —din

(and that, by Law (6), it makes no difference, whether the negation isglaefore or after
the delay operator). The choice of delay 2 there allows invalid ‘hasty'tifthough a unit
integer delay does not) which we wish to analyse.

Taking derivatives we find,

D(out) (n)

= definition of circuit
D(—| o |n) (n)

= Laws (12) and (15)

5,D(in) (n).

Thus in the event model, the inverter in a benign environment is repredangechultitrace
t in which each input event engenders an output event two time units later

t:E({in,out})
(47) Vn:Z- (n,in) et & (n+2,0ut) et.
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Notice that no inversion is apparent there, so that the description foffer luould be
the same: if at some time input is low and output highyice versathen an inverter is
described; otherwise a buffer results.

It is possible that for some timey both (ng,in) € t and (ng,out) € t: the environment
produces the next input just as the circuit responds to the previoust ifjat is why a

multitrace need not be a partial function even in this restricted circuit havaigne input

and one output. (That differs from the view taken in process algebemengimultaneous
events can be observed only in succession in either order. We returis poiht in the

example of a two-inpuand gate in Section 6.5.)

This simple example is thus choke free. Its extension to environments thitimeshwke is
considered in the next section. a

Refinement between multitracas; t’, is defined to ensure th#itimplementst but perhaps in more
environments.

Definition of refinement. For multitraced,t’ : E(A) we say that is refined by't, t C t’, iff
(a)t chokes whetf does, (bX performs a co-action whehdoes, and (c) if does not choke
then it performs an action whehdoes. Assuming denotes an action argla co-action:

(n,chokg €t = (n,chokg €'t
(48) tCt = (ns)et = (ns)et
(n,s) et A (n,choke ¢t = (n,s) et

Using a standard technique, refinement is simplified to set containment aipiese of replacing each

multitracet by its ‘chokestrict expansion’t*, which ist whent does not choke, but arbitrary when it
does:

t* = tu{(ma):ZxA"|m>n A (n,choke et}.
For then

tCt < t"Ot*.

Either way, choke correspondsieminimal behaviour:

(49)

{(n,choke} C {(ma)|m>n A a:A"}.

In the event model a circuit is represented by a multittad& A). The connection with the signal model
is given, as we have seen in the previous section, by differentiationcampgression of each signal M.
A Galois connection is formulated as follows.
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Consider a circuit having a sAtof labels partitioned into its inputs, internal wires and outputs.Slst a
signal-level description, where the signatureSansists of the signakg; (for a: A™) and the constraint
of Sis given by predicats (whose free variables are tlag ). Define thechokestrict constrains® (by
analogy witht*)

s* '= Vn:Z-sV(Dchokg)(n).

The representation function from the signal model to the event model tal&® a multitracer(S)
consisting of those events arising from changes of the siggasbject to the constraist

(S) : E(A)

S = {(na):ZxA"|sA(Dag)(n)}

(whereinDas meand(ag)). It satisfies a Galois equivalence

S Ct
a4 definition oft

(n,a): ZxA" | sAn(Dag)(n)} C t

—

definition of C
(n,chokg et = sA (Dchoke)(n)
Va:A-(na) et A—(sA(Dchokg)(n)) = sA(Dag)(n)
by definition ofs*

(n,chokg €t = s"A(Dchokg)(n)
Va:A-(na) et = s"A(Dag)(n) )

t—~ ¢ —~ ¢

calculus
Va:A" - (nja)et = s*A(Dag)(n)

& definition ofe below
gt) = s

whereg(t) hassignaturethe signalsa; whose compressed derivates lietiand constraintthe fact that
those compressed derivatives exhdtistecalling Definition (46), otompress that yields

- {a:S|laeA’}
e(t) = t* = U{compresfDay) |ac A"}.

The embedding is injective (different multitraces differ in at least one event hence ipesto different
embeddings) hence, by a simple result of Galois connectivisssurjective. Howevertis not injective
(the inverter and buffer have the same projection), nor (therefoegdusjective.

6.3 Timed automata

Thetimed automatdl] used in this section to express circuits have, as a result of our aisasipbout
environments, a special form. From any stable stagedne in which the circuit invariant holds), each
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action is possible. From any unstable state, the co-actions that would itetora stable state with a
certain delay are also accompanied by all actions with delays less khaach returning it to another
unstable state or resulting in choke. The former condition we a@lbn completenesghe second
co-action completenessd a timed automaton having this form we call a ‘circuit automaton’ (defined
below).

