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Abstract

Refinement algebra provides axioms for the stepwise removal of abstraction, in the form of
demonic nondeterminism, in a first-order system that supports reasoning about loops. It has
been extended by Solin and Meinicke to computations involving implicit probabilistic choices:
demonic nondeterminism then satisfies weaker properties. In this paper their axiom system is
extended to capture explicit probabilistic choices. The first form is an unquantified probabilis-
tic choice; the second is a partial quantified probabilistic choice (from which the usual binary
probabilistic choice can be recovered). The new refinement algebra is sound with respect to
1-bounded expectation transformers, the premier model of probabilistic computations, but also
with respect to a new model introduced here to capture more directly partial quantified compu-
tations. In this setting a ‘normal form’ result of Kozen is proved, replacing multiple loops with
a single loop that does the same job; and the extent to which the two forms of loop have the
same expected number of steps to termination is considered. Being entirely within first-order
logic, the new refinement algebra is targetted to automation.
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Introduction 1

1 Introduction

The primary motivation for an algebraic approach to programming is its simplicity. It is possible,
surprisingly, to find a small number of simple properties (first order, and hence automatable—
see for example [4]) that are powerful enough to facilitate the difficult task of reasoning about
loops.

Anticipated by Conway [2] (under the name ‘regular algebra’) to tackle Kleene’s quest for a
complete axiomatization for regular expressions, the axioms for Kleene algebra were adopted
and studied by Kozen who showed [6] that they solve Kleene’s problem and used them [7] to
give an algebraic proof that a program with multiple loops can be transformed to a functionally
equivalent one with a single loop. Kleene algebra was extended by Cohen [1] to express infinite
iteration, and presented by von Wright [13] in the form, exploited here, of a refinement algebra
involving ‘strong iteration’ to facilitate total correctness reasoning.

Reflecting recent interest in reasoning about probabilistic programs, a variant of Kleene algebra
has been used by Mclver, Cohen and Morgan [8]. By contrast Solin [11] and Meinicke [10] have
extended von Wright’s refinement algebra to reason about nondeterminism in the presence of
implicit probabilism. Here that setting is further extended by the introduction of two operators
incorporating probability explicitly: an unquantified and a partially quantified probabilistic
choice. Models based on the expectation transformer and distributional models are provided to
ensure the soundness of the axiomatization.

It is shown that the resulting refinement algebra is strong enough to permit an algebraic proof of
a probabilistic version of a folk theorem for multiple loops, within a total correctness setting [11].
By semantic reasoning, the two programs have the same expected number of steps to termination.
Finally, an example of a probabilistic program modelling random jumps is presented. Its normal
form is given and shown, by analytic reasoning, to have the same expected number of step to
termination.

2 Axiomatization

2.1 Probabilistic demonic refinement algebra

Following Solin [11] and Meinicke [10], a probabilistic refinement algebra with carrier set X is
defined to be a structure with signature (X,M,$, *,w, T, 1) which satisfies the axioms in Figure
1. The binary operator I represents nondeterministic choice. Sequential composition z § y
is usually abbreviated xy. The unary operators * and w for iteration respectively represent
‘weak’ (i.e. finite, so capturing partial correctness) and ‘strong’ (i.e. countable, so capturing
total correctness) iteration. The constant T represents the greatest computation magic (not a
program) and I stands for the ineffectual program skip.
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Axiomatization 2

xM(yNz)=(xMNy)Mz (1)
xMy=yNzx (2)
rNr=x (3)
xMT=x (4)

2(y2) = (a9)2 (5)

[x =z =2l (6)
Te==x (7)
z(yMz) CaoyNaz (8)
(xMy)z =xzMyz 9)
z* =1Mazz* (10)
rCyrNz = zCy*z (11)
rCxynN)Nz = = Czy* (12)
¢ =1nzav (13)
yrMNzCer = y*2C«x (14)

Figure 1: The axioms for a probabilistic demonic refinement algebra. Variables x,y, z range over
the carrier set and x Cy iff x My = .

