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Abstract

Systems which exhibi#mergenbehaviourj.e., behaviour not determined by the behaviours of the con-
stituents when considered in isolation, are becoming more common due to ingress of distributed
and decentralised designs. There have been claims that formal methdgsracularly refinement, can
not be used to derive systems with emergent behaviour. In this papesyéin we argue that they can.
To prove the point, we perform a refinement of an oft-cited example ofganee: the ‘glider’ pattern
from Conway’s Game of Life.
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Introduction 1

1 Introduction

The ongoing decrease in size and cost of microprocessors andestiaages is leading to the develop-
ment of increasingly distributed and decentralised systems. Componenishofystems have limited
access or often no access to global information and must operate omfocalation gained via interac-
tion with neighbouring components. Often these systems exdndrgenbehaviour: global behaviour
that is not determined by the behaviours of the constituents when cortsidaselation.

Reluctance to adopt formal methods when engineering such systemsslkeagpartly from their similari-
ties withcomplex system3 he research on complex systems, however, has focussed on thiéimyaxfe
existingsystems (both natural and man-maelg, the Internet), and the prediction of their global prop-
erties. When we model an existing system, unknown discontinuities in behamaunot be modelled,
and hence proof techniques may not be successful in uncoveringemdrehaviour. Furthermore, it
is claimed that some complex systems exhihibng emergencfl] (e.g, the mind) and therefore, by
definition, proofs of how their behaviour arises cannot be constructed

When we engineenew systems, however, we are not trying to prove the existence of emergent b
haviours. Rather we start with the emergent behaviour we require (wihaghinclude the avoidance of
undesirable behaviours), and develop a design which gives rise tojiroVade assurance that a design
is sufficient, the emergent behaviour must be a consequence of the mempoteractions within the
design. Hence, we are interested only in systems where that is thé.easgstems which exhibiveak
emergencégl]. Note that many classic examples of emergence from the field of Comptd®i8s, such

as ant foraging and bird flocking behaviours, are examples of weaigente.

So are standard formal methods, and in particular refinement, applicablke éngimeering of systems

with (weak) emergent properties? Polack and Stepney [9] argue thyatrhaot. They posit the emergent
behaviour of the ‘glider’ pattern of Conway’s Game of lifg5, 2] as an example where refinement
cannot be used.

Conway’'s Game of Life is a cellular automaton which simulates the evolution afleogcells. The
cells evolve according to the following four rules.

1. Alive cell with less than two live neighbours dies (of isolation).
2. Alive cell with more than three live neighbours dies (of overcrowding)
3. Alive cell with two or three live neighbours remains a live cell.

4. A dead cell with exactly three live neighbours becomes a live cell.

A live cell is represented by a cell which is on and a dead cell by one ttwt. iSThe grid of cells is
infinite, although this is usually represented in implementations using a finite gaitiged as a torus, or
by simply having the finite grid surrounded by cells which cannot turn on.

1An executable version can be foundhattp: //www.bitstorm.org/gameoflife/.
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One-dimensional Game of Life 2

Many different patterns can be formed in the Game of Life including dynaattems such as the glider
which translates itself across the grid. Polack and Stepney argue thastaca specification of the
movement of a glider cannot be refined to the rules of the Game of Life shbawre. Their justification
is that when an implementation exhibits emergence, the specification and impleme(gataeven the
languages in which they are expressed) must be too disparate.

In this paper, however, we show how the abstract behaviour of ther ghdg be specified and subse-
quently refined to an array of cells following the rules of the Game of Lifegittile simplest possible
standard refinement techniques. Our approach builds on ideas pdopof8], elaborated in [11] and
exemplified in [12].

To provide a simple illustration of our approach, we begin in Section 2 with tbeifsgation and refine-
ment of dynamic patterns, including a glider, in a one-dimensional Game ofTdafeshow that in making
that simplification we have not inadvertently brought together the two levelbsifaction, in Section 3
we provide a specification and refinement of the glider in the full two-dimeasiGame of Life. The
approach is the same, only the complexity of the detail is increased. We denglth a discussion of
related work relating to the question of refining emergent properties in Sektion

2 One-dimensional Game of Life

2.1 Specification

To describe one-dimensional patterns we consider a system whose st&edkean-valued function on
Z . Thus at any (discrete) tite N the state anh : Z is eithertrue or false we write it

x[n,t] : B.