However we follow the standard notation of timed automata. We consider ar\@u&ger) clockx
which is reset after each transition (action or co-action). Each codedirtd the vector clock constraint
accompanying each transitiom—— T, lies in the propositional closure of constraints of the formsa m
for constant timem: Z and operatos< : {<,<,=,#,>,>}. In fact the clock constraints we consider
are severely restricted, as given by the definition below. For vectifrintegers having the same length
as vectorx, we writexe<m = Vi - x; >t my . For details of timed automata in general we refer to [1].

To indicate that actior chokes the circuit under clock constramtve writea — L (which can be
thought of, for semantic purposes,am®ke—— L ). That notation is slightly unusual because the guard,
c, appears after the actioa, which it enables; it is justified by EPAAL syntax. We adopt the convention

a—P = al8p,

Example The naive inverter considered in the previous section can be erpgregshis
timed automaton

. X=2
Inv. = in—out =SInv

that fails to satisfy co-action completeness (although an inventgmith unit output delay,
k =1, doessatisfy it). The relevant completion is

In, = in—1J
—2 <2
J = out S5inv, OinZX5 1

which can be thought of operationally as follows. The first (input) ewecurs at a time
determined by the environment at which point the clagkreset (to 0). In the unstable state
J, occurrence of a further input event befare: 2 causes a choke; otherwise whegs 2 an
output event occurs andis reset. O

The simple timed automata we consider are defined as follows.

Definition of CA. A circuit automaton(CA), with a setA partitioned into actions, and
co—actionaj’ , and a vector clock, is expressed by mutual recursion from an initial state

TO = \:‘iaj—>Ti

(50)

= (Dja].’xik>Tj’) O (Diaiﬁkﬂi)
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where the state updaté'sand'l'j’ reflect the logic-level specification of the circuit and the
delayk reflects its signal-level specification. The first block in the mutual recaisioitains
stable states whilst the second block contains unstable states (each cgrddileiast one
co-action). Let the set of such automata@&A) . O

Example The circuitBuf, consisting of two unit-delay inverters in sequence:

. x=1
Invy := in— (out —Invq)
Bufh, = 3Ju:S-Inviu/out] A Invi]u/in].

As a CA, the simplification oBuf; is:

Bufb = in—B

51 — _
D) B = out *3Bub O in %3 (out*=%B),

which is of interest because it exemplifies that the sequencing of two lane-fbuffers’
is not amenable to the same kind of choking as a general two-place buafi@hich the

term(outg B) is replaced byl ): sequencing isolates the effect of the input action on the
output co-action. |

A combinational example more typical than the inverter (which has only oné)irgpilne two-inputand
gate of Section 6.5.

6.4 Multitrace semantics

The regularity of circuit automata is reflected in their semantics. For ouopagthe following ‘multi-
trace’ semantics suffices, to be compared with the semantics of general titnethéa [2, 1] and general
circuits [5].

Themultitrace semanticsf a circuit automatorT : CA(A) is given in the context of an environmeat
E°(A) which schedules the actions Bf(recall the definition of£°(A) from Section 6.2). The semantics
has type

mt: E°(A) x CA(A) — E°(A).

To describe it, some notation is convenient.

For nonempty environmeiit: E°(A), to denotes the smallest time k.
to ;= n{t:Z|3a:A- (t,a) € E},

andtpg denotes its previous value (the environmEgns updated in the following recursive definition,
so this convention eliminates a parameter that would be explicit in an implementat®a, flinctional
program).
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From (50), for the case of stable states,

mt(E, O — Ti)

42 = {(to,a&) | (to,&) EEATi# L} UU{MYE\{(to,a)},Ti) | (to,a) EEATi # L},

In particular, from a stable state if the environment offers no evémltsg empty), then no event occurs.
But otherwise each event Eiwith least time matches one of the inputs of the circuit (by the assumption
of action completeness); one of them is scheduled and the circuit movesredbant state.

The case of unstable states is more involved:

, x=k x<k

mt(E, (0; & — T) 0 (Oi & —— Ty))

{(to,ai),(to,ChOke | (to,a) €E A O<to—too<k A T, :J_}U
{(to,ai) | (to,a) EEANO<tg—tgo<k A T, #J_}U
U{mt(E\{(to,a;)},Ti) | (to,a) €E AN O<to—too<k A T, 7§_L}U
{(t0+k,a]-’) ’ -3 - (to,ai)GE AN O0<tyg—to < k}U

U{mMt(E\ {(to,&)},Ti) | =i (to,a) EE A 0<to—too <K}.