The divergent program abort is defined 1 := ¥ and a ready calculation shows that for any z
in the carrier set
lex=1 and LLC=zx.

All of the operators are monotonic (from both the left and right in the binary case). For instance,
sequential composition is monotonic by Laws (8) and (9), and monotonicity of w follows from

rLy

= monotonicity of § and IM
My CIMyy”

= Axioms (13) and (14)
v’ Ty,

The properties of sequential composition, conditional and tail recursion are fully modelled within
that algebra [13] but explicit probabilistic choices are not (like a random choice within a finite
set or like a probabilistic branch). One way of solving that problem is to introduce the operators
£b, where p is a [0, 1]-valued expression (of state), to represent a binary choice with probability

p.

2.2 Probabilistic refinement algebra

The approach taken here, to the inclusion of explicit probabilism in a refinement algebra, is to
introduce two operators. That choice has been guided by the possibility of implementing the
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Axiomatization 3

r®@yoz)=(rdy)d2 (15
rPy=ydbx (16)
r®(yNz)=(xdy) N(zdz) (17)
(y®2)r = yr @ 22 (18)
p(qz) = (pg)x (19)

p(zy) = (px)y (20)

le ==z (21)
(p+q)r=pr&qz (22)

Figure 2: Further axioms required for a probabilistic refinement algebra. Again x,y, z range over
the carrier set and p, ¢ over A.

axioms with only unary and binary operators in an automatic theorem prover, as in [4]. The
first operator, @, represents an unquantified probabilistic choice: made with some undisclosed
probability. The second, -, represents a partial, quantified, probabilistic choice: it forms a
commutative semi-ring (A, +,-,0,1) where A is the set of (state-dependent) probabilities A :=
S — [0,1] and + is defined pointwise on A and allowed to be partially defined, though any
p € A has some p € A satisfying p+p = 1. The outer product p - x is abbreviated px, where by
convention p,q,...: A and x,y,... are elements of the carrier set. The operator & is partially
defined but px & qy is always defined when p + ¢ is.

A probabilistic refinement algebra over A is a structure with signature (X, M, @, -, *,w, T,I)
for which the restriction to (X,M,¢,*,w, T,1) is a probabilistic demonic refinement algebra and
furthermore the axioms of Figure 2 hold.

Law (17) ensures that @ is monotonic. The refinement p(z My) C px M py follows from (6), (8)
and (20); so - is also monotonic in its right-hand argument. Moreover, idempotence px @ pxr = x
follows from (21) and (22) and the usual binary probabilistic choice is recovered z by := px ®py.

Other properties such as
z(py @ pz) 3 pry © prz
could be added if needed but axioms (1) — (22) suffice here.

A simple consequence of these axioms is the following refinement (and its extension to any finite
number of terms).

Lemma 2.1. For any z,y in the carrier set and p: A, x My C px ® py.

Proof. By definition of M, x My C x and My C y. Since - is monotonic, p(z My) C px and
p(xMy) E py. So by idempotence and monotonicity of @,

rMy=plxNy) &pxNy) Cpr Spy.
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Models and soundness 4

3 Models and soundness

3.1 A transformer model

The simplest nontrivial model of a probabilistic refinement algebra is the set of uniformly
bounded expectation transformers over state space S with A := S — [0,1]. Normalizing,
let the set of 1-bounded (positive) expectations be Eq := S — [0,1]. A 1-bounded expectation
transformer [9] is an element of T; := E; — E;. For any c : [0, 1], the constant expectation of
value c is denoted c. The pointwise ordering on [E; induces a pointwise order in T; which is the
interpretation of refinement. The constants are interpreted: T as Ae : E;-1; L as Ae: E;-0;
and I as idg, .