By abuse of notation we think of a location Z whose state ifrue as being ‘occupied’ and one whose
state isfalseas being ‘vacant’. In preparation for the implementation to come, a locationasaled

a ‘cell'. Note however that implementations that do not use cells are als@dbe location is just a
discrete point on some plane (the minimum information needed to describe mavemestly).

A glider is thought of informally as a ‘cell moving right from the origin, one location fime step and
starting from the origin at time O (but with all other locations vacant)’. It iscHfje:

glider := vn:Z,t:N-x[n,tj = (n=t).

2.2 Implementation

The implementation we are interested in is composed of cells, one for eaclr.irteyeever since the
cells are updated synchronously, we consider state to be a functi@,— B, whose value at the next
time step i< : Z — B. The state of a cell before updatexjs] and afterwards ig'[n].
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One-dimensional Game of Life 3

We impose a constraint of locality: each cell’s state at the next timexéfap, is defined in terms of the
current states of itsek[n| and its immediate neighbouxin — 1] andx[n+1].

A simple choice of design, conveniently expressed by (a deterministicjticemngredicate, is
X[n] = x[n—1] A =x[n] A =x[n+1].

Thus a cell ‘appears to move one location to the right’ if in the current stateddspied but the next
two cells to its right are vacant. There are many alternatives to this partiaylatien, keeping the
specification in mind. Such a design phase is expected at each step ofrraental method and this
particular step ensures that the specification is met by a straightforwsighde

The implementation has the initial state
init := vn:N-x[n] = (n=0)

with only the cell at the origin occupied. Thereafter, at each time step allareligpdated simultaneously
according to their transition equation. We express this using the following maitation (in order to
remain independent of a formalism—but it can be expressed simply in ang asthal formalisms) for
the resulting one-dimensional cellular automaton

cal = init gdotrue — Vvn:Z-x[n]:=X|[n] od.

2.3 Refinement

The required refinement is
glider C cal

but in fact we can show equality in this simple (deterministic) case by a straiglatfd induction over
time as follows.

For timet = 0 we have
init = glider[0/t].

Assuming that the glider condition holds at some tim&

(1) Vm:Z-xmt] = (m=t)

we wish to infer that it also holds at tinte-1. Now if n: Z andt : N are arbitrary then

X[n,t+ 1]
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One-dimensional Game of Life 4

= the meaning of the implementation

= induction hypothesis (1)

= definition of transition equation

(X[n—1] A =x[n] A =x[n+1])

= calculus
(n=1=t)A(n#t) A (N+1+#t1)

= calculus

(n=t+1).

Generalising oven : Z we infer (1) witht replaced byt + 1 as required.

Although it embodies the principle being made here —that the implementation is eamefih of the
specification— this design is simple because it is strongly influenced by tlredi@svariant (which
may be thought of as emergent).

We now consider two slightly more complex alternatives.

2.4 Variation 1

A ‘floater’ is a pattern in which, at time step N, cell x]t] is occupied and all cells to its right are vacant;
but the cells to the left of]t] are unconstrained:

floater := Vn,t:N-(n>t) = x[n,t| =(n=t).

The implementation is the cellular automaton with the same initial condition as befdrgabsition
predicate

X[n = x[n] #xn—1]

and the proof of correctness is no more complicated than before, in vidve ahplication in the speci-
fication.

It is also possible to prove further emergent properties of this implementdanexample, it can be
shown that after the first time steq0] is always vacanty[1] is always occupied, but thaf2] alternates
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Two dimensions 5

between being vacant and occupied:
Vt:Ni- —Xx[0] A X[1] A X[2] = everit).

With the usual initialisation, the following alternative implementation can also berstmwnplement a
floater:

X[n] = odd#x[n—1],x[n],x[n+1]}).

In this case, the emergent properties are quite different. From initialisafl@ris always occupied, and
X[t — 1] alternates between being vacant and occupied:

Vt:N- x[0] A x[t—1] = odd(t).

2.5 \Variation 2

A k-glider, for k : N, is thought of as ‘a cell moving right one location per time step starting from the
origin at timek, whose immediate neighbours are always vacant but with other locationastrained’.
In other words:

k-glider := Vn:Z,t:N-:
t—k—-1<n<t—k+1 = x[n,tf=(n=t—kAn=>0).