(53)

Thus an action scheduled to choke the circuit (as encoded in the autonyalpn=hl) suppresses its

pending co-actions. Otherwise, a scheduled action transforms the stagsealed by the automaton—
and the environment is updated. In the last case, no action is schedibee the pending co-actions,

which occur; this case includ&= { } in which just the pending co-action occurs.

It may be helpful to specialise that to a circuit with a single co-action and @nosment that at any
time schedules at most one event:

mt(E, & X170 o a ﬁ'ﬁTi)
(54) {(to,a), (to,choke } if (to,a) €cE A O<to—too<k A Ti=1
=4 {(to,&)} U m(E\{(to,a)},Ti) if (to,&)€E A O<to—too<k A Tj# L

{(to—i—k,al)} U mt(E\{(to,a;)},Ti) if =3i- (to,a;) cE A 0<ty—tgo<Kk.

Example Continuing from the previous section the example of the inverter, coniisier
the simple case dhv,, an inverter with unit output delay. The multitraces are calculated,
for any environmenE : E°(A),

mt(E, Invy)

by (52)

{(to,in)} U mt(E\ {(to,in)},0ut =5 Invy)
= by (54), last line
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{(to,in), (to+ 1,0ut)} U mt(E\ {(to,in)},Invy)
which, by calculus, has solution

mt(E, Invy) {(t,in) | (t,in) € E} U {(t4+1,out) | (t,in) € E}

= E U {(t+1,0ut) | (t,in) € E}.

(55)

But the identification of the multitraces drfivo, an inverter with output delay 2, requires
extra notation. For a subsetC Z andm: Z, letF<™ := {j: F |j < m}. The predicate
ch(m) holds iff mis the time of a choke input: in this case, bath-1 andm belong toF

ch(im) := < m;léeFF ) .

The predicatdéstch(m) holds iff mis the time of the first choke inpuinis the first member
of F for which ch(m) holds:

_ ch(m)
fstch(m) = < Vj:F<m.-ch(j) ) ‘

Then if the environment supplies input events at tifR€sZ , F either contains a choke time
mor it does not. If it does, the events of the inverter consist of those namma and output
events beforen—1 with the input event atn—1 not matched by output and the input event
atmmatched by @hokeevent atm; otherwise the events are as in (55). Thus the circuit has
multitrace given by the following conditional, wheFeis the set of times appearing in the
environmengk:

t:E°({in,out})

(56)  fstchim) A t = {(n,in) |n€ F<™11U{(n+2,0ut) | n€ F<™2} U {(m,choke}
< 3dm:F-ch(m) >
t = {(n,in) [ne F}u{(n+2,out) | n€ F}.

That, then, is the extension we seek of (55) to a general environment.
Noticing in particular that, for the environmeit:= N x {in},

{(0,in),(1,in),(1,choke} C mt(E,Inv)\ mt(E,Invy)
whilst
{(0,in),(1,out)} € mt(E,Invy)\ mt(E,Invy),

we observe that neither triv; nor Invs refines the other. O

In converting a timed automaton to the form of a CA it is convenient to use laxamples appear in
Figure 4 and an application of their use appears in Section 6.5.
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(57) O is associative, commutative and idempotent

(58) Oismonotone: TC T = a—TCa——T

(59) O has zero the choke action: for any co-actibn b =T O a el = a™ )
(60) for any co-actioy, a1 = b -T

(61) a™ T = a=T

(62) a-SToa-T = a%ST

(63) a™ToaXkT = aXSToDa ST

Figure 4: Laws for simple timed automata and circuit automata.
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The multitrace semantics of a CA combines several threads of behaviotion&are combined with

the result that the environment is able to choose from a selection of bemavRBut also co-actions are
combined, which corresponds to nondeterminism. We do not considetheeuse of priority between
events; but to handle that it is convenient to replace the external choigéh a prioritised version like

the operatoki in CSP [10].

The inverter example illustrates a method for describing circuits: the sigraifigation is used as the
basis for construction of a CA whose multitrace semantics is, by action aadtmm completeness, the
multitrace semantics of the signal specification extended to general envintsinBait furthermore the

CA serves as the basis for simulation (in our case mPAAL [3]). However the inverter is restricted by
having only a single action—its input. We now consider a two-irgmd gate, and the possibility that
the environment supplies both inputs simultaneously.