The binary operators ¢, ' and & are interpreted, respectively, as functional composition, mini-
mum and functional sum. For ¢t € Ty, p: S — [0,1] and e € E;, the partial probabilistic choice
- is

(pt).e:==As: S - (p.s)(t.e.s).

In this section, function application f(z) appears as f.z. The unary operators * and w have their
usual meanings as respectively the greatest and least fixed points of the function F} : T; — Ty
defined

Fiu:=IMtou.

3.2 Distributional models

The next two sections present a way of constructing a model of (1) — (22) from a structure
containing the operators ¢, M and gb which is inspired by Varacca and Winskel [12].

First recall the definition of the distributional model for probabilistic computation [5]. Given a
(finite) set of states S, the set of subdistributions over S is defined

Si={z:8—=1[0,1|Y zs<1}

and ordered pointwise. Denoting by C'S the set of subsets of S which are convex and up-closed,
the distributional model of probabilistic computations is defined H := S — CS. It is ordered
by set containment, i.e.

rCr = Vs:S-rsDr's.
For r,r" € H, one defines [5]:
(rsr’).s == ccTU{D (r'.s)y.s|yers}
(g 1').s = (p.s)(r.s) + (p-s)(r'.s)
(rir’).s = ce(r.sur'.s)
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Models and soundness 5

where cc and T denote, respectively, convex and up-closure. The order of applying closures does
not matter [5] since cc(] A) = 7 (ccA).

The constants are interpreted: T as As:S-0; L as As: S-S ;and I as As : S - {6}, using the
conventions concerning functions:

00 :={0}, Vp>0-ph:=0 and 0+ A:=0.

Alternatively, the construction of Section 3.1 can be generalized by considering expectations
E =8 — [0,+00) (or [0,400]) whence the model becomes T := E — E and involves the
operators o, and gb.

3.3 New models

The purpose of this section is to construct new models of probabilistic refinement algebra that
more closely model partial probabilistic computations.

Let M be a model containing the operators g. One considers A : S — [0, 1] and the projection
m: M x A — M defined

m(z,p) ==xyd L.
Thus the couple (z, p) represents execution of z with probability p and abortion with probability

P (Hence the term partial quantified computation). Now, the operators of M in M x A can be
extended

(z.p)s(y,q) = (z37(y,9),p)
(z,p) N (y,q) = (77 %pﬁq)rlﬂ(y,pzq),puq)
(x,p) © (y:9) = (l’ﬁ@ y,p+q> :

Notice that in the last definition, @ is well defined only if p + ¢ < 1; but if undefined it can
sometimes be extended to be fully defined, as a result of the following construction.

Together with 7, one considers € : M — M x A such that e.x := (z,1). A straightforward
calculation shows that (¢,7) is a Galois embedding. Constants of M x A are the respective
images of the constants of M and unary operators are defined

(x,p)® :=¢e(n(z,p)®) for ec {xw}.

From those definitions, (e.I)* = (I*,1) = e.L. Finally, product is defined p(z, q) := (x, pq).
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Probabilistic normal-form theorem 6

Notice there is a problem of division by 0 in the definition of M and @. Firstly, (x,0) ® (y,p) =
(y,p) for any =,y € M and p > 0. Then one assumes that (z,0) is equivalent to (y,0) for any
x,1y. More generally, consider the equivalence relation

(ffg,p) ~ (y,9)
Vu:A-(pUg<u Au>0)= n(zr,p/u) =7y, q/u).

Indeed, that equivalence is a congruence. Moreover (z,p) ~ (y,q) = w(z,p) = 7(y,q) and
equivalence holds if ((zgp L = ygpLAp > 0) = x =y). Secondly, by convention (x,0)M(y,0) =
(L,0) and the definition of & is extended accordingly to ~.

The semantic space is defined to be the quotient M := (M x A)/ ~.

Theorem 3.1. (M,1,3,®, -, x,w,e.T,e.l) is a probabilistic refinement algebra over (A, +,-,0,1).