Evidently a simple glider is a O-glider.

A ‘glider gun’ is a state which periodically produces gliders. It can beifigel:
Jk:N-Vt: N-tk-glider.

This specification is nondeterministic in the perlodith which gliders are produced. Note that fo& 2
it is infeasible (not enough vacant cells!) but for 3 it is feasible.

Choosing the simplest implementation, we set

X[n] = xn—1] A =x[n] A =x[n+1]
<an#0p>
=X[n—1] A =x[n] A =x[n+1].

The condition which determines whed0] is on simplifies to—-x[—1] A =x[0] A —x[1] and hence is
satisfied when each glider reaches location 2. Therefore, every thirdtape glider is produced.

3 Two dimensions

In this section we consider the integer pléfeand the standard rules for the Game of Life, as given in
the Introduction. The state of Game of Life consists again of a function, thisxin# — 72, whose
state pointwise (or cell-wise) is writtexim,n] and whose state pointwise after a transition is written
X'[m, n].
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Two dimensions 6

label | xim,n] | v(m,n) | X'[m,n]
a #2,3 | false
b true 2 true
c true 3 true
b false 2 false
T false 3 true

Figure 1: Labels for four important types of cell in the Game of Life.

3.1 Therules

The neighbourhood of a celin, n) : Z2 consists of m,n) and its eight adjacent cells
N(mn) == {(i,j): Z?| Im—i|<2 A |n—j|< 2}.

The number of occupied neighbours of a ¢efi n) consists of the number of occupied cellN(m, n)
not including(m, n) itself

v(mn) = #(i,)) e N(mn) [ (i,)) # (mn) A XI5}

Evidently 0< v(m,n) < 8.

The state of the Game of Life is a function from locations to Boolean,2 — B, and its transition
rules simplify to this:

(2) X[mn] := v(mn)=3
V
v(mn)=2 A xmn].

For example, if a cell has at most one occupied neighbour then its nexissteteccupied, regardless of
its current state; similarly, if a cell has at least 4 occupied neighbourss Th

v(mn) #2,3 = —x[mn].

A cell xm, n| satisfyingv(m,n) # 2,3 we say is ofype a For the analysis of particular configurations, it
is convenient to document the remaining cases by introducing four fuythes of cell. Their definition
is given in Figure 1 and an example appears in Figure 2.

We wish to think, as in one dimension, in terms of the movement of shapes with tirhes %2 is the
set of all occupied cells themA consists of all cells that are occupied after a transition:

(8) oA = {(mn)|xX[mn]}.
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Two dimensions 7

alalalalalala
alalalblalala
alalalal|b|b|a
alalclalc|b|a
ala|b|b|t|ala
alalalalal|ala
alalalalalala

Figure 2: An initial configuration of the two-dimensional glider with cells labelisthg the convention
of Figure 1.
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Figure 3: Relationships between glider configurations. The origin, mageddot, lies at the centre of
each 5< 5 array.
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Two dimensions 8

The iterateo® of the functiono gives the cells that are occupied afkgransitions.

For example we shall see later that with these sets, depicted in Figure 3,

4) A = {(_17 1)7(070)7(07_1)7(170)7(17 1)}
(5) Al = {(_1’0)ﬂ(07_1)7(17_1)7(170)7(17 l)}
(6) Ay = {(071>7(07_1)7( 70)7(1 —1),(2,0)}
(7) Az = {(0,—1),(1, l),(l,—l),(Z,O),(Z,—l)}
we have

B oA = A

9 oA = A
(10) Ay = As.

Notes.(a) We have avoided use of the notatié@hwhich, if used for the pointwise lifting ok'[m,n],
means something quite different frood\ (the latter ‘moves’ whilst the former does not). For example,
whilst 0Ag = Aq =AY, in generalbbA # A, as seen frondA; = Ay # A;. Indeed a shapa is stationary

iff cA=A.

(b) We have assumed thAtis ‘the set of all occupied cells’. Otherwise, although is well defined

by (3), it need not have an interpretation in terms of movement in the planecoWd have chosen to
impose that condition oA later, but have chosen to facilitate the physical interpretation from the start.
O

To express the relationship betweefsz andAy some ‘domain-specific’ (in this case study, geometric)
results are helpful. The need arises simply because two dimensions are a litl€onaplicated than
one.