6.5 Anandgate

Recall that in the signal model @md gate with double unit delay, functioning in a benign environment,
is specified

ab,c:S
c = &(aAb).

Let us assume that the initial states of all sigral¥ andc are low (which is stable because, as a
consequence, the three signals are simultaneously low before some tinostla@date invariarc=aAb
holds and so no output event is required). Determining the output evemtstlie signal specification
is slightly more involved than in the inverter example. After initialisation one input of@nge any
number of times without changing output, provided the other input doeshaoige (by definition of
andgate and our supposed initialisation). However as soon as each inpehtdraged an odd number of
times, output changes. And so on.

To infer the event behaviour from the signal specification we use L&\(&calling the convention that
the differentiation operator binds tighter than the logical connectives):

Dc

= definition
D(52(anb))

= Law (15)
o,D(anb)

= Law (18)

& ((D*anb) v (aADTh) v (D"aAdb) v (daAD™h)).

From initialisation, because it is stable, the circuit is ready to respond to am éwent supplied by
the environment: eithea or b increases after which one of the first two terms applies to place it in an
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unstable state. In that state a further input event leads to choke; buivishen output event ensues
two time units later. Then, with all three signals high, the circuit is again stable@ready to respond
to an input event; one of the last two disjuncts applies as edtloeib decreases, which leads to another
unstable state. A further input event leads to choke; but otherwiséreefugutput event occurs two time
units later. Then the circuit returns to its state just after initialisation.

Such behaviour is conveniently formalised as a @Awhich is in statéA(i,j, k) when signals, b and

¢ have Boolean valuesj andk respectively. Initially all three signals are low, so the circuit is in state
A= A(0,0,0). A stateA(i,],k) is stable iff it satisfies the invariadt=1iAj. In an unstable state a
responding output event is required and so any input event leads imeigd@aachoke, again expressed
by the error state_. Thus:

A(0,0,0) = a—A(1,0,0) O b—A0,1,0)

A(1,0,0) = a—A(0,0,0) O b—A(L1,0)

A(0,1,0) = a—A(1,1,0) O b—A(0,0,0)

A(1,1,1) = a—A011) O b—AL01)

(64) A1,1,0) = a*31 ob*X5 1 o0cXBAL11

A(0,0,1) = a*3A(1,0,1) 0 bX3A0,1,1) O c*3A(0,0,0)
A0,1,1) = a*31 o bX3A0,0,1) O c*3A(0,1,0)
A(1,0,1) = a*3A0,01) 0b*3 1 0 cX3A(1,00).

The first four states are stable and the last four unstable. Hence tmeadaiois often depicted as a cube
(which in our case has a state in the centre to represgntin a benign environment, always ready to
accept output events and delivering input events not simultaneoustgdriher in alternation with the
acceptance of outpudy is deterministic, deadlock-free, divergence-free and choke-free.

Now let us consider the possibility that the environment schedules the twbewentsa andb simulta-
neously. For comparison, we begin by modelling that as an eletnoting the single event consisting
of the simultaneous occurrenceaandb. But that simple abstraction needs qualification, to reflect re-
ality. In a real circuit it cannot be guaranteed that the events occurdimlyitaneously (hence use of the
abstraction ‘isochronic fork’ above). So we interpret it to mean thateakalt is the same regardless of
which ordering of the two events occurred; otherwabés not a safe abstraction and so not well defined.

If ab occurs in either of the stable stat®&,0,0) or A(1,1,1), a quick check shows its effect to be the
same, regardless of the ordering of its constituents; in both cases thieisegable. From the stable
stateA(1,0,0) the eventsa thenb drive the circuit into the stable sta#&0,1,0), whilst in the reverse
order they yield choke; and so, in the absence of any way to distinguisivéhéhe result fomb must be
choke. Similarly fromA(0, 1,0) the results are either choke Af1,0,0), so the result foab must again

be choke. From the unstable st#t€l, 1,0) both orderings result in choke, as they do fréd,0,1).
From the unstable staté$0, 1, 1) andA(1, 0, 1) one ordering results in choke and the other in an unstable
state; so in each case the result must be choke.