Proof. Proofs of the properties of the unary and binary operators are a matter of straightforward
calculation (requiring 0 as a special case, frustratingly) in the product M x A, which implies
the corresponding properties in M. For the constant e.I,

(]Iv 1) 9 (l’,p) = (‘731069 1, 1) ~ (w,p) = (x,p) 9 (H, 1)'

The reasoning for €. T is similar. 0

In [12], Varacca and Winskel showed there is no idempotent and distributive operator & (i.e.
satisfying (17) and (22)) over a power set construction. In their proof non-deterministic choice
is represented by set union but in the model H, it is modelled by the convex closure of the union.

These models ensure that our axiomatization is sound.

4 Probabilistic normal-form theorem

The purpose of this section is to show algebraically that any probabilistic program with multiple
loops can be transformed to a functionally equivalent program with a single loop. That result,
in the probability-free setting, is used as an example of folklore by Harel to whose entertaining
summary [3] one refers for the history, which includes its place in ‘the structure theorem’ of
structured programming and attempted proofs using transformation to ‘normal form’. In the
probability-free setting it was proved algebraically by Kozen [7] using ‘Kleene Algebra with tests’
to establish partial correctness. That result was extended to total correctness by Solin [11]. Here
the transformational approach inherited by Kozen and Solin is extended to cover totally correct
probabilistic programs.
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Probabilistic normal-form theorem 7

4.1 Guards and assertions

First, the algebraic versions of guard and assertion are needed. An element b of the carrier set
is a guard [11] if it has a conjunctive complement b:

b(xMy) =bx Mby

brb=1
bb=T.

Since guards are then conjunctive, they form a Boolean algebra with respect to the structure
(M,3, T,I,7). To each guard is associated the assertion

°:=bl NI.

In dealing with total correctness, Kozen’s ‘strong’ commutativity condition xb = bz is no longer
satisfiable (when = does not terminate) but the refinement xb C bz still holds. That, then,
replaces the strong commutativity condition. An element x of the carrier set is said to preserve
biff b C bx and xb C bx (see [11]).

Firstly, one needs the following results of Solin [11].

Lemma 4.1. If x,y, z are elements of the carrier set then
(1) (xMy)* =2 (ya®)”
(i7) x(yx)® C (xy)“z with equality if x is conjunctive

(iii) if b°yx C xc°z and x¢ C bx, then (by)“bx C z(cz)e.

Then

Lemma 4.2. If b is a guard and x an element of the carrier set then
(i) xb C bx iff bab = bx
(i1) if x preserves b then (bx)“b = ba*

(iii) if x preserves b then b(bx)* T b(bx M by)*.

Proof. (i) The reverse implication follows from right distributivity and the direct one from left
subdistributivity and monotonicity of §.
(7i) Since b is conjunctive, C follows by [11] page 107. The reverse refinement follows from
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Probabilistic normal-form theorem

z C xb

=

ba* C b(xb)®
=

bx® C (bx)“b

monotony of w and §

Lemma 4.1.(i%), b conjunctive

(i) Since guards are conjunctive and since the proof in [11] page 111 uses only right distribu-

tivity, the result follows.

O]

Sometimes, the value of some test b must be preserved across some computation x. Indeed later
it will be necessary to introduce the program s(bc1b¢) where ¢ is a new guard preserved by x.
The program s can be thought of as a computation which assigns the value of b to some fresh

variable which is then tested in c.

For convenience, the conditional if b — x [] b — skip fi is written if b — x fi.

At last one may consider the program transformations required to convert a program to normal
form having a single loop. Of the five used here, the first four are Kozen-like [7].

4.2 Transformation 1: conditional

If ¢ is preserved by x1,x2,y; and ys then

s5bcMbe g

if b - x1 §do by — y1 od
H B—)QTQ;dObQ—)yQOd
fi

s3bcmbe s

if c — 21

[] C — T

fis

do ¢cbyMchs — if ¢ — yy
| c—
fi

od.