3.2 Helpful geometric results

The functionp that reflects the plane in the anti-diagonal through the origin is

p: 72— 72
p(m7 n) = (_na _m)

and it is lifted pointwise to subsets of the plane.

For any(k,|) : Z?, the functiont ;) that translates the plane i, 1) is

Tk - 7% — 77
Tin(Mmn) = (M+kn+l)
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Two dimensions 9

and again it is lifted pointwise to subsets of the plane.

For example we can now see pictorially, from Figure 3, how to ident#y (a proof is given in Theorem
2),

(11) oAz = Ta1_1Ao

and observe two further relationships (self-evident because thegtdovolve state transition) between
the A (with o for functional composition):

(12) A2 = (T oP)ho
(13) Ag

|
—~
Pl
[
=)

O
e
N—
=

Useful straightforward geometric properties are as follows.

Theorem 1. Writing o for functional composition,

1. Tkolo) © Tkel1) = T(ko+kLl0+I1)
2. 00Ty = T o0

3. 0op = poo

4. Tknop = POtk

5. (pop)(mn)=(mn).

Proof. The first property follows straight from the definition:

(T(ko,i0) © T(ka,i2)) (M, N)
= definition, twice
(m++k1+KkO, n+11+10)
= arithmetic

(m-+KO+KL, n+10+11)
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Two dimensions 10

= definition

T(kotka oty (M N).

Since the shape of neighbourhoods, and adjacency, is translatioiiryar
T1)00 = GOoT(y)-

So the second property holds. But similarly
poCc = Oop

and so the third property follows too.

The fourth property follows by naive calculation:

(T op)(m,n)
= definition ofo andp
Ty (—n, —m)

= definition oft

(—n+k, —m)

= arithmetic
(=(n—=k),=(m—1))

= definition ofp
p(m—I,n—Kk)

= definition of T ando

PoT_—Kk(mn).

Finally the last property is trivial. a

3.3 Applying geometry

Let us establish the remaining results of Figure 3: Laws (8) to (11).
Theorem 2. Laws (8) to (11) hold.

Proof. For Law (8) refer to Figure 2, in which cells are labelled usingah® ¢ notation from Figure 1.
The subsequent state of each cell labelled e#foeb is unoccupied and so, in particular, the complement
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Two dimensions

11

of N(0,0) remains unoccupied. Furthermore, from Figure 1 and the labels of celi®irtethat array,

Law (8) follows.
Similar reasoning establishes Law (9).

For Law (10),

oAy

0((T1,0°P)A0)

(T(1,0)°P)(0A0)

(Ta0°P)AL

Az.

Finally, Law (11) is roughly similar

0A3

o((tr0oP)A1)

(T100P)(0AL)

(T(1,0 °P)A2

(T1,02P)((T(1,0°P)A0)

(Ta0°PoT(1,0 °P))A0

(TaoopPopoT-_1)))Ao

(T1,0°T(0,-1)))A0

Law (12)

Theorem 1 (2),(3)

Law (8)

Law (13)

Law (13)

Theorem 1 (2),(3)

Law (9)

Law (12)

definition ofo

Theorem 1 (4)

Theorem 1 (5)

Theorem 1 (1)

Report No. 419, July 2009
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Two dimensions 12

T(1,-1A0-

3.4 Headings

Following the approach of Section 2, fan,n) : Z? we let
x[mn,t]: B

denote the state of a cell at timeN.

We use time to specify desired behaviour, but use cells updated by transition riudescéllular au-
tomata) for implementations. Refinement reasoning leads us from one to theTdtbdollowing nota-
tion suffices to describe the simple temporal behaviours we are conagithdukre.

1. A rectanglein the plane is a Cartesian product of two finite intervai®, n0) and[m1,nl):
[MO,n0) x [m1,n1) = {(i,j): Z?|m0<i<ml A nO<j<ni}.

A subset of the plane is said to beoundedff it is contained in some rectangle.

If B C Z? is bounded themect(B) denotes the smallest rectangle contairiagA containing rectangle
exists becausB is bounded, and the smallest one exists because the set of all rectaorgkining any
set is closed under intersection.