For the purpose of action and co-action completeness of thea&,considered the same as any other
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action. Thus:
Ap(0,0,0) = a—~Ap(1,0,0) O b— Ap(0,1,0) O ab— Ap(1,1,0)
Ao(1,0,0) = a—Ap(0,0,0) O b— Ag(1,1,0) O ab— L
Ap(0,1,0) = a—A~Ap(1,1,0) O b— Ap(0,0,0) O ab— L
Ao )

— aﬁ%J_ O bﬁ%J_ O abﬁ%J_ O Cxiz)AO(:Llal)

aX3 Ay(1,0,1) O bX5A0(0,1,1) O ab*3 1 O ¢ 253 Ay(0,0,0)
X<2 X<2

aX31 0bX3A(0,0,1) O abX 3 1 0 ¢*5A0(0,1,0)

X<2 X<2 X<2

= a3 A0,0,1) O bX3 1 0ab*3 1 0 cX5 Ay(1,0,0).

(65)

(0,0,0)
1o
(L11) = a—Ag(0,1,1) O b—Ay(1,0,1) O ab— Ay(0,0,1)
(1,1,0)
(0,0,1)
(0,1,1)
(1,0,1)

However a CA is able to express the more detailed effect of the varioesilngd ofab that have been
abstracted above. So now we return to the more typical method of modellinffeéhtedad ab with only
single events, by allowing each single event to transform the circuit to afsiatevhich one alternative

is that the other occurs immediately: with guarek 0. That relies on the assumption that an event with
guardx = 0 is enabled only by the second of a simultaneous pair of events, and adgbick normal’
event (the results differ, for example, in stétg1,0,0) for actiona, as indicated in (66)); the latter are
enabled via the guan> 0. Of course the result must be consistent with the automaton above in the
sense that its multitrace semantics refines that of the previous automaton.

The implementation, using the ‘guaxd= 0’ technique mentioned above, is justified as follows. Consider
the eventbin stateA(1,0,0) . If it occurs as the result of amevent as the first componental then it
must next allow an immediateevent, as well as a ‘normat event and ‘normala event. Thus:

A(1,0,0)
= modelling assumption

a—A0,0,00 0 b*3A(1,1,00 0 bX3A(1,1,0)
= Law (62)

x>0

a— A(0,0,0) O b— A(1,1,0)
= Convention (61)

a— A(0,0,0) O b— A(L,1,0).

The result of such simplifications, with the explicit encoding of the outputydéahe following CA.
We suppose that the unstable states (the last four) satisfy, in prepdmatgimulation in LPPAAL, the
state invariank < 2.
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A1(0,0,0) = a— A((1,0,0) O b— Ay(0,1,0)
A(1,0,00 = aXx%1 0aX%A 0,00 0bX21 0 b8 A(11,0)
A(0,1,0) = aX%1 0aX%A,1,1,00 0 b2 1 0 bX2A(0,0,0)
A1(1,1,1) = a—A(0,1,1) O b— Ay(1,0,1)
AL1,00 = a*%A 01,00 0aX® 1 0bX%A(1,00 0bX8 1
(66) 0 ¢ X5 Al (1,1,1)
A(0,0,1) = aX%1 0a®%A(1,01) 0bX=21 0 b8 A001,1)
0 ¢ %5 A1(0,0,0)
A(0,1,1]) = a— L1 0bX%1 0bX2 A(0,01) O c*5A(0,1,0)
AL,0,1) = aX%1 0a®% A(0,0,1) 0b— 1 O c*3A(1,0,0)

Consider, for example, thie transition fromA;(0,1,1) with guardx = 0. Previously ara event has
occurred from staté;(1,1,1) (recall the assumption of the environment that the guard is satisfied
only by the second event in a concurrent pair) and now the accomggmgivent is possible. Were it to
succeed, it would drive the state Ag(0,0, 1) which indeed preserves instability. But overall, it would
mean thaab drives the circuit from staté;(1,1,1) to stateA;(0,0,1) which is from a stable state to an
unstable one and hence would enable an incorrect output event. Sstittenust be choke.

Thus by design the CA; chokes in the same situationsA&sand so, in terms of multitrace semantics,
Ao = A;. However a simple modification provides a strict refinement. For example inAy0th1,1)
andA;(0,1,1) the simultaneous eveab results in choke because one ordering of the two events does
so. But the two orderings can be separated, so that just one leadskm blyarevising (66) along the
lines

A0,1,1) = a— L1 O b—~Ay0,0,1) O c*=3A,0,1,0)
£A(0,0,1) = aX%A1,0,1) O ...

Then, sinced, chokes in fewer situations thaq, in the multitrace semantids, — A, . In fact the equal-
ity Ag = A; and the refinemer; C A, are more easily established, rather than calculating multitraces
directly, by using laws sound in the multitrace semantics.