One can assume s as part of the precomputation since these programs are equivalent if those
without s are. In the algebra, one has to show that the last term of

Report No. 407, February 2009
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Probabilistic normal-form theorem 9

(be 1 be) [bay (b1y1)“by M bwo(bay2)“bs)

= be M be is conjunctive, guards form a Boolean algebra

bcxq (blyl)wa M BE{]?Q (bgyg)wg
is equal to the last term of

(bC M Bﬁ) (C:El M 51’2) [(Cbl M 6b2)(6y1 M Eyl)]“(cbl M 6(72)
= guards are conjunctive, cby MN¢chy = cby M¢by

bewy T bexs)(ebyyy Mebays ) (cby MEbs)
= right distributivity (9), B = cby M ¢by

bCiL'l(Cblyl M 6[)23/2)“3 M EE:L'Q(Cblyl M Eb2y2)“’B .
For the direct refinement,

bexq (cblyl M 6bgy2)“’B
J cx1 = cxic, Lemma 4.2(4i)

bexie(chiyr)¥ B
= Lemma 4.2(ii), cc = ¢, B = cby M¢cby

beay (cbyy )@ c(chy Meby)

= ¢ is conjunctive, guards form a Boolean algebra

beay (ebyyy )@ cby
= ¢ is preserved by x1,y1, Lemma 4.2(7)

bex(b1y1)“br -

Similarly, B B B
béxg(bgyg)wbg C bémg(cblyl ﬂEbgyg)wB

and the result follows from monotonicity of M.

For the reverse refinement,

cbiy1 Mchayz E chiyy
= monotonicity of w and §

bexy (chiyr Mebaya)¥ B C bexy (chiyy ) B
= cry = cric, Lemma 4.2(ii) and B = cby M¢hy

beary (ebiyy Mebaye)“ B T bexy (cbyyr)“c(cby Mebs)
= ¢ conjunctive, Lemma 4.2(i7)

beay (ebyyy Mebay2 )Y B T bexyc(biyr )by

Report No. 407, February 2009 UNU-IIST, P.O. Box 3058, Macao



Probabilistic normal-form theorem 10

= Cr1C = CIq1

bex (cblyl ﬂEbgyg)wB C bCl’l(blyl)wa

Similarly, B ~ B
bExQ(cblyl M Ebgyg)wB C ba%'g(bgyg)wbg .

If 1 and yo are loop-free then the transformed program is in normal form.

4.3 Transformation 2: nested loop

dob— (zr § doc— yod)od

ifb—2 § dobMNe— ifc —y
l c—a
fi

od
fi

Since guards are conjunctive, the result follows from [7] or [11], since the proof uses only Lemma
4.1.

4.4 Transformation 3: removing post-computation

Following Kozen [7], notice firstly that if ¢ is preserved by y then
s ¢ (bcMbe)sdob —x 5 s 3 (beMbe) od §y
s 3 (bcMbe)sdoc—x 5 s 3 (beMbe) od §y

The proof is a simple application of Lemma 4.1(ii) and the fact that bc M bé is conjunctive.

Now, one claims that if b is preserved by y then
dob—zxzodsy
ifb —vy
[ b— dob — (z 53 ifb —yfi) od
fi.

In other words

Report No. 407, February 2009 UNU-IIST, P.O. Box 3058, Macao



Probabilistic normal-form theorem 11

(bx)“by

= y preserves b

by M b(bxz(by Mb))“b.

Set A := b(bx(by Mb))“b. For the direct refinement,

(bx)“by C by A

Axiom (14), monotonicity of M

il

br(byMmA)C A
using Axiom (13), A = bx(by M1 b)(bx(by 11b))“b

S

x(by M A) C bax(by Mb)(bz(by Mb))<b
monotonicity of §, right distributivity (8)

MAC by(bx(by Mb))“br A

IESE

b preserved by y
M A C byb(bx(by Mb))“bM A

[l
<

b(bz)“ = b (see below), byb = by, reflexivity of C

true.