For example from their definitions (4) to (7) we see

rect(Ag) = rect(A1) = N(0,0) = [-1,2) x[-1,2)
rect(Az) = rect(Az) = N(1,0) = [0,3) x [-1,2).

Also, from the definition offt we have
I’eCt(T(1771)AO) = N(l’_l) = [073) X [—Za 1)

and so infer a property that is useful for our refinement in Section 3.6:

(14) AJUAUA3 C I’ECt(A()UT(l’,l)Ao) = [-1,3) x[-2,2).

2. A bounded subse (of occupied cells) is said to haveeading iin, k1), wheren: N andk,| : Z, iff
for eacht : N, afternt time stepsA has ‘moved’ by vectockt, It), and moreover at intermediate times
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Two dimensions 13

ue (nt,n(t+ 1)), cYAlies within the smallest rectangle containia§fA ando"+ D A:

(15) O'ntA = T(kt,lt)A
(16) nt<u<n(t+1) = c"ACrect(c™A U g"DA).

In that case we writé € h(n, k).

This definition is important because (15) relatesrteld transition (on the left) to a simple translation
(on the right). As a result, the union on the right of (16) can also be rewidisea union of translations.
Typically n is the (finite) period of the finite state machine formedAyin which case it suffices to

replace that implication in (16) by its special caseO.

For example if the (one-dimensional) simple glider were to be embedded in theriqtiegpe via the
natural identification of the integers with

{(n,0):Z?|ne 7}

then the simple glider (but with one-dimensional rules) would have heddihd,0). The usual glider
of the Game of Life (whose first four steps are given in Figure 3 and tohwkie come next) is stationary
every second time step, and when it moves does so alternatively (sayamijbown; it thus has heading
h(4,1,1). Evidently such a glider can be rotated to produce gliders with the otherdiagenal headings
of ‘magnitude’ 4.

Not all headings are feasible for the Game of Life whose rules ensura ttell cannot move further
than one position each time step. (That does not hold for variants in wioicexample, the next state
of a cell depends on the current states of cells more distant than its immedgitbawws.) For example
h(1,2,2) is not feasible. A necessary condition fain, k. 1) to be feasible is that

[k/n[, lI/nf < 1.

Sufficiency is more subtle; for instanbél, 1,1) does not seem possible for &3 setA.

3.5 Two-dimensional gliders

In two dimensions, shapes that move diagonally are called ‘gliders’ (cadptr example, with ‘space-
ships’ which move orthogonally [2], page 821). Our specification of a gisla little more abstract
than its implementation, because of the actual—at first sight, slightly erraticwistejpehaviour of

the implementation. However we follow the methodology of Section 2 to reach anrimaptation by

refinement.

A (two-dimensionalplider is defined to consist of a subgebf N(0,0) having some number of occupied
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Two dimensions 14

cells and heading(4,1, —1):

A C N(0,0)
(17) glider(A) = ( 0<#{(mn) e A|xmn]} ) .
Ach(4,1,-1)

The definition allows, 6*A, 6°A anda®A to have different numbers of occupied cells, provided they lie
within the rectangleect(AU G*A).

In the standardimplementation of a glider, the number of occupied cells remains constant. Aystron
specification reflecting that property is obtained by strengthening thedeomjunct in (17) with

Vi:N-#{(mn) c a'A|xmn]} = #{(mn) € A|xmn]}.

In the case of the actual glider, that constant is 5 and the bounding géxtan the first four steps is
given by (14).

3.6 Refinement

We have in mind an implementation that i€4cellular automaton in which each cell obeys the transition
rules of the Game of Life, (2). As in the one-dimensional case we représzimplementation with an
initial condition

init := Y(m,n):Z2. xjmn] = ((m,n) € Ay),
whereAy is given by (4), and an initialised loop that updates all cells synchronously

ca2 := init gdotrue — Y(m,n):Z?.xim,n] :=x[m,n] od.
Our top-down refinement begins with simple calculus:

glider(A)
= Definition (17)

m AN

(0,0)
(m,n) € A|x[m,n]} )

o —
> o >

Definitions (15, 16)
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Two dimensions 15

AC N(0,0)

0<#{(mn) e A|xmn]}

04tA — T(t,ft)A

4t <u<4(t+1) = c"ACrect(c®A U o*TDA)

< calculus, with Definition (4)
A=A

vt:N. ((OA = TaoA
4t <u<4(t+1) = c"ACrect(c*A U g*TDA)

= calculus (noting thato®*A = T(t,—1)A0)[0/t] is A= Ag)

Vi N . Ol_uA = Tt-nho
Vi:{1,2,3} - o*HAC rect(c®Ay U 0¥ Ag)

Vi:N-.