The authors have executed (66) (and various variations of it) usiFRpbL's graphical interface, re-
placing the state invaria < 2 by making each unstable statgent Under the assumption that the
environment supplies only one input event when the circuit is stable, buth@age both simultaneously
in the same direction when it is unstable, the CA is deterministic and deadlock free

We have also used the method described above (of constructingrxalU automaton starting from the
signal specification and using action and co-action completeness) fathérecombinational circuits in
this paper (as well as several others, including sequential circuitselar@ent, T-element, arbiter and
dual-rail false variable [15]) to obtain simulations in a reasonably systematinena
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7 Conclusion

The kind of hazard analysis studied in undergraduate courses in Canguiéece, and in the corre-
sponding textsd.g.[7, 13]), is restricted to informal reasoning about benign environmehés. never
block output and provide input only when convenient for the circuit. Wana the reasons for restrict-
ing to benign environments? Can those be weakened and simple rigorousisstiiaised to analyse
transient behaviour in more realistic environments? Can such analysippbersd by simple rigorous
reasoning and, if so, to what advantage and at what expense?dsatheund methodology that can be
followed that leads stepwise from simple specification to simulation?

In this paper we have taken an approach sufficient to answer thostaqse The restriction to benign
environments is shown not to be compositional, and so to be useful onlyefgrsimple circuits in
isolation. It must ultimately be a matter of taste how much formalism is used in teacBingthe
laws of the signal calculus considered here are no more complex thandhpsedicate calculus. In
particular they are readily automated. And the simple multitrace semantics appéarsufficient for
demonstrating soundness of the manipulation of combinational circuits aslemtshere.

The form of the results concerning hazardous behaviour of combimétidrcuits is rewarding. For

example, the usual hazard analysis of a conditional gate is itself expgr@sseconditional. Thus the two
cases (of rising or falling input) considered when analysing hazardeiadly are here combined into
one result, which stems from a systematic algebraic analysis.

The various models are sufficiently simple to be related via simple functiongigtians (rather than say
more general Galois connections), here the varitsis

However the major contribution has been the method for proceeding systeltyatitd in a sound man-
ner from logic to signal to circuit automaton and hence to simulation of combirztoircuits in Up-
PAAL. The range of examples on which we have used this method is so far limitednbotiraging.
For combinational circuits the multitrace semantics suffices, but for sequeintiaits a more detailed
semantics reflecting input history is needed. Fortunately the timed automata avfgehstill have a
restricted form (‘elastic timed automata’), sufficient to enable them to beaeglay deterministic se-
mantic equivalents, their ‘determinisation’ [17].

7.1 Further work

We have lacked time to extend the method proposed here to sequential cihcwtsler to do so, our
simple multitrace semantics must extended to include action history. Fortunatelyektblished terri-
tory, using the process-algebra and traces approach of the EimdBaxeh school (van de Snepscheut,
uUdding, Ebergen, Schols, Rem, Verhoof, van Birkel) and of Dill. Theagic models, each with the
choke-refinement ordering, must be related (by Galois connectiongiisusing correctness of the move
between the varioius formalisms for circuits, timed automata and in particelesAlL.
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Process algebra has been very much just behind the scenes in Secfiaopelling piece of work
would be to make the connection explicit by using say CSP to express and gimplifmbination of
CAs, using the combinatdf of parallel composition, and to simulate the result in the CSP model-
checker, FDR. It would then be of interest to compile a table comparing thatseof the WPAAL
simulations resulting from application of our method, with results obtained ushwy ¢for example
FDR) simulations.

A more extended project consists of performing the step—in which the simaliareveniab is re-
placed by its single constituents—~by *action refinement’, using a formalismhafhathis is a particular
application. Indeed this application appear to be an interesting test of mnglfem of action refinement.

Finally, important remaining work lies in the clarification and the connection oftthreent approach
with related work, including:

Dill's success/failures structures [5]. We have chosen to expresas ssmantics using a parameter
E for the environment. But that can of course be related to a form moressthimdprocess algebra,
by considering traces that lead to choke (Dill's ‘failures’) and thosedbatot (his ‘successes’);

timed process algebra [9, 12, 16, 15] and the connection between-oifirkement and mirroring
[5, 18, 19] in the multitrace semantics;

Kahn processes and the reactive processes of Joesphs [6c8ligkeour ‘processes’, by being
prepared always to engage in an action, are reactive);

models having (many) more than two signal values; see for example the ted@gaoach in [14].
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