To show b(bz)® = b, one simply unfolds (hz)* (Axiom (13)) and use the fact that guards are
conjunctive.

For the reverse refinement, it has been shown in [11] page 115 that bz(bz)“by J A and one
deduces the result by monotonicity of M and unfolding Axiom (13). Solin’s proof could be weak-
ened requiring only Lemma 4.1(ii), conjunctivity of guards, left-subdistributivity, monotonicity
of the operators and the preservation properties.

4.5 Transformation 4: composition

Consider the program

71 §do by — y1 od § x2 §do by — y od.

Using the same reasoning as Kozen and Solin, the program x; can be ignored and considered as
a part of the precomputation. Guard b; may be assumed to be conserved by z9 and ys (using
the technique of Transformation 3) so that x9 can be absorbed into the body of the first loop.
Therefore, it suffices to transform

Report No. 407, February 2009 UNU-IIST, P.O. Box 3058, Macao



Probabilistic normal-form theorem 12

dob—z0dsdoc— yod
where y preserves b. In fact, b is preserved by the second loop since

yb E by

= monotonicity of § and ¢°b C bc®

c°yb C by

and b¢ = ¢b. Thus by Lemma 4.1(iii),
(cy)¥eb T b(ey)“c.

The same property holds for b and the result follows from 4.2(iii). Therefore, if x,y are loop-free
programs, the successive application of Transformations 3, 1, 2, 1 on particular subprograms
produces normal form.

4.6 Transformation 5: probability

The program z [p] y, which it will be recalled executes x with (state dependent) probability p
and y with a probability P, is equivalent to the computation (s3bsx) [p] (s'$b5y) where s is a
conjunctive program which assigns to some fresh Boolean variable the value true which is tested
in b, and analogously s’ assigns to that variable the value false. That means s'b = T = sb.

One claims
(s3bsx)[pl (53065 )
s [p] 8" 3
ifb —
1b—y
fi.

In fact

(ps @ ps’) (bz M by)

= Axioms (18) and (20)
pls(bz Mby)] & pls'(bz M by)]

= s conjunctive, sb = s’b = T and Axiom (4)

psbx @ ps'by .
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Example: iterated random jumps 13

Now, if x and y contain loops, it suffices to apply Transformation 1 and others as needed.

Observe that the expected number of steps to termination is preserved by reduction to single-
loop normal form. Indeed the number of steps to termination of a loop is obtained by the
value of a fresh variable that is initialized to 0 before the loop and incremented by 1 with each
iteration (and can be arbitrarily bounded if the state space is to be finite). The expected number
of iterations to termination is thus the expected value of that fresh variable, which is seen to
be preserved, in the semantics, by the transformations to normal form. (Evidently the actual
number of steps to termination need no longer -with presence of probabilism- be equal.)

5 Example: iterated random jumps

The purpose of this section is to study an example and in particular to demonstrate the invariance
of the expected number of steps to termination. In general, interest lies in the extent to which
the reasoning can be done, for the purposes of automation, within the algebra.

Consider a series of random jumps starting from some integer m and ending at the origin, with
each jump made according to some state-dependent probability p, (state x well be defined later).
We are interested in the expected total number of jumps.

One such experiment is captured by nested loops in which the inner loop makes random jumps
from m and the outer one decides whether or not to start new jumps:

c,z,y :=0,n,0 3
doz>0 —
(2= 2—1) [p] (y = m 3
do y >0 — RChoice(z,{1,...,y}) ¢
c,y:=c+l,y—=z
od)
od.

The procedure RChoice may be specified

proc RChoice(res z,val 5)

s:€85 %

z: =38 [%] RChoice(z, S\{s})
corp.