= calculus
A _
Vi N ( OUA = Tavho )
Vii{1,2,3} - c*"ACrect(ty Ao U T(t41,—(t+1))A0)
<= calculus, with Definition (14)
. o*A = T(t,—t)Ao
Vi:N-. <V|{1,2,3} oMtip— T(L—t)Ai )
= calculus

Vt:N-.o'A = T(tdiv4,—tdiva) Atmods -

The remainder of the refinement is performed as an induction over time asoné¢hdimensional case.
Whent = 0, the invariant above simplifies to

A=Ay

For the inductive case, we argue with the invariant in the following equivdtam to reflect the four
cases of =tmod4:

(18) oAy = 14 yA.

Assuming (18) with arbitrary andi, for the cas¢ + 1 we have

gHt+1)+i Ao
= calculus
0% o g+ Ao

= induction hypothesis (18)
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Conclusion 16

otoTy A
= Theorem 1 (2)

— Laws (8) to (11)

= Theorem 1 (1)

as required for (18) with substitution bf1 for t.

4 Conclusion

Polack and Stepney [9] are not the only authors to have claimed that iti®asible to do what we have
done. In the multi-agent systems field, Zambonelli and Omicini [15] as wellea8VDIf and Holvoet
[4] make similar claims based on arguments of Wegner [13]. Wegner, usiolgl® incompleteness
theorem, argues that models of interactive systems are necessarily intbamdetherefore that proofs
of the nonexistence of incorrect behaviour are generally impossible. afgument, however, applies
equally to single-component reactive systems as it does to multi-agent systent, this is not a new
problem, and has not precluded the successful use of formal methodsttive systems.

Edmonds and Bryson [5] have also argued that formal methods, andtiouter refinement, are not

relevant to multi-agent systems. Their argument is based on the undecidattiiieyrefinement process.
This does not preclude refinement, however, only its automation. Agairatigeiment applies to systems
other than multi-agent systems to which formal methods have been applied.

Finally, Bedau [1] defines weak emergence as global behaviour thdiecderived from the states and
interactions of the components of a system “but only by simulation.” Does diimmlaccur in our
development? Only in part of the proof of Laws (8) and (9); the other law®stablished by geometric
reasoning. It is important to note that even in proving (8) and (9), we Hame something more abstract
than simulation: for example most cells in the complemem @, 0) are reasoned about the same way;
and those within it are divided into classes to abbreviate the reasoning€Higusimulation proceeds
by brute-force application of the rules; our reasoning does little more gl their definition.

Our development (refinement) has been leisurely; the essential pointsnfibitably on one page. We
have been careful to establish every property just in order to exploa¢exactly is required if a system-
atic (rather than simulation-based) approach is taken. The fact thatweesheceeded is not surprising
because of the way that ‘emergent functionality’ of a loop can be reasabout using a loop invariant
and so doesot require simulation of the loop. That, in fact, is the basis of the approach teken It
works because the cellular automaton can be expressed as a loop, andrijer® behaviour reasoned
about using the loop invariant.
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By making time explicit in the specification, it is possible to describe emergemtvimir which is not
expressible at the level of abstraction of the unilateral behaviour ofahe @vhich does not include
time).

How does this extend to other systems with emergent behaviour? Grurexsghown that generalised
cellular automata (GCA) where cells may have differing numbers of neighband more states than just
on and off, can be used to model mobile agent systems. While our cuprdzeh could be extended
for GCA, we could also look to the wealth of experience, and formal teciasicgfor systolic algorithms
[10]. A systolic algorithm relies on steadily-moving data being at the rightepddthe right time. Hence,
such techniques could inform an approach to the temporal behavioltAf G

Also, Cucker and Smale [3] have recently provided a mathematical prodhéoemergence of bird
swarming behaviour, and we have presented a refinement of the emsgtferrganising behaviour of
an algorithm for modular robots [12]. These developments indicate tha¢neéint is indeed more widely
applicable to systems with emergent behaviour.
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