The final value of ¢ (the fresh variable mentioned at the end of the previous section) is the
total number of jumps after an execution of Prog, so one associates to it a random variable T;,.
One proves analytically that the normal form of this program has the same expected number of
jumps E(T),).
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Example: iterated random jumps 14

But first, one calculates the expected value of the random variable J defined to be the number
of jumps in one execution of the inner loop Prog’. Firstly, Prog’ performs random jumps from
m to 0. It could be considered a Markov chain with associated matrix of transition probabilities

M such that
g J<i
M —
B { 0 otherwise

where ¢; = 1/i. Therefore

E(J) =Y kM,

k>0
This sum converges since M is nilpotent of order m+1. By induction on k > 2, one shows

k —
Mm,o = dm Z QirQip = Qi -
1<t < <1 <m—1

By induction on m, M,’jw is exactly the k* coefficient of
F(x) = quﬂﬁjl(qix +1)

i.e. F(z) is the generating function of J. Now

F(1)

qm[1 + Zzni_ll ¢/ (qi z+1)] H;”Qll (qjl‘ +1)|z=1
= g =1/i
L+ S 1/(14)] ml (m—1)!

1+1/2+4 - +1/m.

Hence, E(J) = H,, , the m*® harmonic number.

Secondly, for x = i (1 < ¢ < n) denote by C; the random variable defined to be the total
number of executions of Prog’ followed by a decrease of x to the value i—1. C; is geometrically
distributed with probability p of success and therefore E(C;) = 1/p;. The random variable T,

becomes
T, = Y (Ci—1)J
i>1
Since the executions of Prog’ are independent, the expected total number of jumps is

n

n __
B(T,) = BUJ)Y (BE(C)=1) = Hny o
i=1 i=1 Pi
When the p;’s are equal and moreover constant with value p,
B(T,) = PHm
p
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Conclusion 15

Now, let us focus on the normal form version of Prog. To simplify, One assumes n > 0 (the
body of the outer loop is executed at least once). Applying transformations 5,1, 2, using the
hypothesis n > 0 and rearranging, the following normal-form program follows

c,z,y :=0,n,0 %
b,z := true,x—1 [py] b,y := false,m §
do b(y > 0)M (x> 0) —
if b1 (y > 0) — RChoice(z,{1,...,y}) ¢
¢,y :=ctly—=z
[ 6N (y=0) — b,z := true,z—1 [p] b,y := false,m
fi
od

Noticing that b C (y > 0), y = 0 C o = 0 and that b is a fresh variable, one has

bly>0)=(y>0) and (y>0)N(x>0)=(z>0)
and the normal form can be further simplified

c,z,y :=0,n,0 %

x:=a—1 [ps] y:=m3

dox >0 —

if y >0 — RChoice(z,{1,...,y}) 3
¢,y =c+l,y—=z

| y=0 —z:=2-1[p]y:=m

fi

od

Now, the structure of this loop is very similar to the original and so the random variables C;’s,
J and T, may be used. The total number of jumps is given by the random variable

U = pnTn—l +]Tn(<]+Tn)

and, using the linearity of expectation,
~ Di
— i

as required.

6 Conclusion

Kleene algebra provides a simple yet powerful formalism for reasoning about loops. With interest
growing in probabilistic algorithms, it is natural to ask if Kleene algebra can be extended equally
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successfully to probabilistic loops. However the interaction between probability and abstraction
in the form of demonic nondeterminism is a subtle one. So the question becomes: how complex
must be an extension of Kleene algebra in the presence of both probabilism and nondeterminism.

In this paper refinement algebra has been extended with two combinators for probabilistic choice:
an unquantified choice and a partial quantified choice. Semantic models have been introduced
to prove the axioms sound, and a folk theorem, extended to probabilistic programs, proved in
order to demonstrate the strength of the axioms.

It is proposed, as further work, to study whether or not the equal asymptotic complexity of
the two programs can be established by algebraic reasoning. It is also proposed to investigate
what kind of algebraic reasoning requires further axioms involving the two forms of probabilistic
choice.
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